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Introduction

Differential systems have important role in the study of many problems in mechanical,
sciences and technology. Direct solution of a differential system is usually difficult or impossible.
However, another way out it possible. This is the qualitative study of differential systems. This
study makes it possible to provide information on the behavior of the solutions of a differential
system without the need to solve it explicitly, and it consists in examining the properties and the
characteristics of the solutions of this systems, and to justify among these solution, the existence or
non existence of an isolated closed curve form called limit cycle.

An important problem of the qualitative theory of differential systems is do determine the limit
cycle of system polynomial differential system.

The limit cycles introduced by Henri Poincaré in 1881 (see for instance [8]) in his "Dissertation

on the curves defined by a differential equations". Poincaré was interested in the qualitative study
of the solutions of the differential systems, i.e. points equilibrium, limit cycles and their stability.
This makes it possible to have an overall idea of the other orbits of studied system.
The mathematician David Hilbert Presented at the second international congress of mathematics
(1900) (see [5]), 23 problems whose future awaits resolution through new methods that will be
discovered in the centry that begins. The problem number 16 is to know the maximum number
and relative position of the limit cycles of a planar polynomial differential system of degree n. We
denote H,, this maximum number. Dulac in 1923 (see for instance [2]), offered a proof that H,, is
finite. In recent years, several papers have studied the limit cycles of planar polynomial differential
systems. The main reason for this study is Hilbert 16-th unsolved problem. Later on Van der Pol in
1962 (see for instance [9]), Liénard (see [6]) in 1928 and Andronov (see for instance[1]) in 1929
shown that the periodic solution of self-sustained oscillation os a circuit in a vacuum tube was a limit
cycle in the sense defined by Poincaré.

In our memory, we will use the qualitative theory of ordinary differential equations to treat a

class of polynomial planar differential systems of the form
. 2
&= (yr —za(x? + y?)’ — 4yy) Q% (z,y) — = (a (z® + )" — 7)
. 2
¥ = (vy — ya((@® +v?)" + 472) Q* (z,y) —y (a (2> +v*)" —7) ",

where Q (x, y) is homogeneous polynomial of degrees 2 and =, «, real constants. The main mo-

(D

tivation of this dissertation is to prove that these systems are integrable. Moreover, we determine
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sufficient conditions for a polynomial differential system to possess at most two limit cycles, one of
them algebraic and the other one non-algebraic, or two explicit algebraic limit cycles.

This work has been structured in three chapters:

The first chapter contains reminders of classical preliminary notions and tools that we have used
in this work to demonstrate our results.

In the second chapter, we study the nonexistence and existence of an algebraic limit cycles for a
class of septic polynomial planar differential systems of the form

i =w? (v — za (@? + y7)° — dyy) (@ + 97’ — 2 (a (2 +9)° =),
g =w? (yy —ya((@® + ) + 49@) (@ + v*)’ —y (a (@ +*)° = v)

More precisely, we give sufficient conditions for the existence of two or one hyperbolic algebraic
limit cycles.
The third chapter deals with the study the integrability and the search of limit cycles for a multi-
parameter septic polynomial differential system (1) in the case when Q (z, y) = ax?*+by?+czxy.
More precisely, we determine sufficient conditions for a polynomial differential system to poly-
nomial differential system of degree 7, (1) exhibiting simultaneously two explicit limit cycles one

algebraic and another non-algebraic.




Chapter 1

Preliminary concepts

1.1 Introduction

In this chapter, we discuss some definition of polynomial differential systems: phase portrait,
equilibrium point, solution and periodic solution, limit cycle...

We will also introduce a reminder on the Poincaré theorem and others theorems.

1.2 Polynomial differential systems

Definition 1.1 A polynomial differential system is a system of the form:

{¢=P<w<t>,y<t>>,

§=Q(x(t),y(t), (b

where P (x,y) and Q (x,y) are a real polynomials in the variables x and y. The degree n of the
system (1.1) is the maximum of the degrees of the polynomial P and Q. As usual the dot denotes

derivative with respect to the independent variable t.

Definition 1.2 A differential system of the form

dx
— = t,x
AT
is said to be autonomous if the function f depends only on the vector variable x. Otherwise, it is

not autonomous, an autonomous system is written in the form

. _ de
where & = ot



1.3. VECTOR FIELD

1.3 Vector field

Definition 1.3 We call vector field a region of the plane in which exists in any point a vector
7 (M, t). Suppose that we have a C* vector field in Q@ C R?, that is to say the application:

. & - Fl(may)
M (y )Hv(M)_(Fz(w,y) )’

where Fy, Fy are C* in Q.
We consider the vector field x associated to the system (1.1)

@_ w.:P(w’y)’
dt ‘v‘:’{zJ:Q(w,y),

which means that system (1.1) is equivalent to the vector field x (P, Q), we can also write:

= P ( )3+Q( )3
X = T,Y Y. T,Y ay'

'““n..—l---l-'__-'l'",..-ff
'“I-..'+-F'__-'l"'._,.-"f

-

A N A 4

Figure 1.1: Vector field

1.4 Phase portrait

The plane R? is called phase plane and the solutions of a vector field x, represent in the phase
plane of the orbits or the trajectories, the phase portrait of a vector fields x is the set of the solutions
in the phase plane.

Definition 1.4 A phase portrait is a geometric representation of the orbits of a dynamical nonlinear

system in the phase plane, at each set of initial conditions corresponds a curve or a point.




1.5. EQUILIBRIUM POINT
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Figure 1.2: Phase portrait
1.5 Equilibrium point

The fixed points or play a vital role in the study of dynamic systems, Henri Poincaré (1854 — 1912)
showed that to characterize a dynamic system with multiple variables it is not necessary to calculate
the detailed solutions, it is enough to know equilibriums points and their stabilities.

Definition 1.5 Consider the system (1.1), then the system & = Ax with

A= (‘% (:1:0)> = Df (z0),1 < 4,j < n.
8.’BJ‘

And since f (xo) = 0, is called the linearized of (1.1) in x,.

1.5.1 Stability of equilibrium point

Any non-linear system may have several equilibrium positions that may be stable or unstable.
Let (2o, Yo) be an equilibrium point of system (1.1). Note by X = (P (x,y) ,Q (x,vy)) and

X ()= (P (z(t),y(),Q (= (t),y(?))),Xo= (P (w0, yo) , Q (%o, Yo))-
Definition 1.6 We say that:
(@0, Yo) is stable if and only if

Ve > 0,3n > 0:f (z,y) — (zo,Yo) [<n =] X (#) — Xo [|[< & VE> 0.

(x0, Yo) is asymptotically stable if and only if

limy 10 =|| X (t) — Xo ||= 0.




1.6. INVARIANT CURVE

.-'--.-. 'l.-- ﬁ."'&-\. ff

i | 3 —
! | Fee _.,.. i "".hl%' A R
| - L:.-"I _.-'l'l' ] | ',_ 5
1 .l"-. 1 + 1 T - -
e 1 'i:._: | 1 { -..x Iy
1 T | J - o
A \“‘--\..ﬁ}* Ao ) | L ’ . ___.-'"'

\'\ o | 3y \ ""\.,\___ e

. vl \

Figure 1.4: Asymptotic stability

1.6 Invariant curve

Invariant algebraic curves play an important role in the integrability of differential planar polyno-
mial systems, and are also used in the study of the existence and non-existence of periodic solutions
and consequently the existence and non-existence of limit cycle.

