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Introduction

Ordinary differential equations (ODEs) are a fundamental tool for studying and understanding
the behavior of a vast array of natural phenomena [1, 2]. They have become an essential part of the
curriculum in many undergraduate science programs and are widely used in various fields, including
engineering, technology, and the natural sciences. While ODEs can model a broad range of natural
processes, only a select few allow for explicit solutions. For many other systems, qualitative theory
and related methods offer alternative tools for surveying their behavior. Qualitative techniques can
provide a more comprehensive understanding of significant subsets of solutions, see the book [5].
This approach reveals valuable information about the flow, parametric stability, and bifurcations of
the ODEs. Therefore, qualitative techniques are a crucial complement to traditional methods, and
their use should be encouraged to obtain a more complete understanding of the behavior of ODEs in
diverse applications.

A dynamical system is any system that changes over time, and ODEs provide a concise and ele-
gant way to capture this behavior. A dynamical system can be defined as a function that describes
the time dependence of a point in an ambient space, such as a parametric curve. Examples of dyna-
mical systems that can be modeled with ODE:s include the oscillation of a clock pendulum, the flow
of water through a pipe, the motion of particles in the air, and the population dynamics of a lake’s
fish species. By modeling these systems with ODEs, we gain insight into their behavior, which can
inform important decisions in fields such as physics, engineering, and ecology. Therefore, ODEs
play a crucial role in the study of dynamical systems and are essential tools for understanding the
behavior of natural phenomena.

Piecewise dynamical systems are a particular type of dynamical system that is defined by dif-
ferent sets of differential equations in different regions of the state space. The boundary between
regions, called the switching surface or switching manifold, defines the conditions under which the
system switches from one set of equations to another, please refer to [6, 10, 18]. These systems are
often used to model complex phenomena that exhibit different behaviors or dynamics under different
conditions, such as ecological systems or mechanical systems subject to switching or control inputs.

The study of dynamical systems and piecewise dynamical systems involves the analysis of the
system’s behavior, stability, and bifurcations. The complexity of these systems often limits the effec-
tiveness of analytical methods. Therefore, we utilize qualitative methods to study and gain a deeper
understanding of these systems.

Dynamical systems and piecewise dynamical systems have numerous applications in science



and engineering [3, 11]. Understanding the principles of these systems can help researchers and
engineers gain insight into the behavior of real-world systems, leading to more effective control and
optimization strategies.

In this thesis, we study planar dynamical systems, which are mathematical models that describe
the motion of particles or objects in two-dimensional space, are incredibly important in many fields
of science and engineering. One reason for their importance is that they can be used to study a
wide range of physical phenomena, such as the motion of celestial bodies, the behavior of fluids,
and the dynamics of electrical circuits. Furthermore, planar dynamical systems can help us gain in-
sight into the behavior of more complex systems, by providing simplified models that capture the
essential features of the system. This makes them useful for both theoretical analysis and practical
applications, such as designing control systems for industrial processes or understanding the beha-
vior of ecological systems. In addition, planar dynamical systems are often studied because they are
mathematically interesting in their own right, and have deep connections to other areas of mathema-
tics, such as topology and geometry. Overall, the study of planar dynamical systems is essential for
advancing our understanding of the natural world and developing new technologies.

The thesis is structured into three chapters, each addressing different aspects of our study of
the piecewise differential system. The first chapter provides the necessary background information
and mathematical concepts that underpin our analysis, including definitions, lemmas, and theorems.
These concepts include periodic orbits, Poincaré maps, averaging theory, first integrals, Hamiltonian
systems, and Filippov systems. By establishing a solid foundation of these concepts, we aim to
provide readers with a comprehensive understanding of the mathematical tools and techniques that
will be employed throughout our analysis. In the subsequent chapters, we apply these concepts to
our study of the piecewise differential system and draw conclusions based on our findings.

Chapter 2 of our thesis marks the beginning of our investigation into the behavior of the piecewise
differential system. Specifically, we examine the limit cycles that arise from perturbations of the
periodic orbits of the linear differential center # = —y, ¥y = « by discontinuous piecewise
differential systems. By studying these limit cycles, we aim to gain a deeper understanding of the
dynamics of the piecewise differential system and draw conclusions about its long-term behavior.

Chapter 3 of our thesis focuses on the investigation of a specific type of piecewise differential
system in the plane. This system is constructed by dividing the plane into four quadrants, each of
which contains a linear Hamiltonian system. The system is formed by four pieces separated by the
axes of coordinates, such that it is continuous on the x-axis but discontinuous on the y-axis. Our
investigation of this particular sort of piecewise differential system intends to provide useful insights
into its dynamics. We are particularly interested in determining the maximum number of limit cycles

that can occur in these systems.




Chapitre 1

Preliminary

This chapter introduces the second and third chapters by introducing numerous basic concepts
and theorems that will be used throughout the rest of the thesis. By definition, a polynomial system
is a two-dimensional planar differential system expressed as follows

d$—'—P d:z:_._ 1
E—w— (z,y), a—y—Q(w’y)' (1.1)

The variables « and y are real, and ¢ is the independent variable (time). The functions P and @ are
polynomials with real coefficients in the variables x and y.

1.1 First Integrals

System (1.1) is said to be integrable on an open subset U of R? if there exists a non-constant
analytic function H : U — F, known as a first integral of the system on U, that remains constant
along all solution curves (x(t), y(t)) of the system (1.1) contained within U. More specifically,
H(x(t),y(t)) is constant for all values of ¢ for which the solution (x(t), y(t)) is defined and
contained within U. The vector field x associated with system (1.1) can be defined as follows

X = P2 + Q3
ox dy’

H is a first integral of system (1.1) on U if and only if it satisfies the following condition

xH = PH, + QH, = 0.

1.2 Hamiltonian system

Let U be an open subset of R? and let H € C?(U) where H = H (x,y) withz,y € R%. A
system of the form

. OH
= —,
oy
)
y=-5

is called a Hamiltonian system with first integral H .
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1.3. Piecewise differential systems

Example 1. The Hamiltonian function

H(z,y) = (z* +y%)/2.

is the energy function for the pendulum

T =y,

y=—uw,
This system is equivalent to the harmonic oscillators

X+ ax=0.