Definition 1.7 Let f € C|x,y] not identically zero. The algebraic curve f (x,y) = 0 is an
invariant algebraic curve of the polynomial system (1.1) if for some polynomial K € C|x,y] we

have:

o o
Xf =P @) o @9+ Q@) g @) =K @) f@y),  (12)

forall (z,y) € f. The polynomial K is called the cofactor of the invariant algebraic curve f = 0.

We note that since the polynomial system has degree m, any cofactor has degree at most m — 1.

Example 1.1 The curve defined by equation ay + b is an invariant curve for the following system

{a':z—y(ay+b)—(w2+y2—1)’ (1.3)

y=x(ay+0Db).
Let f (x,y) = ay + b, then

w3l + 950 =~y (ay+b) — (@ +y’ 1) +a(x(ay +1))
= ax (ay + b).




1.7. FIRST INTEGRAL

Thus, f (x,y) = 0 is invariant curve with cofactor K (x,y) = ax.

Proposition 1.1 /3]

Suppose f € Clx,y] and let f = f"...fI" be its factorization into irreducible factors over
C [z, y|. Then for a polynomial system (1.1), f = 0 is an invariant algebraic curve with cofactor
K¢ if and only if f; = 0 is an invariant curve for each i = 1, ..., r with cofactor Ky,. Moreover
Ky =nKyg + ... + nl, Ky,

1.7 First integral

The notion of integrability for a differential system is a based on the existence of first integrals,
so the question that arises: If we have a differential system, how can we know if it has a first integral?
Definition 1.8 A function H : f — R of class C7 and which is constant on each trajectory
of (1.1) and not locally constant is called the first integral of the system (1.1) of class C? on
U € R2
The equation H (x,y) = c fixed for ¢ € R, gives a set trajectories of the system in an implicit
way.

When 3 = 1, these condition are equivalent to

OH OH
P(way)%‘FQ(way)% =0

and H not locally constant.
The search for an explicit expression of a first integral and the determination of its functional class

is called the integrability problem.

Remark 1.1 - We say that the differential system (1.1) is integrable on an open subset S if it admits
a first integral on Q of R2.
-1t is well know that for differential systems defined on the plan R? the existence of a first integral

determines their phase portrait.

1.8 Solution and periodic solution

Definition 1.9 We say that (x (t) ,y (t)),cp is a solution of system (1.1) if the vector field X =
(P, Q) is always tangent to the trajectory representing this solution in the phase plane, in other

words

VteR,P(x(t),y(t)z+Q(x(t),y(t)y=0.

10



1.9. LIMIT CYCLE

Definition 1.10 Called periodic solution of system (1.1), all solution (x (t) ,y (t)) for which there
exists a real T' > 0 such that:
VieER, z(t+T)=ux(t)
y(t+T)=y(t)

The smallest number T' > 0 is called the period of this solution.

1.9 Limit cycle

We have seen that the solution tend towards a singular point, another possible behavior for a
trajectory is to tend towards a periodic movement in the case of a planar system, that means that the
trajectories tend towards what is called a limits cycles.

Definition 1.11 A limit cycle is an isolated closed orbit of (1.1), i.e., we can not find another closed
orbit in its neighborhood.
A periodic orbit I is called stable if for each € > 0 there is a neighborhood U of I' such that for
allez € U andt > 0:

d(®(t,z),T) > e
A periodic orbit T is called unstable if it is not stable, and I is called a asymptotically stable if it is
stable and if for all points x in some neighborhood U of T’

limy_ood (P (t,z),I') = 0.
Example 1.2 The system
{ t=—dy+ax(l-% —y?),
G—oty(l-2 ),
has a limit cycle T' (t) represent by
T (t) = (2 cos (2t) ,sin (2t))

and

opP
div (P,Q) = _— + =2 —x® — 497,

oQ
Ay
let’s calculates now [ div (I' (t)) dt

I3 (2cos (2t)),sin (2t)) dt = (2 — (2cos (2t))* — 4 (sin (2t))?)
= [Zm—2dt
= 2w <O0.

So the cycle T' (t) = (2 cos (2t) ,sin (2t)) is a an stable limit cycle.

Remark 1.2 The limit cycle appear only in non-linear differential systems.

11



1.10. THE FIRST RETURN MAP

1.9.1 Stability of limit cycle

Theorem 1.1 [7]
Consider T (t) a periodic orbit of system (1.1) of period T..
i) If J§ div (T (t)) dt < 0, then T is a stable limit cycle.
ii) If [ div (T (t)) dt > O, then T is a unstable limit cycle.
And if fg div (T (t)) dt = 0, then T’ may be a stable, unstable or semi-stable limit cycle or it may

belong to a continuous band of cycles.
Definition 1.12 We say that the limit cycle T is hyperbolic fOT div (T (t)) dt # 0.

Theorem 1.2 [4]

Let us consider a system (1.1) and T (t) a periodic orbit of period T' > 0. Assume that U : 2 C
R? — R is an invariant curve with T (t) C {(x,y) | U (x,y) = 0} and let K (x,y) be the
cofactor of K (x,y) as given in (1.2). We assume that yU (p) # 0 for any p € T'. Then

/OTK (T () dt = /OT div (T (t)) dt.

Y\ YA YA

/—
N y/:\

L

stable unstable half-stable

Figure 1.5: Limit cycles

1.10 The first return map

Probably the most basic tool for studying the stability of periodic orbits is the Poincaré map or
first return map, defined by Henri Poincaré in 1881. The idea of poincaré map is quite simple: if '
is a periodic orbit of system (1.1), through the point (o, yo) and X is a hyperplane perpendicular
to I at (o, Yo ), then for any point (x,y) € X sufficiently near (g, yo), the solution of (1.1)
through (x,y) att = 0, ¢, (x,y) will cross X again at a point I (z,y) near (xg, yo), the
mapping (x,y) — Il (x, y) is called the Poincaré map.

The next theorem establishes the existence and continuity of the Poincaré map II (x, y) and of its
first derivative DII (x, y) .

12



1.10. THE FIRST RETURN MAP

Figure 1.6: The Poincaré map

Theorem 1.3 /7]
Let E be open subset of R? and let (P (x,y) ,Q (z,y)) € C* (E). Suppose that ¢ (o, Yo) is
a periodic solution of (1.1) of period T' and that the cycle

I ={(z,y) € R*| (z,y) = ¢ (w0, %) ,0 <t < T}

is contained in E. Let 3 be the hyperplane orthogonal to ¥ at (xg, Yo), Le., let

%= {(xay) € R* | (. — 20,y — Yo) - (P (z0;Y0) s Q (%0, %0)) = 0}-

Then there is a & > 0 and a unique function T (x,y), defined and continuously differentiable for
(z,y) € N5 (x0,Yo), such that
T (wO, '!/0) - T,

and
¢T(m,y) (xa y) € 3,

forall (z,y) € N5 (xo,Yo)-

Definition 1.13 Ler T', X, and T (x,y) be defined as in Theorem 1.3. Then for (x,y) €
N; (xo,yo) N X, the function

11 (:13, y) = ¢T(w,y) (ZE, y)

is called Poincaré map for I" at (g, Yo) -
The following theorem gives the formula of T’ (0, 0).

Theorem 1.4 [7]
Let ~ (t) be a periodic solution of (2.1) of period T. Then the derivative of the Poincaré map I1 (s)

along a straight line 3 normal to
I'={(z,y) €ER*| (z,y) =7 (t) —7(0),0 <t <T}at(x,y) = (0,0) is given by

) =exp [ . (P(y(1),Q () dr.

13



1.10. THE FIRST RETURN MAP

Corollary 1.1 /7]
Under the hypotheses of 1.4, the periodic solution ~y (t) is a stable limit cycle if

|- (PG @),@ (@)t <o,

and it is an unstable limit cycle if

[ P@).Q@wya>o.

14



Chapter 2

Existence of two algebraic limit cycles

2.1 Introduction

We consider the family of the polynomial system of the from

{ & = (yr —za(@® +y?)? —dyy)w? (@7 +9?) —z(a@ + ) -

. 2

¥ = (vy —ya(z® + y*)* + 4yz)w? (2* + y*)" — y(a(z® + y*)* — ),
where v, a and w real constant, v 7% 0, w 7 0. We prove that this system is integrable. Moreover,
we determine sufficient conditions for a polynomial differential system to possess at most two al-

gebraic limit cycle, one algebraic limit cycle,and non existence of limit cycles . Concrete examples
exhibiting the applicability of our result are introduced.

2.2 Integrability

Theorem 2.1 Consider a polynomial differential system (2.1). Then the following statements hold.
1) If w # O, then system (2.1) has the first integral

N
a(x? +y?)* — 5

2) If w = 0, then system (2.1) has the first integral

(84 y
F(z,y) =< +1+w2> e et s,

Yy
F (xz,y) = e

Proof 1 1) In order to prove our results we write the polynomial differential system (2.1) in polar

coordinates (r,0), defined by x = 1 cos 0 and y = r sin 0, then the system (2.1) become

(2.2)

7= —r(r*a —v) (—v + rta + w?r?),
6 = 4w3rty,

) — 40 . _ dr
where 0 = 5,7 = .

Taking as new independent variable the coordinate 0. The differential system (2.2) where yw # 0

15



2.2. INTEGRABILITY

can be written as the equivalent differential equation

gt _ _(a =) (Eydrladt wird) 2.3)
dt Yw?

we not that the differential equation (2.3) is a Bernoulli equation.

Via the change of variable p = 1%, then the equation (2.3) is transformed into the linear equation

dp _ (po—7) (e +w?)p—7)
do Yw? )

Solving it we find the first integral.
Y o _
T
ap —

Then, the first integral of system (2.2) is

v 8% _
F(T,B):<ar4_’y+1+’uj2>6 0.

Going bake thought the changes of variables r* = (x? + yz)2 and § = arctan ¥, we obtain

~
a(z?+y2)? — 5

(87 y
F(way) = ( ‘|‘1+w2> e~ arctang

Hence the statement (1) of Theorem 2.1 is proved.
2) If w = 0, the system (2.1) read as

&= —x (a (w2+y2)2_7)2’ (2.4)
g=—y(a@+y)*—7) |

This system equivalent the differential equation

de x
dy y
The general solution of this equation is given by
y = kz.

Where k € R, then the first integral of (2.4) is

Y

F (x,y) = —.

x
Hence the statement (2) of the Theorem 2.1 is proved.
Lemma 2.1 Ifw 7# 0 and ~ # 0, then (0, 0) is a unique equilibrium points of system (2.1)

Proof 2 We have
3
TY — Yyr = —4w27 (:1:2 + yz) ,

thus, the equilibrium points of system (1) is the origin of coordinates.

16



2.2. INTEGRABILITY

Lemma 2.2 The curve Uy (x,y) = (x? + yz)2 — 1 = 0 is an invariant algebraic for system
(2.1) withe cofactor

K, (z,y) = —4« (:1:2 + y2)2 <<w2 + a) (:cz + y2)2 — 7) .

Proof 3 The algebraic curve Uy(x,y) = 0 is an invariant algebraic curve for (2.1) if for some

polynomial K, € Clx,y|, we have

. 8U'l (:13, y) . 3U1 (ZB, y)
T +v

= K, (z,9) U (z,9) .
. oy 1 (z,y) Us (x,y)

Immediately we have

C‘U U, (miy) + y oUy (:E,’y)

Kl (w7 y) = aml—]-l (.’1} y) By
9

4w (y — a(x? + y?)?) (2% + y2)* + 4 (22 + ¥?)° (v — a(z? + y?)?)?
CETE
= —da(2? + )’ ((w? + @) (a* + )" — 1),

then Uy(x,y) = 0 is an invariant algebraic curve the polynomial system (2.1) .This completes
the proof of Lemma 2.2.

Lemma 2.3 The curve Us(z,y) = (x2 + yz)2 — ﬁ = 0 is an invariant algebraic for system
(2.1) withe cofactor

K (x,y) = —4 (wz + a) (w2 + y2)2 (a (ac2 + y2)2 — 'y> .

Proof 4 The algebraic curve Us(x,y) = 0 is an invariant algebraic curve for (2.1) if for some

polynomial K5 € C|x,y|, we have

L OU; (z,y) . OU; (z,y)
T +v

= K3 (z,y) Uz (z,y) .

Ox oy
Immediately we have
dgaUza(;:,y) + yaUza(;,y)
K, (ZE, y) =
U; (z,y)

= —4 (w? + a) (z® + y?)? (04 (22 +y?)* — ’Y) ;

then Us(x,y) = 0 is an invariant algebraic curve the polynomial system (2.1) .

Lemma 2.4 [) K1 (x,y) = 0 does not intersect the orbit U (x,y) = 0.
2) Kx(x,y) = 0 does not intersect the orbit Us(x,y) = 0.

17



2.3. EXISTENCE OF TWO ALGEBRAIC LIMIT CYCLES

Proof 5 1) To show this, we prove that
(£B2 + y2)2 - g =0,
(w? + o) (z® +y?)° — v =0,

has no solutions.

Indeed, if we replace (x? + yz)2 = I in the second equation we obtain %27 = 0, Since wy # 0
then, the curve K1(x,y) = 0 do not cross Uy (x,y) = 0.

2) we prove that

has no solutions.

: 2 22 vy ; : 2_ v
Indeed, if we replace (x* + y*)” = atw? n the second equation we obtain —w*— o = 0.

Since w~y # 0 then, the curve Ky(x,y) = 0 do not cross Uz (x,y) = 0.

2.3 Existence of two algebraic limit cycles

The theorem below is a result of the existence of two limit cycles of system (2.1)
Theorem 2.2 [f one of the following statements hold.
1) Ifa>0,v >0,
2)Ifa <0,y <0,a+ w? <0,
the septic polynomial differential system (2.1) in which w # 0, possesses exactly two hyperbolic

algebraic limit cycles, whose expression in cartesian coordinates (x,y) is
2 7
<w2+y2> — — =0,
a

<$2 + y2>2 T ot w? —:/'w2 = 0.