A fundamental property of Hamiltonian systems is that they are conservative, meaning that the

Hamiltonian function or the total energy H (x, y) is conserved along the system’s trajectories . For

more details of Hamiltonian system see [15].

1.3 Piecewise differential systems

A piecewise differential system on an open region 2 C R? is a set of vector fields

X = fl(X)’

such that X € Q; C Q, f; is a function defined from £2; to R2, and €2; is an open set in R?
satisfying that 2; N Q=0 if ¢ # 7 and U;c;Q; = Q. As usual Q; denotes the closure of §2;, See

[13, 14].

We see that the definition of a piecewise differential system contains no information regarding

the flow’s behavior at the boundaries between the regions, its classification is determined by how

the vector field is extended to these borders. If the equations f; = f; hold true for all points, the

piecewise differential system is said to be continuous. If the equations do not hold, the system is

classified as discontinuous

Example 2. The differential equation

. 2
TETETY a0,
y=e,
and
-: 2 1
{? vEtl oy s <o,
17 = COS TY

is a piecewise differential system with

Q ={(z,y) eR*: 2 >0}, U ={(z,y) ER?*: 2 <0}, T ={(z,y) ER?: x

0}.




1.4. Standard and sliding solutions of Filippov systems

1.4 Standard and sliding solutions of Filippov systems

Consider a discontinuous system

P { f(X), X € Q,

= (1.2)
f2(X), X € Q,

where X € R?
O ={X eR?*:L(X)<0}; Q ={X e R?: L(X) > 0};
L : R? — R is smooth with Lx (X)) # 0 on the discontinuity boundary
Y ={X e R?: L(X) =0};

OL oL
L is a smooth scalar function with nonvanishing gradient VL = Lx(X) = (a—, a—)T, and
r oy

fi : R? — R2 are smooth functions. Orbits of (1.2) are defined by concatenation of standard and
sliding orbit segments.
For X € }_, define

o(X) = (Lx(X), f1(X))(Lx(X), f2(X))
and introduce the sets of
a) crossing points: Y., = {X € ¥ : o(X) > 0},
b) sliding points: >, = {X € ¥ : o(X) < 0},
¢) regular sliding points : >y = {X € 3, : (Lx(X), f2(X) — fi(x)) # 0},
Crossing orbits : At X € >, concatenate the standard orbit of f; reaching X from 2; with the
standard orbit of f5 departing from X into €25, or vice versa.

feo

fo

Sliding orbits : For X € /Z\S define the Filippov vector
9(X) = AMX) f1(X) + (1 = AM(X)) f2(X),

where Lo(X X
AX) — (B0, B(X)

(Lx(X), f2(X) — fi(X))
For more detailed information , please refer to [9].

8



1.5. Several models of Piecewise differential systems

f(x)

1.5 Several models of Piecewise differential systems

1.5.1 Resonant LC power inverters under zero current switching strategy [3]

Resonant inverters are systems that include a switching network and a resonant LC' tank circuit
that converts a DC voltage into an AC voltage, thus providing AC power to a load. They have been
around for a while, but their use has usually been limited to certain applications such as high-voltage
power supplies or audio amplifiers. [16, 17]. Recently, they gained significant attention in various
emerging applications, including wireless power transfer, battery charging in electric vehicles, in-

duction heating, and powering high-intensity discharge lighting.

Rl )S L "{ S

N

i,
. C
S3 Sq :} ‘

to S; and Sy

to Sy and S3

FIGURE 1.1 — Generalized schematic diagram of an LC resonant inverter.

By utilizing certain electronic laws and algebraic simplifications, it is possible to simplify and

streamline the analysis and design processes in LC resonant inverter circuits.

d V¢ Vo
ol — A b, 13
dt(iL ) (iL )+u (1.3)

9




1.5. Several models of Piecewise differential systems
_%% _k 0
i’ 1%; ) ’ b B ( Vg ) ,
L L T

where
A:(

and the factor k is introduced to define the equivalent series resistance R and the equivalent parallel

conductance G .
on the sign of the inductor current.The switching condition, which is generally a function of state

Zero Current Switching (ZC'S) is a control approach that makes switching decisions based
variables and time, is reduced to relying just on inductor current. As a result, it can be represented

utilizing the state variables as
h(’Uc; 1 L) =1 L
so that the ZC'S control strategy leads to u = sign (h(vc;¢r)) and the system is autonomous.
By change of variables system (1.3) becomes the following piecewise differential system

dx = AX + ub
dt u
h(X) = x, (1.4)
where
0o 1 _B
A= 1 ,b= Q
-1 ——
Q 1

andu = 1if h(X) > 0oru = —1if h(X) < 0.
According to (1.4), the switching manifold ) is defined as
> = {(x1,x2) : 2 = 0}, and so the state space of the canonical form has two linearity regions,

namely
Yt = {(z1,z2) : 22 > 0}, X7 = {(x1,22) : 2 < 0}.

1.5.2 System with purely elastic one-sided supports [11]
Consider the system represented in Figure 1.2, which is made up entirely of completely elastic

one-sided supports. A mass (1), spring constants (k and k), and a force (fo(z) cos(wt)) acting
on the mass in the direction of its acceleration comprise the system. A non-smooth continuous vector

field can be used to represent this system.
m& + kx = fo cos(wt) — f(x),

such that
0 <0
ﬂ@:{k’m"
fr, > 0.

1.5.3 System with visco-elastic supports and dry friction [11]
Let’s consider a system depicted in Figure 1.3, which consists of visco-elastic supports and dry
friction. The system includes a mass (m), a spring constant (k), and a force (fo(x)cos(wt))

10




1.6. Periodic orbits : Poincare map

acting on the mass in the direction of its acceleration. This system can be mathematically described
by a differential equation with a discontinuous right-hand side, while maintaining a time-continuous

state.

SN

" % l fo cos(wt)

k
m ‘l .
ks %

o aa

FIGURE 1.2 — elastic support model.

mi + kx = focos(wt) — f(&),
such that
—4L'sy T < 0’
f(:L‘): [_F87F8]? z =0,
F,, ©>0.

1.6 Periodic orbits : Poincare map

The Poincare map is the most important tool for studying flows near periodic orbits. Consider a
differential equation
X = f(X) (1.5)
such that f : U C R™ — R™ and let ¢ (s, x) be the flow defined by (1.5). Let > be a hypersurface
imR"andp € > NU.
o If f(p) & T, the flow ¢ is said to be transverse to ) at the point p.
e If f(p) € T, then p is called a contact point of the flow with }_.

Remark 1.1. Let V' be an open subset of >~ . We say that the flow is transverse to Y at V if the

flow is transverse to ) at every pointin V.

We will now look at two open hypersurfaces >, > o and p; € > 1 N U, ps € >, N U such
that po = ¢(s1, p1). There are neighbourhoods Vi (p1) C Y1 NU, Va(p2) C >, NU, and a
function 7 : V; — R satisfying 7(p1) = s1 and ¢(7(q),q) € Va forevery g € V;.

11



1.6. Periodic orbits : Poincare map

N

l fo cos(wt)

m
T
" dry friction

ol

FIGURE 1.3 — elastic support model with dry friction.

In this case, we refer to the Poincare map as the map 7 : V; — V5 given by

m(q) = ¢(7(q), ),

for every g € V3, see Figure 1.4.

21

FIGURE 1.4 — Poincaré map 7.

Remark 1.2. When the vector field is globally Lipschitz, C" with v > 1, or analytic, the Poincare
map T is also continuous, C" with r > 1, or analytic, respectively. By reversing the sense of the
flow it is easy to conclude that the Poincare map is invertible and the inverse map 7~ is continuous,
C" with v > 1, or analytic,respectively. In the particular case when >~ = >, the Poincare map

7 is called a return map.

Consider p € >°; and let v(p) be a periodic orbit. The flow’s continous dependence on the
initial conditions implies that a return map 7 exists in a neighbourhood of p, and p is a fixed point

12



1.7. The Averaging theory for periodic orbit

of 7r. In contrast, if p € Y, is a fixed point of a return map 7r, then ~y(p) is a periodic orbit. As a
result, limit cycles correspond to isolated fixed points of return maps. A hyperbolic limit cycle is one
in which the absolute value of all the eigenvalues of the Jacobian matrix D (p) differs from one,
instead, «y(p) is referred to as a nonhyperbolic limit cycle. It should be noted that this definition is

independent of the chosen point p or cross section  ; .

Theorem 1.1. Let the differential equation & = f(x), f be a Lipschitz function inU C R™; ~(p)
be a hyperbolic limit cycle and 7 be a return map defined in a neighbourhood of v(p). Assume that
7 is differentiable in a neighbourhood of p. Then the following statements hold.
(a) If every eigenvalue of D, (p) has an absolute value smaller than 1, then v(p) is a stable
limit cycle.
(b) If the absolute value of at least one eigenvalue of D, (p) is greater than 1, then ~(p) is an
unstable limit cycle.
A proof of this result can be found in [5].

1.7 The Averaging theory for periodic orbit

The main idea behind averaging theory is to replace the original system with a simpler system
that captures the essential features of the original system but is easier to analyze. This is done by
averaging the behavior of the original system over one or more periods of the rapid oscillations,
effectively smoothing out the fluctuations and simplifying the system’s behavior. For some diffe-
rential systems, averaging methods are valuable tools for determining the number of periodic orbits
[4]. Numerous researchers have focused their efforts to studying the existence of periodic orbit via
this method which has a long history. As we see in the work of Marsden and Mc. Cracken (Mars-
den,1976), chow and Hale (chow,1982), Samders , Buica and Llibre et al.

We must investigate the periodic solution of the following system

k
X =Y €F(t,X) + € R(t, X, €), (1.6)

=0

suth that

F,:Rx D — R"fort=0,1,2,..., k,
R:R X D X (—ep,€0) = R"

are locally Lipschitz functions, and T—periodic in the first variable, being D an open subset of R";
eventually Fj can be the zero constant function.

In classical works, the averaging theory is employed to investigate periodic solutions of a dif-
ferential system (1.6) in the small parameter € this theory is generally only provided up to first (k
= 1) or second (k = 2) order. Moreover, these theories presuppose that the functions F; and R are
differentiable up to classes C? and C3, respectively. The averaging theory for finding periodic so-

lutions was recently developed up to second order in dimension 72, and up to third order (k = 3) in

13



1.7. The Averaging theory for periodic orbit

dimension 1, only needing that the functions F; and R be locally Lipschitz functions.The averaging
theory for calculating periodic solutions to an arbitrary order k in € for analytical differential equa-
tions in dimension 1 was developed in a recent paper [7]. Consider a harmonic oscillator that has

been perturbed by an arbitrary polynomial

T=—y+>> ejfj(a:, Y),

) 1.7
y=xz+ 2> € fi(x,y), (-0

where € is a small parameter, the polynomials f; and g; are of degree m in the variables x, y and
analytic in the variables x, ¥y and €. Using the averaging theory up to order s in [7], the authors
have provred no more than [s(n — 1) /2] periodic solutions can be bifurcating from linear center
& = —yY, Yy = x, this bound can be reached when we perturbed this center by an arbitrary

polynamial fo degree n.Here [x] represents the integer part function of the real number .

Remark 1.3. Taking higher order averaging theory into consideration can improve the results on

periodic solutions both qualitatively and quantitatively.

Now, we study the existence of periodic orbits of general differential systems (1.6), for that we

present some notation that will be required in the following part. Let L be a positive integer, let
X =(x1y..rxy) € D, t € Rand Y; = (yj15-..,Yjn) € R”

fory =1,..., L. Given
F;:Rx D — R"

a sufficiently smooth function, for each (¢, X) € R x D we denote by 8*F(t, X) a symme-
tric L-multilinear map which is applied to a “product” of L vectors of R", which we denote as

@le y; € R™E. The definition of this L-multilinear map is
= n 9'F(t, X)

O'Ft, X)) Y; = R A

( ’ ) @ ’ Z 833,‘...812@

j=1 11 geeestp =1

Yii---YLig, (1.8)

We define 8° as the identity functional. Given a positive integer b and a vector Y € R™ we also
denote Y = ©°_, Y € R".

Remark 1.4. The L-multilinear map defined in (1.8) is the L Frechet derivative of the function
F(t, x) with respect to the variable x. Indeed, fixed t € R, if we consider the function
F, : D — R such that Fy(z) = F(t,x), then ' F(t,x) = F\") (z) = 8*/9xF(t, ).