Proof 6 1) If w # 0, we have

7= —r(r*a —v) (—v + rta + w?r?), 25)
6 = 4yw3r. '
Taking as independent variable the coordinate 0, this differential system write
dr rta — — ria + w?rt
439 _ 7) (= +ria+ ). 2.6)
do Yw?
Via the change of variables p = 1%, this equation is transformed into the Riccatti equation
d a — —~ + pa + w?
dp _ (pa—7)(=v+p 28 27

do ~Yw?

18



2.3. EXISTENCE OF TWO ALGEBRAIC LIMIT CYCLES

Fortunately, this is integrable, since it possesses the particular solution pac —~ = 0, corresponding

of course to the limit cycle (I'1). Then the general solution of this equation is given by

_r 1
p= a + R’
Indeed, substituting the solution p = (% + %) into the Riccatti equation, we obtain the linear
equation
_1dr_ (G+p)e—) v+ @+ w)@ + 7))
R2dO ~w? ’
thus 1
Bt — —(w?a + Ryw? + o?)
w2~y
W o2 2.8)
=—+ R+ S
Y wey

The general solution of linear equation (2.8) is

2 0 p—S
R(o,k)ze"<k—:(e—"—1)+i/oe ds>,

with f (0) = JJ ‘;;:ds, we have

o ds = (et 1)

P

After we substitution the value of fg #ds into R(0, k), we obtain

R(8,k) = e’ <k: _ : (e —1) - o’ (e - 1)) .

w2y

Where k € R. Going back through the changes of variables, we obtain

6—9

'yk—a(e—e—l)—g—z(e—g—l))’

p(B,k)=Z+7(

if we take h = vk + 1, the general solution of Riccatti equation (2.7) is

6—9

R
0,h) = + _ :
p(6,h) o 7h—ae—9—%(e—9—1)

Consequently, the general solution of (2.5) is

—0

r(e,h):<z+~y c )

h — ae ? — g—z(e—e—l)

To go a steep further, we remark that the solution such as v (0,79) = ro > 0, corresponds to the

value h = =

Mir_ﬁ,"y provided a rewriting of the general solution of (2.5)
o

6—0

—oae 9 — Z‘)—z (e?—1)

Y
r(6,710) = a'i"y o2rd

arg—vy
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2.3. EXISTENCE OF TWO ALGEBRAIC LIMIT CYCLES

Any periodic solution of system (2.1) must satisfy the condition v (27, 1r9) = 7o, provided two

distinct positive values of rq : r‘l1 = I corresponding obviously to the algebraic limit cycle (T1), a

well defined second value, we have

—0
4 e

Y
ri =+ v :
a Ty -0 _ 92 (=0 _
ardon — Qe -3 (e 1)

(2.9)

Then the condition v* (21, 1¢) = r* (0, 7¢) equivalent

e 2" 1
a?rg —27 o? —27 T _a?rg ’
— ae — = (e -1 ~ — o
arg—y w? ( ) arg—y
this imply that
2.4 2.4 2
a’r a’r a
6—271' 0 —al = 0 . ae—Zﬂ' _ (6—271' 1) ,
arg — vy arg — vy w?
then . L )
- — 4T
Ty — (e 1)
4 2 ’
arg — (e?m — 1)
50
o Y
a1+ o) =2
2 w2
then
4 Y
o= -
o+ w
. . 4 - a2r4 .
So we substitution the value of Ty into arz_"v, we obtain
0
o?rd —a?
arg —v w?
2.4
So we substitution the value of 5™ into (2.9), we obtain
1(0,r,) Ty e’
r s Tx) = o Yz 2
¢ o« —ae? — 2 (e —1)
w _9 w
o _|_ €
= & Y 2
@ —ae ? — e
i Y
w? + o

To see that Ty : (x2 4 y2)* — T =0andTy: (x> + y2)? — —X = 0are in fact a hyperbolic

at+w?
limit cycles, we use a classic result characterizing limit cycles among other periodic orbits see for

instance theoreml.l, which means that I'; is a hyperbolic limit cycle when

/(;T Div (T; (t)) dt # 0,

where T; be the period of the periodic solution (I';). We use also a practical result of J. Giné and

all see theorem 1.2 (chapiter I), which asserts that

/OTi Div (T; (t)) dt = /OT" K (x,y) dt
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2.3. EXISTENCE OF TWO ALGEBRAIC LIMIT CYCLES

Note that if a periodic curve (I';) is invariant for a differential system with a cofactor K;(x,y) of
constant signfor (z,y) € Int(T;) where Int(T;) denotes the interior of (T;), then [; K; (x,y) dt,
is automatically different from zero.

By proposition 2.2 we have K (z,y) = —4a (22 + y2)* (w? + a) (22 + y2)* — v if we take
P (z,y) = (w? + @) (22 4+ y2)* — v we have P(0,0) = —~ < 0, hence Py(z,y) < 0
inside (T'1) and K1 (z,y) = —4a (22 4+ y2)* (w? + @) (22 4+ y2)* — v > 0 inside
Int(T1)\ {(0,0)}, so J7* K, (x,y) dt > 0; where Ty be the period of the periodic solution
(T'1). Consequently (T'1) defines a hyperbolic algebraic limit cycles for system (2.1).

By proposition 2.3 we have K (z,y) = —4 (w? + a) (22 + y2)? (a (22 + y2)* — 'y) if
we take Py(z,y) = o (22 4+ y2)* — v we have Py(0,0) = —~ < O0,hence Py(z,y) <
0 inside (T') and Ky(z,y) = —4 (w? + o) (x2 + y?)° (a (2 + y2)* — ’7) > 0 inside
Int(T2)\ {(0,0)}, so [7* Ky (x,y) dt > 0; where Ty be the period of the periodic solution
(T2). Consequently (L) defines a hyperbolic algebraic limit cycles for system (2.1). This com-
plete the proof of Theorem 2.2.

Example 2.1 If we take w = 2, v = 1, and o = 1 then system (2.1) reads

{ & = 4(x — z(z? + y?)* — 4yy) (@* + y?)° — 2((a® + ¥?) — 1)?, (2.10)

g =4(y — y(z® + y?)? + 47z) (22 + y2)° — y((x* + y?)? — 1)2,

we have w = 2, T =1 > 0and _:wz = % > 0. So the Theorem 2.2 is satisfied and hence the

system (2.10) has two hyperbolic algebraic limit cycles whose expression in cartesian coordinates

(x,y) is

Figure 2.1: Two algebraic limit cycles for system (2.10)
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2.4. EXISTENCE OF ONE ALGEBRAIC LIMIT CYCLE

2.4 Existence of one algebraic limit cycle

Theorem 2.3 i) If w? # 0,7 < 0,a < 0 and o + w? > 0, then the septic polynomial
differential system (2.1) possesses exactly one hyperbolic algebraic limit cycle whose expression in

cartesian coordinates (x,y)
2 2\2 _ 7
(:c +v ) ——=0.
a
1) Ifw? # 0,7y > 0, a < 0and o + w? > 0, then the septic polynomial differential

system (2.1) possesses exactly one hyperbolic algebraic limit cycle whose expression in cartesian

coordinates (x,y)

(w2+y2)2—a_:w2=0

Proof7 i) Ifa < 0,7 < 0, a + w? > 0, then a—:wz < 0, and (:1:24—y2)2 -
0,V (x,y) € R% And if T > O, then through the Theorem 2.2, (x* + 'yz)2 = T is hyperbolic
algebraic limit cycle because it is polynomial.