Example 3. To illustrate the above notation (1.8) we consider a smooth function F : R xR? — R2
So for x = (21, z2) and y* = (yy,ys) we have

OF(t,x) OF(t,x)
OF (t,z)y' = ———"y; + ——yl.
(t, )y oo, 1t Tom, ¥

Now, for y* = (y1,y3) and y* = (y2,y2) we have
O*F(t,x) ,

61118.’51 1

O*F(t,x) , , O*F(t,x)

L 9*F(t,x) , ,
Ox10xz, 17 Oy, T2

82F(t, 1 y?) = O°F(t,x) .
(t,z)(y ,y~) %207, 1Ys

2 2
1 1

14



1.7. The Averaging theory for periodic orbit

Observe that for each (t,z) € R X D,dF(t,x) is a linear map in R? and 8?F (¢, ) is a
bilinear map in R? x R2.
Let p(A, z) : [0,tz] — R be the solution of the unperturbed system

X = Fy(t, X) (1.9)

such that (0, 2) = z.
For: = 1,2, ..., k, we define the Averaged Function f; : D — R" of order ¢ as

_ yi(Ta z)

(1.10)
2!

fi

where y; : R X D — R, forz = 1, 2,..., k — 1 are defined recurrently by the following integral

equation

yi(t7 Z) = ! jé(E(Sa 90(37 Z))
+Z§=1 ZS;
by

A" (Fi—i(s, ¢(s,2)) Oj, yi(s, 2)%)ds
(1.11)

1by121021, .., 111210:]

where S is the set of all I-tuples of non—negative integers (by, ba, ..., b;) satisfying
b1 +2by+ ...+l =1, and L =b; + by + ... + b;.

In Section 2.1 we compute the sets S; for I = 1, 2,3, 4. Furthermore, we make explicit the
functions fi(z) up to k = 4 when Fy = 0. See [12]
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Chapitre 2

On the limit cycles of the piecewise differential

systems formed by linear systems in three

Z01NECSs

Our objective in this chapter is to study the limit cycles which bifurcate from the periodic orbits
of the linear differential center £ = —y, ¥ = =, when we perturb this center by discontinuous
piecewise differential systems, which becomes

{ Ta =4+ aax + Bay,

. 2.1
Ya = 04 — Bax + aay,
Ty = Ym + amx + Buy, 2.2)
Um = O0p — Bux + any,
tp = v + apx + BpY, 2.3)
ys = 0p — Bpx + apy, '

in the following three zones

A= {(x;y) € R* / 0 € [r/4;3n/4]},
M = {(z;y) €R? / 0 € [0;7/4]| J[37/4; 7]},
B = {(z;y) €R* / 6 € [—m;0]},

respectively, where x = rcos 0, y = rsin@;

Qg =g €+ g€ + g€ + ag, €l

Ba= — 1+ Bae+ Bae® + Pa,€® + Ba,et
Yo =Y, € + Va,€" + Ya€ + ya,€

04 =04,€+ 04,6 + 54,6 + 54,6,

16




2.1. The averaging theory up to order 4 for computing limit cycles

2 3 4
(833 :aM1€+C¥M2€ —|—CIM3€ —|—()1M46 ’

Brr = — 1+ B, € + B, €2 + Bar, € + B, €’
Y =V € + V€ + Var € + Yare?,

Sar = Onp € + Oar, € + Oar, € + Sargel,

ap = ap,€ + ap,e’ + ap,e’ + ap,€’,

B = — 1+ Bp,€+ Bp,€ + Br,€ + Bp, e,
Y8 =B, € + VB,€" + Y€ + YB,€", and

8p = Op,€ + Op, € + dp, € + bp, €

Our main result is the following theorem.

Theorem 4. For € # 0 sufficiently small the maximum number of limit cycles of the piecewise
differential systems obtained perturbing the linear differential center * = —vy, y = x by the
discontinuous piecewise differential system formed by systems (2.1), (2.2) and (2.3) obtained using
averaging theory up to fourth order is five.

2.1 The averaging theory up to order 4 for computing limit cycles

In this section we present the basic results from the averaging theory for computing the periodic
solutions of discontinuous piecewise differential systems that we shall need for proving the main
results of this work. This improvement of the classical averaging theory for computing limit cycles
of planar discontinuous piecewise differential systems was developed in [8], a summary of this
theory is given in below. We consider discontinous differential systems of the form

Fu(0,r,e) if w/4 <60 < 37w/4,
7(0) =< Fyp(0,7,e) if 0<0<7w/4 or 3n/4 <0 <, (2.4)
Fp(0,7r,e) if —m <00,

where F;(0,r,e) = >7 e FY(0,r) + e’ R;(0,7,¢), with 6 € S* and r € D, where D is
an open interval of RT, € is a small real parameter and 7 is A, M or B.

From [8] we define the following functions y; (9) (t,r) fori = 1,2, 3 related to system (2.4) :
y?(s,r) = / FO (¢, r)dt,
(J) _ (4) (4) (9)
(s,r) = [2F2 (t,r) + 20F;" (t,r)yy’ (¢, r)]dt,
(J) (4) () (4)
(s,7) = [6F3 (t,r) + 60F,” (t,r)yy"’ (t, )
+ 382 F (t, )y (¢, 7)? + 30FD (¢, 7))y (¢, 7)) dt,

Here 8% F)(s, ) means the k — th partial derivative of the function F(s, ) with respect to the
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variable r. Also from [8] we have the functions
) = [ RO nat,
JEQ
@) () — 9 SFD (£, My (£. PV dt
F2i(r) = | (& m) + OF (1t )y (¢ m)ldt,
f(j)(’r) _ [F(j)(t r) + aF(j)(t r) (j)(t r)
3 = e 3 ’ 2 s T)Y1 s
1 ) . 1 ) )
+ O F (6, )yl (8,7) + JOFD (8, m)ys (8, 7)) dt,
) ) ) . 1 . )
1) = [ FD @) + 0B (6wl () + S0 F 1)yl (8, 7)’
1 : 1 . : :
+ SOF )y (8, 7) + SOFY (6 ) (8 r)ys (¢ 7)

1 . . 1 . .
+ SO F (4t (8, 7)° + COFY (b, )yl (8 )]dt,

where = {A, M, B}. The function fi(r) = f2(r) + fM(r) — f2(r) is called the averaged
function of order k. If f(r) = 0fork € {1,...,3} but fry1(r) Z 0, then the simple positive
real roots of the functions fi41(7) provide limit cycles of the piecewise differential system (2.4).

2.2 Proof of Theorem 4

Consider the linear center we shall study which periodic orbits of this center become limit cycles
when we perturb the center inside the discontinuous piecewise differential systems formed by sys-

tems
Ea= —y+e(va, +aaz+ Bay) + €(Va, + 0a,T + Bayy)

+63(7A3 + gz T + 18A3y) + 64(7144 + xp,T + /6A4y)7
/!'/A = z+ 6(5141 — ﬂAlm + aAly) + 62(6A2 - ,3A2$ + aAzy)
+€3(04; — Bas® + aay) + €2 (04, — Ba,x + @a,y),

in the region A,

iy = —y+ €(ym, + anx + Bany) + €2 (v, + ann + Bany)
+€* (Vs + o @ + B y) + € (Y, + cnn, @ + Bary),s

Iu = «+ €(0ry — Ban® + arny) + € (0, — B, + o, y)
+€*(0m; — B + ansy) + €*(0n, — B + @, y),

in the region M and

tp = —y+e(vp, +apx+ BpyY) + (v, + ap,x + Br,Y)
+€*(v, + aBsx + Bp,y) + €* (v, + a,x + BB,Y),

Yp = «+ €(dp, — Bp,x + ap,y) + €(dp, — BB, T + aB,Y)
+€*(8p, — Bp,x + ap,y) + €* (0, — Bp,x + aB,Y),

in the region B.
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Now we write the discontinuous piecewise differential systems in polar coordinates (7, 6),
where x = r cos(0) and y = r sin(0), which give the following systems

74 = €(va, cos(0) + 84, sin(0) + aa,7) + €2(va, cos(0) + d4, sin(0) + a4,T)
+€3(va, cos(0) + 54, sin(0) + aa,7) + €*(va, cos(0) + 4, sin(0) + ay,7),
2
6= 1= —(va,5in(6) — b4, c0s(8) + Ba,r) — —(va, sin(6) — b, c0s(6) + Ba,)

3 4

€ €
_7(’7A3 Sin(e) - 5A3 COS(O) + ,8A37') - 7(7144 Sin(e) - 6A4 COS(H) + BA4T)3
in the region A,
rir = €(var, cos(0) + dar, sin(0) + ang, ) + €2(Yar, cos(0) + dar, sin(0) + any,T)
—|—€3(’)/M3 cos(0) + dnr, sin(0) + a,r) + 64(")’M4 cos(0) + g, sin(0) + aag,r),
0}\4 = — —('yMl sin(0) — dpr, cos(0) + B, ) — —(’yMz sin(0) — dnr, cos(0) + Bar,T)

3 4

% (yas, sin(6) — G, c05(6) + Brre7) —  (yaz, Sin(6) — Gz, cos(6) + B,
in the region M, and
g = €(vB, cos(0) + dp, sin(0) + ap,r) + €*(vp, cos(0) + dp, sin(0) + ap,r)
+€*(vB, cos(8) + dp, sin(0) + ap,r) + 64(734 cos(0) + g, sin(0) + ap,r),
Yp = 1-— *(’YBI sin(0) — dp, cos(0) + Bp,T) — —(732 sin(0) — dp, cos(0) + Bg,T)

3 4

(3, sin(0) — 6z, c03(0) + Bu,r) — (Y, in(8) — 8, cos(8) + B.1),

in the region B.

Then we take as independent variable the angle 6, and the system (7, 0) becomes the differential
equation dr/d@. By doing a Taylor expansion truncated at 4-th order in € we obtain an expression
for dr /d@ written as the one of the differential system (2.4).

d’l“A

0. =€(ya, cos(0) + b4, sin(0) + ca,7) + €2(va, cos(0) + 54, sin(0) + ay,r
A

1
+ ;((7141 s1n(0) - 6A1 COS(O) + IBAIT)(’YAI COS(O) + 6A1 Sin(e) + aAlr))
1
+ €®(v4, cos(0) + b4, sin(0) + as,r + ;(7A2 cos(0) 4+ 94, sin(0) + aa,T)

1
(7141 Sln(e) - 5141 COS(O) + IBAIT) + ﬁ((’YA1 COS(O) + 6141 Sln(e) + aAlr)
(74, sin®(0) + 6%, cos®(0) + r?(B%, + Ba,) + 7sin(0)(284,74, + Va.)
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— c0s(0) (274,04, sin(0) + 7(284,64, + 64,)) + €* (4, cos(8) + b4, sin(9)
1
+ aa,r + ;(’yAS cos(0) + 6.4, sin(0) + aa,7) (74, sin(0) — 64, cos(0) + Ba,r)
1
+ ﬁhlA? cos(0) + 44, sin(0) + aAzr)('yil sin?(0) + 511 cos?(0)
+ 7B, + Ba,) + rsin(0)(284,74, + vYa,) — cos(8) (274,04, sin(0)
1 .
+ T(2ﬂA16A1 + 6A2)) + ﬁ(ﬁyAl COS(O) + 6A1 sm(B) + aAlr)

(r* (B4, + 284,84, + Bay) — 84, c0s*(0) + 77 sin(6) (387,74, + 284,74,
+ 284,741 + Y45) + 74,7 (384,74, + 274,) sin®(8) + 7§, sin®(8)

+ 64, cos?(0) (374,04, sin(0) + 384,04,7 + 254,7) — cos(H) (r2(36i15A1
+ 284,04, + 284,04, + 04,) + 27 sin(0) (384,774,094, + 74,04, +74,04,)
+ 3’7316,41 sin?(9)),

d’l‘M
doy,

=€(yp, cos(0) + dar, sin(0) + apr,r) + 62(’)’M2 cos(0) + Oy, sin(0) + apg,r
1
+ ;(')/M1 sin(@) — o, cos(0) + Bar, ) (Yar, cos(0) + dar, sin(0) + anr, 7))
1
+ €3 (Var cos(0) + O, sin(0) + apg,r + ;('7M2 cos(0) + O, sin(0) + apg,r)

1
(7M1 Sin(e) - 5M1 COS(O) + BM1T) + ﬁ(’YMl COS(H) + 6M1 Sin(e) + aer)