So the septic polynomial differential system (2.1) possesses exactly one hyperbolic algebraic limit
cycle whose expression in cartesian coordinates (,y) ;

(1132 + y2)2 = 17

(81

i1) If o < 0,7 > 0, o + w? > 0 then X > 0, and, (z* +y2)? — ot = 0,V (z,y) €
R?, is hyperbolic algebraic limit cycle because it is polynomial. And if T < 0, then (x* + y?)? —
1T #£0,Y(x,y) € R

So the septic polynomial differential system (2.1) possesses exactly one hyperbolic algebraic limit
cycle whose expression in cartesian coordinates (x,y)

) = o

o + w?

Hence the Theorem 2.3 is proved.

Example 2.2 Ifwe take w = 3, v = —1 and o« = —1, then system (2.1) reads

2 =9(—2+a@ + )+ ) @+ ) —a(-@ + )+
9§ =9(—y +y(@* +y»)? — 4z) (2* + y*)° — y(—(a* + y*)* + 1)?, '
we have w = 3, a-:az = —% < O0and I =1 > 0. So the first condition of the Theorem 2.3 is

satisfied and hence the system (2.11) has one hyperbolic algebraic limit cycles whose expression in

cartesian coordinates (a:, y) is

(m2 + y2)2 =1.
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2.4. EXISTENCE OF ONE ALGEBRAIC LIMIT CYCLE

Figure 2.2: One algebraic limit cycle for system (2.11)

Example 2.3 If we take w = 2, v = 1 and o« = —1, then system (2.1) reads

& =4(z + z(2? 4+ y?)? — 4y) (2? + y?)" — z(— (22 + y?)? — 1)?, o1
¥ =4(y + y(x® + y?)? + 42) (2® + ¥*)° — y(— (22 + y?)? — 1)?, '
we have w = 2, a:wz = % > 0 and % = —1 < 0. So the second condition of the Theorem 2.3

is satisfied and hence the system (2.12) has one hyperbolic algebraic limit cycles whose expression
in cartesian coordinates (x,y) is

(:1:2 + y2)2 = ;

Figure 2.3: Two algebraic limit cycle for system (2.12)
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2.5. NON EXISTENCE OF LIMIT CYCLES

2.5 Non existence of limit cycles

Theorem 2.4 If one of the following conditions is assumed.:

i)y <0, > 0.

1)y >0, < 0, + w? < 0,

the septic polynomial differential system (2.1) has no limit cycles.

Proof 8 i) ifv < 0, > 0, we have

2 2) 2 Y
— 0
(=% + v*) o+ w? # 0,
forall (z,y) € R?,
2 2\2 7
(33 +y) —— #0,
a
forall (z,y) € R2
Or
1) ifv > 0, < 0, and a + w? < 0, we have

(m2+y2)2 — T 2o,

o + w?
forall (xz,y) € R?,
2
(332+y2) - 1 #Oa
«

forall (z,y) € R2.
Then, system (2.1) has no limit cycle. Hence the Theorem 2.4 is proved.

Example 2.4 If we take w = 2, v = —2 and o = 1, then system (2.1) reads

& = 4(—2z — @(a? + y*)? + 8y) (a2 + y*)” — z((=* + y*)* + 2)%, 013
9 = 4(=2y — y(a® + y?)* — 8z) (2* + y*)" — y((a + y*)* + 2)?, '
we have w = 2, ajng = %2 < 0and I = —2 < 0. So the first condition of Theorem 2.4 is
satisfied and hence the system (2.13) has no limit cycle.
Example 2.5 Ifwe take w = 1, v = 1 and o« = —2, then system (2.1) reads
& = (z+22(z* + y?)* — 4y) (2* + ¥*)° — x(-2(2* + y)* — 1)?, o1
g = (y+2y(a® + y*)? + 4z) (22 + y*)" — y(—2(z* + y*)* — 1)?, '
we have w = 1, a;’w2 = —1 < 0and g = _71 < 0. So the second condition of Theorem 2.4 is

satisfied and hence the system (2.14) has no limit cycle.
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2.5. NON EXISTENCE OF LIMIT CYCLES

Figure 2.4: Phase portrait of system (2.13)

Figure 2.5: Phase portrait of system (2.14)
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Chapter 3

Coexistence of algebraic and non-algebraic

limit cycles

3.1 Introduction

We consider the family of the polynomial differential system of the form

& = (yo — za (@ +y?)" — 4vy) Q* (z,y) — = (o (2 + y?)° — 7)22,
¥ = (vy — ya((@® +v?)" + 472) Q* (z,y) —y (a (2> +v*)° —7) ",

where Q (z,y) = ax? + by? + cxy is homogeneous polynomial of degrees 2 and v, «, a, b

3.1

and c real constants v # 0 and a # 0. We prove that this system is integrable. Moreover, we
determine sufficient conditions for a polynomial differential system to possess at most two explicit
limit cycles, one of them algebraic and the other one non-algebraic. Concrete examples exhibiting
the applicability of our result are introduced.

3.2 Integrability

Theorem 3.1 Consider a polynomial differential system (3.1) for Q (0) # 0 for all 8 € [0, 2],
system (3.1) has the first integral

—arctan 3 arctan¥ g~8
F(z,y) = a(;e_{_ ) — ~ 4 e arctang —a/o ) Q62 (S)ds.
Proof 9 In polar coordinates system (3.1) reads as
{ = —r (o =) (=7 + e+ Q). 32
0 = 4Q%r~.
Let — arctan ¥ tan ¥  p—S
F(z,y) = a(;: y2)2: ~+ e arctan ¥ _ a/o ’ Q‘Z Pl 3.3)
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3.2. INTEGRABILITY

In polar coordinates system (3.3) reads as

F(r,0) = i )6_0—04 ds,
0 ((a(rzf—v)“ 0 Q% (s)

then the derivative of F with respect to T is

oOF e ?
dr (y — rta)?’

and the derivative of F' with respect to 0 is

OF e

=«
de Q%*y — Q?*r‘«a

(Q2r4 + art — '7) .

By replacing the expressions of derivatives of F with respect to @ and r in

OF OF .OF
—F— 46—,
dt ~ or 06

it follows that
-6
& = —artay(—r (r*a — ) (—y + r*a + Q*r?))
-6

e
+4Q%*r*ya 0 — Qiria (Q%r* + art —v)

(v — ra)?

= 0.

So F (v, 0) is a first integral of (3.2) , then F (x,y) is a first integral of system (3.1). Hence the

Theorem 3.1 is proved.