('7]2\41 sin?(0) + 5]2\/[1 cos?(0) + 7“2(B]2w1 ~+ Bar,) + 7sin(0) (28an Y, + Vo)
- COS(O)(2’)’M16M1 sm(0) =+ T(ZIBMldMl + 6M2))) + 64(7M4 COS(O)

1
~+ nr, sin(0) + ap,r + ;(')/M1 sin(0) — dpr, cos(0) + Bar, 1) (Y, cos(0)

1
~+ Onr, sin(0) + apg,r) + ﬁ('yMz cos(0) + oy, sin(0) + cx]v[zfr)('ﬁw1 sin?(0)
+ 6]2\41 COSz(e) + ?“2(,8]2\4—1 + ﬂMz) +r Sln(e)(ZIBM17M1 + 7M2)

1

- COS(O)(27M16M1 Sln(e) + r(leMldMl + 5M2)) + E(FYMI COS(O) + 6M1 Sln(e)
+ an ) (Vay, sin®(8) — 83, cos®(8) + (B3, + 2B8as, Bar + Boa,)
- COS(O)(37]2\416M1 Sinz(e) + r2(3/8§/[15M1 + 2BM15M2 + 2/6M26M1 + 5M3)
+ 27 sin(0) (3B Yan Onry + Yor, Oas, + Vs, 001, ) + 72 Sin(e)(3/3]2\41'7M1
+ 280, Y + 280V, + Yasy) + Vs 7 sin?(0) (3B8ar, Vs, + 27as,)
+ &, c052(0) (37ar, Oar, Sin(0) + 3B, Oar, ™ + 2011,7))), and
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d
cth —¢€(vB, cos(0) + 8p, sin(0) + ap,r) + (7B, cos(0) + b5, sin(0) + ap,r)
B

1
+ ;(731 cos(0) + dp, sin(0) + ap,7)(vB, sin(f) — dp, cos(0) + Bp,T))
1
+ 63(’)’33 cos(0) + 6p, sin(0) + ap,r + ;(732 cos(0) + dp, sin(0) + ap,r)

1
(731 Sln(e) - 531 COS(@) + IBBIT) + ﬁ(’YBl COS(O) + 631 Sin(e) + aBlr)

(73, sin®(0) + 8% cos*(0) + r*(B%, + Bs,) + 7sin(0)(2B5, 75, + VB,)

— cos(0)(2vp, 9B, sin(0) + (208,08, + 0B,))) + 64('734 cos(0) + ap,r

+ 85, 51n(0) + (v, €05(8) + 8, $in(6) + ) (5, $in(6) — I, cos(6)
+ Bi,r) 3 (15, €05(6) + 35, 5in(0) + ) (43, sin? (0) + 5, cos?(6)

L r3 (83, + B) + 7 5in(0) (25,75, + ¥5,) — cos(6) (275,65, sin(6)
+7(2B,05, + 85,)) + (75, €05(0) + b5, sin(8) + s, 7) (7}, 5in’(6)

— 5%1 cos®(0) + 7"3(6}“’31 + 28,88, + BB;) — cos(0)(3'7/]231<5131 sin?(0)

+ r*(38%,08, + 288,98, + 288,08, + dp,) + 27 sin(0) (385,785,085,

+ V8,08, + VB,081)) + 77 5in(0) (36%, VB, + 288, VB, + 288,78, + VB,)

+ v, 7 sin?(0)(38p,vB, + 27B,) + 05, cos?*(0)(3vp,0p, sin(0) + 38p,0p,T
+ 26p,7)).

In short we have written our discontinuous piecewise differential system formed by systems
(2.1), (2.2) and (2.3) in the normal form (2.4) for applying the averaging theory. We give only the ex-
pression of functions E(j ) (r, @) for i = 1,2, 3. We remove the explicit expressions of FY (r, 0)
since they are extremely hyge, but they may be easily produced using algebraic manipulator such as

Mathematica or Mapple.

FA(r,0) =74, cos(0) + d4, sin(0) + ag, ™,
FM(r,0) = v, cos(0) + dp, sin(0) + apy,
FP(r,0) = ~p, cos(0) + g, sin(0) + ap,r
1
Fi(r,0) = 2—(7311 sin(20) — 24,04, cos(20) — 6311 sin(20) + 2a4, 84,7 + 2004,7>
r
4 200p, 74,7 8In(0) — 200 4,04,7 cOs(0) + 284,74, 7 cos(0)
4 284,04,7sin(0) + 24,7 cos(0) + 24,7 sin(0)),
1
FM(r,0) = 2—(7]2\41 sin(26) — 2+, dar, cos(26) — 5]2\41 sin(20) — 4ap, B, + 20,72
r
— 204, Bar,m? — 4ag, a7 sin(0) + 4ap, 6y, T cos(0)

— 2004, Y, 7 SIN(0) + 204,001, 7 cos(0) + 28, Y, T cos(0)
4 281, Onr, 7 8in(0) + 25,7 cos(0) 4 26,7 sin(0)),
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1
FzB(r, 0) 25(27; sin(20) — 4vyp, dpr, cos(20) + 2\/573151\41 cos(260)

— 24/275,04, cos(20) — 35]2\41 sin(26) + 2\/55]2\41 sin(260)

— 24/28,,,8.4, 5in(260) + 28,,,0 4, sin(20) — 631 sin(20) + 4ap, Bp,r>

+ 4ap,r? + 4o, vp, 7 sin(0) — 4ap, 0y, 1 cos(0) + 24/ 2ap, Sy, T cos(O)
— 2v/2ap, 04,7 cos(0) + 48p,vp, T cos(8) — 2v/2Bp, 0,7 sin(H)

+ 48p,0nr,7 sin(0) + 2v2Bp, 04,7 sin(0) + 4vp, T cos(0) + 45,7 sin(0)),

1
F(r,0) = ~va, cos(0) + 84, sin(0) + aa,r + ;(')/A2 cos(0) + 04, sin(0) + ax,T)

1
(7A1 sm(0) - 6A1 COS(O) + BAlr) + ﬁ(’YAl COS(O) + 5141 Sin(e) + aAlr)

(74, sin®(0) + 6%, cos®(0) + r?(B%, + Ba,) + 7sin(0) (284,74, + V4.)
— c0s(0) (274,04, sin(0) + r(284,04, + 94,)))

1
F?fw(r’ 9) = 7M3 COS(O) + 6M3 SIH(O) + aMgr ‘|‘ ;("}’M2 COS(B) + (st Sll’l(@)
+ fr(—ﬂ'aél — 2wap,aa, — 2a, 8B, + 2ap, By, — 20,
- Wail + aq, Br, — s Ba;, — aay))(Bay,m — O, cos(0)

1 1 1
+ 7’71416441 Sll’l(e)) + 7(r(_2a31 - aAl) + 774415141 COS(O))
5M1 r2 (le

1
2/8M1 YA, 6141 )
Onr,

1
+ —’73415311 sin?(0) — cos(0) (274,04, sin(0) + r(2Br,0n, + Oar,))s

2
031,

(r2(Bag, + Bar,) + 03y, cos?(0) + 7 sin(0) (var, +

1 1
Fp(r,0) = vp, cos(0) + ép, sin(0) + ap,r + ;(’)/B1 sin(0) — 5(—\/§6M1 + 26p,+

1
\/55,41) cos(0) + Bp,r) (7B, cos(0) + ap,r + 1(—8(131731 — \/577043151\41

-|— 7T\/§Oé316A1 -|— 4\/§CXA1’)/A1 — TI'CXA16M1 -|- 7TC¥A1(SA1 — 4,3315]\/[1
+ 2v2B5, 00, — 2V2BB,04, — 2V 280,001, + ABrt, Oty + 2V2B 4,04,

8V 2« 0 16 0 4/ 2cx 0
_2\/§6M2—|—46M2 —+ \/_ B17A,04, . B17YA,04, + \/_ A17A,0A4,

0 M, O 1 O 1

8 5 1 !
_ S0 T 2v/26.4,) sin(0)) + — (B, cos(6) + 5(_\/561‘41 +20m,

(S]\/‘r1 2

1
+ V/284,) sin(0) + aBlr)('yél sin?(0) + Z(_ﬁ(le + 26,
+ V/284,)% cos*(0) + (B}, + Bp,) + 7sin(0) (285,75, + VB.)
1
- COS(O) (T(/BBl(_\/EéMl + 2(51\/11 + \/E(SAI) + Z(_8a317B1

8v2a 1) 16 0
+ V203,74,04, _ BiVA:1041 V2o, 6n, + TV 2ap,04,

Onr, Onr,
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4\/§aA1’YA1 6A1 8aA1’7A1 5A1
_|_ —_
S, 5ot
- 4/6316]\41 + 2\/5/63151\41 - 2\/513316141 - 2\/§/8M16M1 + 4/6M15M1
+ 2v/284,84, — 2V281, + 460s, + 2V'204,)) + VB, (—V 2001, + 261,
+ /28 4,) sin(0))).

+ 4\/§aA17A1 — oA, On, + Toa, 04,

Now we compute the averaged function f;(r) defined in section 2.1, and for = 1 we get

1
fi(r) = —26p, — (\/5 — 2) O, + V284, + 571'7“(20431 + any + aay).

Then polynomial f; () can have at most one positive real roots 71, which provide one limit cycle
for the discontinuous piecewise differential system (2.1), (2.2) and (2.3) when ¢ is sufficiently small.

This limit cycle tend to the circular periodic orbit of radius r; of the linear differential center

*r=—y,y==x, whene — 0. (2.5)
In order to apply the averaging theory of second order we need that f;(r) = 0. In order to
eliminate the coefficients of this polynomial we must take ap;;, = —2ap, — @a,, 0, =

2 (—\/55 vy + 200, + V26 Al) . Computing the function f5(7) we obtain
1
f2(7) 2571'7'(71'04231 + 2map,aa, + 2ap, 8, — 2ap,Br, + 2ap, + an, + wail

1 1
- aAl/BMl + aAllBAl + aAz) + ;(7A16A1 - 7M16M1) + 5(_8a31731

— 160,70, + 8V2ap,va, — V2wap, 0y, + TV 20,04, — 80a, Y,
+ 4vV204, Y0, + 4V204,74, — TOA, 001, + TOA, 04, — 485,00,
+2v285,00, — 2V'285,04, — 2V2Br,0m1, + 4Ban, Ons, + 2V2B4,84, — 405,
— 2V/280, + 400, + 2V284,).
The polynomial f2(7) can have no more than two positive real roots 7y and 72, which provide
two limit cycles for the discontinuous piecewise differential systems (2.1), (2.2) and (2.3) when
e 1s sufficiently small. These limit cycles tend to the circular periodic orbits of radius r; and 72

of the linear differential center (2.5). To apply the averaging theory of third order, we must have
f2(r) = 0. That we accept

2 2
oy, = — Ty — 2Top,0a, — 20, BB, + 20, By, — 20, — TS, + aa, By
By Ay

- aAlﬂAl - aAz?
1
Y, :7744161417 and
Onr,
1
(532 :Z(—SO(BI’}’BI — 160431’)’]\/[1 —|— 8\/§aB17M1 — \/EWQBI(SMI —l— 77\/50431&11

— SaAl')’Ml —|— 4\/504A17M1 -|— 4\/§C¥A1’)’A1 bt WaAl(le —|— waAléAl — 4,6316]\/_[1
+ 2vV2B8p, 0, — 2V2B8,04, — 2V2B8n1, 001, + 48r, 001, + 2728 4,04,
— 2v/28y, + 400, + 2V/284,).
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Computing the function f3(r) we obtain
fa(r) :5777“(12772(1331 + 42772a2BlaA1 + 3271'04231,631 — 167704231[‘31\41 + 32wap,ap,

+ 457720‘310‘,241 + 32map,aa, BB, — 32Tmap, s, By, + 32T, 0ea, Ba,
+ 32wap, aq, + 32ap, 8%, — 32ap, B, B, + 32, B, — 32ap, B,
+ 32wap,aq, + 32a,Bs, — 32ap,8, + 32ap, + 16ay, + 1572a’
— 167’ B, + 32wa’ Ba, + 32was, ca, — 1604, Bar, Ba, — 1604, B,

+ 1604, 8%, + 1604, Ba, — 164, Bnr, + 1604, 84, + 16014,)