Theorem 3.2 The curve U (z,y) = 4Q?*v (x? + y?) = 0 is an invariant algebraic for system
(3.1) with cofactor

K (z,y) =—6((a(@*+y%)" 7)) (e @ +v>)" —7) +Q?)
8Q  8Q
)"
Proof 10 We have
5 +95, = <(7w —az (22 +y?)’ — 4vy) Q* —x (a (2? + y?)* — '7)2)
X (86223:7 + SQgiv (z* + y2)>
+ ((w —ay (@® +y?)* —4yx) Q% — y (o (a2 + y?)* — 7)2)
X <8Q2y7 + 8QZ§7 (z* + y2)>

= —8Q%y (* +¢*) (—y + z'a+ y'a + 207y )
X(—v + zra + yia + Q% + 2z%y>*«)
oQ oQ oQ
- ) — 4yy—2
ot ) vy

+8Q3 (22 + y?) ((7 — a(z? + y?)*) (w o

o o o
+8Q @+ 1) (192Q7 )0 — (a (@t 490" =)' (vr +agr ).
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3.3. PERIODIC SOLUTION

oU
due to the Euler’s theorem for homogeneous function ma— + ya— = 2Q, we obtain
Y x
oU oU 2 2
; - _ 2 2 2 2 2 2 2 2
ma—FyTy = —8Q% (x +y)(a(:13 + v%) —'y)((a(m + v%) _’Y)+Q)
2
+16Q%y (¢ + y?) (('r —a(@*+y%)") Q* — (a(a® +y?)* — ) )
2 0 9 oUu oUu
—8Q%y (#* + ¥*) (+4yy—-Q — 4vzQ—_—
ox oy

—24Q%y (22 + v?) (a (2* + ¥*)* —7) ((a (@ + ¥*)* —7) + @?)

0 0
+4Q%y (z* + y?) (—S'YQ <ya§;2 — w8§>> :

Therefore, U = 0 is an invariant algebraic curve of the polynomial differential system (3.1) with

cofactor
K (z,y) =—6((a(@*+y%)" 7)) (e @ +v>)* —7) +Q?)
oQ oQ
—87Q yai - 513> .
T Oy

Hence the Theorem 3.2 is proved.

3.3 Periodic solution

Theorem 3.3 If Q? (0) vanishes for some @ € [0, 2], then system (3.1) has no periodic solutions

surrounding the origin.

Proof 11 If 6* € [0,27] is a zero of Q% (0) = O, then (sin *x — cos 0*y) is a factor of
Q? (z,y), and consequently the straight line

sin@*x — cos @y =0

is invariant. It is well known that if Q (0*) = 0 is an invariant algebraic curve, then any factor of
Q? is also an invariant algebraic curve. So the straight line sin 0*x — cos *y = 0 through the
origin of coordinates is invariant, i.e., formed by solutions of system (3.1). Therefore, it can not be

periodic solutions surrounding the origin. This completes the proof of Theorem 3.3.

3.4 Coexistence of algebraic and non-algebraic limit cycles

Theorem 3.4 The septic polynomial differential system (3.1) in which Q (0) # 0, for all 0 € R*
possesses exactly two hyperbolic limit cycles, one algebraic whose expression in cartesian coordi-

nates (¢, y) is
2 2\2 _ 7
(w —l—y) —— =0,
a
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

and the other one non-algebraic whose expression in polar coordinates (r, 0) is

o z
e
r(0,7.) = 1‘|"7 a2r2 p
«a = —oae® +a?f(0)

2_
ary

B

with f (0) = f(f Qe%(z)ds and r, = (’y%) , when the following condition is as-

sumed:
a>0,v> 0.

Proof 12 Firstly, we have
yi —zy = (22 + y*) Q* (2,v)

thus, the equilibrium points of system (3.1) are present in the curve
U (z,y) = (2> + ¥*) Q* (x,y) = 0. (34)
In polar coordinates (r, 0) defined by x = r cos 0 and y = rsin 0, (3.1) reads as
U (r cos 0, rsin0) = r2Q* () .

Since a > 0 and Q (0) # O, for all @ € R*, thus the origin is the unique critical point at finite
distance.

We prove that (T') : o (2 + yz)2 — ~ = 0 is an invariant algebraic curve of the differential
system (3.1). Indeed, if we put

fly) = (v@—za(@®+y?)" —4vy) Q* (z,y) — = (a(a? + y?)* — 7)22 ;
g(@y) = (vy—ya(@®+9)’ +472) Q*(z,9) —y (a (@ +v*)" —7) ,
H(z,y) = a(@®+y?)’ —7.

Immediately, we have

OH oOH
f(w’y)a+g(w’y)87y =K(w,y)H(a:,y),

Where
K (o) = 0 (5 +47) (@ (e + (a (o +47)" =),

To see that

3.5
o (@ +y?) — =0 o

has no solutions. Indeed in polar coordinates (r, ), system (3.5) reads as

{ —da (z® +9%)? (Q* + a (2 + 92)* — 7) =0,

{ —4ar* (Q* (8) + art — v) =0,

art —~ =0,

this system can be written as
—4ar*@? (6) = 0.
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

Since o« > 0. Then the curve K (x,y) = 0 do not cross (I'1). But P (0,0) = —~ where
P(z,y) = (@ +a(@®+y?)" — 7).
Ifv > 0, we have P (x,y) < O inside (I'y), then

K(z,y) = —4a(@® +y°)? (@ + (a(a® + ¥*)* — 7)) > 0

inside (T'1) \ {(0,0)} because o« > 0.

Since K (z,y) = —4a (2? + y?)* (Q? + (a (2% + y*)* — 7)) > Oinside (T1) \ {(0,0)}
so [T K (x,y) dt # 0, where T be the period of the periodic solution (T'y).

Consequently (T'y) defines a stable algebraic cycle for system (3.1).

The search for the non-algebraic limit cycle, requires the integration of our system. Taking into
account (3.4), then in polar coordinates (r,0), defined by x = r cos@ andy = rsin, the

system (3.1) can be written as the system.

{ 7= —r(rta — ) (=7 + rta + Q*r?). (3.6)

0 = 4Q%r*~.
This differential system where 4Q*r*~y # 0 can be written as the equivalent differential equation

dr __(rla—7) (v +rla+Q*(0)r")

4r’— = 3.7
de YQ? (9) G

Via the change of variables p = r*, this equation is transformed into the Riccati equation
dp_ (pa—7)(@+Q*(6)p—7) 58)

do vQ? (6)
Fortunately, this is integrable, since it possesses the particular solution pac —~ = 0, corresponding

of course to the limit cycle (I'1). Then the general solution of this equation is given by

v 1
p= « + 7
Indeed, substituting the solution p = (% + %) into the Riccatti equation, we obtain the linear
equation
1dR ((Z+%)a—7)(-v+(@+Q )2+ 7))
CR2dO Q2 (0) ’
thus IR 1
a0 W(Qz (0) a + RyQ? (0) + o?)
_a - aiz 3.9)
AR IOr

The general solution of linear equation (3.9) is

e

R(6,k) = & <k— : (e —1) +‘i‘:/09 o (2)ds>,

Where k € R. Going back through the changes of variables, we obtain

e—G

ky —a(e™® —1) +a? [§ &0

P(G,k)=z+7( &)
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

if we take h = vk + 1, the general solution of Riccatti equation (3.8) is

-0
0% e
O,h) = — + — .
p(6,h) o ’Yh_ae—e—l-azfoe(;z(i)ds
Consequently, the general solution of (3.6) is
—0 4
~ e
r(@,h)=|—+ - .
(6, h) (a 7h, — ae ¥ 4+ a2 fg Q‘Z&ds)

To go a steep further, we remark that the solution such as r (0,79) = ro > 0, corresponds to the
«

value h =

ar?i provided a rewriting of the general solution of (3.6)
o

6—9

—0 2 0 e ®
—ae ?+a? [ —Qz(s)ds

,7
r (0, TO) = a + 7 a2ré

4
arg

-

Any periodic solution of system (3.1) must satisfy the condition v (2w, r9) = 7¢, provided two

distinct positive values of ro : 7§ = % corresponding obviously to the algebraic limit cycle (T'1), a

well defined second value, we have

6—0

25 _ e + a2f (0) -

!
arg—"y

B
rt=— 4+~
o}

Then the condition r* (2w, r9) = r* (0, r¢) equivalent

e 2w 1

2.4

a?rg L eo—2m 2 o efrg
ariey — Qe + a2 f (27) iy — O

b

this imply that

2,.4 2,.4
o’r o’r
e <4 0 —a) = —F— O — ae T + alf (2m),
ard — vy ord —

then 4
"o  _ f (2m)
ar —v  (e2wm —1)’

50
'rg (af (27) — e 2" + 1) =~f(2m),

then
. fem
0 of (2w) —e 2" +1°

f(27)
af(2r)—e— 27417

7’0:—< Vf (27) >’

af (2r) —e 2"+ 1

So there are two difference values with the equation r® = one of them is equal to
q o =7 q

PN
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

and we don’t consider this case because ro < 0, we only take into consideration the following value

ro = T, which satisfies v (2w, r,) =1, >0

=

. ( vf (2m) )
" \af@r)—e?"4+1)
Where f (2m) = [3 wg%(z)ds.

Since o > 0, and L > 0 then vQ? (0) > 0 and 7% > 0. So it follows that

_ f (2m) i
= <7af (27) — e=27 + 1) >0

then

B

6—0

— 0 e
— et o i g

(3.10)

2,4

a“ry

4__
ary—vy

r(0,r,) = 1+7
o ds

To show that it is a periodic solution, we have to show that:
i) the function x — g (0), where in this case

6—0

_ 7
90) = T e am) —ae i+ a2f (0)

is 27 periodic.

i1) g (0) > Oforall @ € [0, 27) . The last condition ensures that v (0, r,.) is well defined for all
0 € [0,27) and the periodic solution do not pass through the unique equilibrium point (0, 0) of
system (3.1).

Periodicity. Let & € [0, 27), then

—0—27

~ e
0+ 2w) = — R 3.11
g (0 + 2m) a+76_;1ﬁf(2w)—ae_9_2”—|—a2f(0—|—27r) (3.11)

but
e—S
fO+2m) = [0 __—___ds
( ) 0 6_282 (8) B

_ 2r € 0427

RO I
=~ € °

= f(27T) —+— f;:z Q2 (3) dS

we make the change of variable u = s — 27 in the integral f;ﬁ

e—S

Q*(s)

ds, we get

0 e—(u+27r)
FO+2m) = f(@2m)+ [y mdu

= f@2m)+e*f(0),
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

we replace f (6 + 2m) by f (2w) + e 2™ f (0) in (3.11), we obtain

B ~ —9—271'
9OHI = T g ) —ae it al (f (2m) + e ¥ (9))
—0—27
= 1 -+ ¢
o T f (2m) — ae 03 4 a2 (27) + ale > f (6)
B 1 N ~e 27\'6 4
o« a?f (2m) (73—21—1 + 1) — ae e 2" + a2e"27f (0)
B 1 + ’)/6_27r6_9
o e (a2f (27) (=) — e ? + a2f (6))
o« K —5= 1f (2w) —ae 4+ a2f (0)
=g (0) ’

hence g is 27r-periodic.

Strict positivity of g (0) for all & € [0.27), we have

—0

_ .7 ¢
9(0) = «a + o = f(2m) —e? +af ()
_ Y1y e’
o« S (2m) —e? +af (0)
and B
27) = [ e’ ds
A ° (s

_ 27 e’
= f(0)+ J; Q7 (5) ds.

If « > 0, forall @ € [0,27), then o f (6) > 0, for all @ € [0.27), so
of (27) > af (6) > 0

forall @ € [0,27) and

—0

_ .7 €

90 = At a i fem —et+af (@)
e e’
T a a5 f@2r)—ef+af(2m)
_ . f (2m) >0,

af (27) +ef(e?™ — 1)

hence g (0) for all 6 € [0, 27) .

Finally r (@, r,) defines through (3.10) a periodic solution. To show that it is a limit cycle,
we consider (3.10), and introduce the poincaré return map A — II (2w, A) = r (27, A), to
prove that the periodic solution is an isolated periodic orbit (see [9], it is sufficient for the function
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3.4. COEXISTENCE OF ALGEBRAIC AND NON-ALGEBRAIC LIMIT CYCLES

of poincaré first return), we compute % (27, A) [ azrse

We have
dIl (2, ) d Ay + Mavf (2w) — ~2f (27) i
[ T [ —
d\ ’ dX\ \alt — adte=2" 4 vye~27 4 (a2Xt — avy) f (27)
)\3726—277

- (ve=2" + adt — aXte~?" + f (27) (a2A? — av))?
y ve 2" + alt — aXte " + f (2w) (@®A* — ay)\*
Ay — f (27) ¥2 + f (27) arty '

B

, and after some calculation, we get

By replacing A by its value given by 7, = (*y f(@2m) )

af(2r)—e—2741
dIl
O (2m,2) laer = & > 1.

Consequently the limit cycle of the differential equation (3.7) is unstable and hyperbolic.

On the other hand, we have § = —2~vQ? (0) 72, since v > 0, for all @ € [0,2m), then
6 < 0, and the orbit 7 () of the equation (3.7) have the opposite orientation with respect to those
(z () ,y (t)) of system (3.1) .

Consequently the limit cycle of system (3.1) is a stable hyperbolic limit cycle.

Now we prove that this limit cycle is not algebraic more precisely, in Cartesian coordinates 72 =

(0,7,) = z®> + y? and @ = arctan % we have the first integral

— Y —
,.Ye arctan p K]

5 ds.
a(z?+y?)" —~

Yy
_ arctan % B /arctan - e
0

F(xz,y) = Q2 (s)

+ e

To see that we must prove for instance that there is non value of the integer n for which g—ﬂ = 0,
for this purpose let us compute ?Tl; (x, y). We find that they can be put on the form :

OF [ (2 +¥°) (az® + 2aa’y® + azy” — yz + 47y) 1 e arctan
dy (ax? + 202?y? + ay* — v)” Q2 (z,y) '
Since o2 (1; ne arctan ; annears again, it will remains in any order of derivation therefore the curve

F (x,y) = 0is non-algebraic and the limit cycle will also be non algebraic.
This completes the proof of Theorem 3.4.

Example 3.1 Ifwe take a = 3,b = 2,c = 1,y = 1; and a = 1, then system (3.1) reads

b= (¢ — (@ +y?)° —4y) (322 + 242 + ay)’ — = (@2 + 42" - 1),
2
9= (y—y((@®+y%)" +4a) (322 + 20> + 2p)” —y ((@* + 97" — 1),
(3.12)
we have T =1 > 0.

So the condition of Theorem 3.4 is satisfied and hence the system (3.12) has two hyperbolic limit
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3.5. EXISTENCE OF NON-ALGEBRAIC LIMIT CYCLE

cycles, one algebraic whose expression in polar coordinates (v, 0) is v* (0, r,) = 1, and the other

is non-algebraic limit cycle whose expression in polar coordinates (r, @), is

o0 i
0,r,) =1
r (@) ( +—O.14259—e—9—|—f(0)> ’

where 0 € R, and

e—S

f@2r) =27 sds = 0.142 32,

(3 cos? s + 2sin? s + sin s cos s)

S
* 14+ f(2w) —e 27

1
) = 0.594 36.

Figure 3.1: Coexistence of algebraic and non algebraic limit cycles for system (3.12)

3.5 Existence of non-algebraic limit cycle

Theorem 3.5 Ifv > 0,a < 0, and af (2w) > e 2™ — 1. The septic polynomial differential
system (3.1) in which v # 0 possesses exactly one non-algebraic hyperbolic limit cycles, whose
expression in polar coordinates (r, 0) is

6—0

Pl _ e + a2f (9)

4__
ary—vy

r(0,r,) = Z+’7

B=

. e_g -
with f (6) = fé’ Qz(s)dS and r, = (7%)
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3.5. EXISTENCE OF NON-ALGEBRAIC LIMIT CYCLE

Proof 13 For the proof of Theorem 3.5 we shall use the notation and the expressions of the proof of
Theorem 3.4. The system (3.1) has two periodic solutions given by

2
i) =2
a
and we don’t consider this case (because T < 0). We only take into consideration the following
solution
) 4
¥ e
1"(0,""*) =|-+7 o274 o 9 ’
«a iy —ael +a )
1
— _ f(2m) 1
with f (0) = 0 Q2( )ds and r, = (7af(27r)—e—2"+1) .

Ify > 0,a < 0then af (2) < 0 since af (2mw) > e 2™ — 1, then
4_ f (2m)

Ty = > 0.
= Y11 af (2r) —e2
Moreover we have aii’i = e,za,,z_lf (27) and
1 + 6_9 > 1 i e—a
o Saf@em) —ae 4+ a2f(0) T o g f(2m) —ae® 4+ a2f (6)
1 (e72" —1)e
> —+
a f@2r)a?(e?r—1)e 2" — aqe?
S (e72™ —1)e 2"

a f@2m)a?(e 2™ —1)e 2" — qe—2"
f(2m)
af (27) —e 2" + 1’

Since f (2m) > 0 and af (27) > €®™ — 1, then
f (27)

0.
af (2r) —e 2"+ 1 >
Consequently
1 e
YO0,r) =~ — >0
% (0, 74) 7(0[—'_ o 1f(27r)—ae"—|—a2f(9)) s

because v > 0. Then the curve r (0, r,) is limit cycle of system (3.1). Finally it clearly to this
limit cycle is not algebraic. This completes the proof of Theorem 3.5.

Example 3.2 Ifwe take a = —4,b = —3,¢c = 2,y = 1 and o« = —1, then system (3.1) reads

& = (a; +x (22 4 y?)° — 4y) (—4z? — 3y? + 2zy)’ — (— (2 + y2)* — 1)2 ,
2
g = (y + y((x? +y?)° + 4:13) (—4x? — 3y? + 2zy)’ — y (— (22 + y2)* — 1)
(3.13)
So the condition of Theorem 3.5 is satisfied and hence system (3.13) has one non algebraic limit

cycle whose expression in polar coordinates (r, 0) is

o0 i
09 x) — —1
r () ( +—0.1091—|—e—9—|—f(9)>
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3.6. NON EXISTENCE OF LIMIT CYCLES

where 8 € R, and

e—S

f@2m) =2 sds = 0.108 90

(—4 cos? s — 3sin’ s + 2sin s cos 3)

. ( f (2m)
i 1— f(2rw) —e 2

i
) = 0.591 57

Figure 3.2: One non algebraic limit cycle for system (3.13)

3.6 Non existence of limit cycles

Theorem 3.6 The septic polynomial differential system (3.1) has no limit cycle when the one of the

following conditions is assumed:
i)Ifv <0,a>0,Q(8) #0.
i)Ifvy >0, < 0,Q (0) # 0,and af (2m) < e 2™ — 1.

Proof 14 i) If v < 0, > 0,Q (0) # O, for all @ € [0,27), then vf (2mw) < 0 and
af (2w) > 0, we have af (2w) > e 2w — 1, thenaf (27) —e 2" +1 > 0 and

SN (L N

af (2r) —e 2"+ 1

Or
i) Ify > 0, < 0,Q () # 0, forall @ € [0,27), then vf (2w) > 0and af (27) < 0.
Since af (2m) < e 2™ — 1, thenaf (2w) —e 2™ +1 < 0and

B f (27) :
= <’7af 2mw) —e 2" + 1) <0

Then, system (3.1) has no limit cycle. Hence the Theorem 3.6 is proved.
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3.6. NON EXISTENCE OF LIMIT CYCLES

Example 3.3 Ifwe takea = b =c = 1,7 = —1 and o = 2, then system (3.1) reads

T = <—:c — 2z (x2 +y2)* + 4y) (@2 +y? +xy)’ —x (2 (2 + y2)* + 1)2 ,
= (—y—2y((2? +y2)’ —4z) (2 + y? + 2y)’ —y (2(2* + 2 +1),
(3.14)
we have T = —% < Oand af (27) >~ 0.96 > e 2™ — 1 ~ —0.99. So the first condition of the
Theorem 3.6 is satisfied and hence the system (3.14) has no limit cycle.

Figure 3.3: Phase portrait of system (3.14)
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Conclusion

In conclusion, this work is about studying the existence and non existence of limit cycles and
its number if their exists, so we have studied one of the main problems in the qualitative theory of
planar differential systems.

We find the expressions of limit cycles by using the polar coordinates. In the second chapter, we
analysis the existence of two limit cycle for a septic polynomial differential system (2.1). Moreover,
the expression of a limit cycle is contained in a algebraic curve of the plane, the we say that it is
algebraic.

As the third chapter, we study the following problems for a septic polynomial differential system
(3.1):

e Coexistence of algebraic and non algebraic limit cycles.

e Existence of non algebraic limit cycle.

e Non existence of limit cycles.
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Abstract :

The objective of this memory is the qualitative study of a class of polynomial planar
differential systems. The results obtained in this study concern the existence and the
number of periodic solutions isolated by consequent limit cycles. And we have shown we
have shown that it has at most two limit cycles. Moreover, we were able to determine the
explicit expressions of the limit cycles (algebraic and non-algebraic) found for the studied
class.

Finally, some examples were presented to illustrate the results obtained.

Keywords: Differential system, periodic solution, invariant curve, algebraic limit cycle, non-

algebraic limit cycle.
Résume :

L’objectif de cette mémoire est I’étude qualitative d’une classe de systémes
différentiels planaires polyndmiaux. Les résultats obtenus dans cette étude
concernent I’existence et le nombre des solutions périodiques isolées par

conséquence les cycles limites. Et nous avons montré nous avons montré qu’il a au
plus deux cycles limites. De plus, nous avons pu déterminer les expressions
explicites des des cycles limites (algébriques et non algebriques) trouvés pour la

classe étudiée.
Enfin, quelques exemples ont été présentés pour illustrer les résultats obtenus.

Mots clés : Systeme différentiel, solution périodique, courbe invariante, cycle limite

algébrique, cycle limite non—algébrique.
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