1 1
+ ﬁ'YAl‘SAl(‘SMl —64,) + 857, T(87ra317]231512\/[1 — 107704317;15;1
+ 16043172162 — 8mwap, V4,03, 04, + 271'043154 — 160413154 + 37raA1'yA 52
+ SaAl'yilé?VIl — 57raA17A15A1 + SaAl'yAléAl — 87raA1’yA15M15A1 + waAléMl
— 8aA15§/_,1 + 7TO£A1(5§/1151241 — SaAléﬁ/Il&jl — 16,8M1’7A15]2\41(5A1
+ 1684,74,037,04, — 8,037, + 874,03, 04, — 874,001,001,04, + 874,07%,,04,)

~ 2on — (= 16\/_7raB Ya,04, + 167QF V4,04, — 24\/§a231612\41 + 48aF, 07,
1

— 8\/_01315M15A1 — 4V2Tap, 0, Y4, 00, — 20V 2T, p V4,04,

+ 24w, A, Ya,04, + WzaBIaAlélzwl — 32\/50431(1,41512\/_,1 + 64aBlaA1512\41

— maup, 0, 0a1, 04, + 160ep, B, VB, 0n, — 16V 20up, Brr, V4,04,

+ 3ap, Brm, V4,04, + 27r\/§aB1,8M15]2\/[1 — 2v27map, Ba, 001,04, + 160p,7V8,00,
— 16V 20, Y01, 001, + 3208, Y01, 001, + 270V 208,00, 001, — 2V 2B, Oar, O 4,

+ 16ap, VB, Ons, — 16V 2p,7v4,04, + 32ap,74,04, + 27!'\/504325]2\41

— 2V27ap, 00,04, — 4ﬂa117A16M1 — SﬁﬂailyAléAl + 12ﬂa317A15A1

+ w2 87, — 8V204 83, + 1603 87, — mwPak S04, + 8V2a% Oar, 0,

+ 8V2004, BB, VA, 00, — 1604, BB, VA, 04, + 8V204, BB, VA, 04, — 274, B, 03y,
+ 2maa, BB, 00,04, — 8V 2004, Brr, VA, 04, + 1604, Bar, YA, 04, + 2m0ea, Bar, 3y,
— 16V204, Ba, V4,001, — 8V2004, 84,74, 04, + 16004, B4, 74,04, + 27, Ba, 63y,
— Amaea, Ba,On1, 04, — 8V 2004, Vs 001, + 16004, Va1, 001, — 8V 2004, Y4001,

+ 27w, Opr, Ong, — 20a, Ong, 0 a, — 8V 2004, 74,001, — 8V 2004,74,04,

+ 1604,74,04, + 2man, 035, — 2wa, 001,04, — 4V2B5, Brs, 05, + 885, B, 05y,
+ 4v/2B5,84,011,04, — 4V'2BB, 001,001, + 8BB, 001,001, + 4V285, 001,04,

— 4V2Bp,0%, + 885,05, + 4V2Bp, 00,04, — 883,03, + 4V2B3, 85,

— 8B, 001,001, + AV'2B01, 601,001, — 8B, 83y, + 4V 2B11, 05, — 4V2% a1, 04,
— 4V/2B.4,00n,04, — 4V 2B.4,001,04, + 80,001, — 8Sn1, 01, + 4V 2001, 011

— 4V/28)1104,)-

Then the polynomial f3(7) can have at most three positive real roots, and therefore provide when

¢ is sufficiently small at most three limit cycles for the discontinuous piecewise differential systems
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(2.1), (2.2) and (2.3).
In order to apply the averaging theory of fourth order we need that f5(r) = 0. So we must take

1 2 2 2 £2 2 2
Ory, =04,y 04, = ———(—8map,vg 0y, + 10map, vy 64 — 16ap, vy 04,
8'7A1512\41 1 1 1
+ 87ra317A15]2\416A1 — 271'a315§41 + 16043164 — 37raA1’yA 62

— 8aq, 75 0%y, + 5,75, 05, — 8aa, Y5 0% + 871'04,41’7A15M15A1
_ 7"0‘A15§/11 + SaAl(s?\Jl — 7"0‘141512\/115241 + 8aA15]2\415jl + 16,8M1'7A15]2\415A1
— 1684,74,03;,04, + 8v0, 057, + 874,00, 001,04, — 87V4,037,04,),
1
32(rap, + maa, + Be, — Brn)

+ 16ma, By, — 457 ap, % — 32wap,aa,Be, + 32wap, aa,Bu,

o, = (—127%a}, — 42n%af aa, — 327a} Be,

— 32wap, aq, Ba, — 32Tap,aa, — 32a, 8% + 32a,8s,BM, — 32ap,Bs,
+ 32a, Bu, — 32ap, — 16y, — 15720y + 16wa’ By, — 32wa’ Ba,
— 32maua, 0, + 164, Bar, Ba, + 1604, Brr, — 164,85 — 164, Ba,

+ 1604, 8m, — 164,84, — 16043),

1
e
+ 8\/§a1231(5M16A1 + 477\/§aBlaA17A15M1 — 247TCXBIO£A1’7A16A1

+ 20wV 20, A, v4,04, — ﬁzaBlaAléi/Il — 640&3104/115]2\41

O, (—1671'01?31'“15,41 + 167r\/§a]2317A16A1 — 48011231512\/[1 + 24\/§a2316]2\41

+ 32v2ap, 04,85, + T oup, 04, 601,04, — 160up, B, Y, 00ty — 320tp, Bar, V4,04,
+ 16V 2ap, Brr ¥4, 04, — 2\/571'0531,3le512\/[1 + 2wV 20up, Ba, 001, 04, — 16ap, Y8, 00,
— 32ap, Y, 00, + 16V2ap, Va0, — 2V 2o, 00, Onr, + 270V 2008, 001,04,

— 160a3,vB,00M, — 320e8,74,04, + 16V 2ap, 74,04, — 2\/571'@32512\/[

+ 27V 20, 001,04, + 47"04,241')’A15M1 — 1271'0324 Ya,04, + 8#\/§a?417A15A1

— 2 aA 62 160112415]2\/_,1 + 8\/§a?4162 + 72 aA Opn, 04, — SﬁajléMléAl

— 8V 20, ﬁBl’YAl Oar, — 8V'2004, Bp, VA, 04, + 1604, B, V4,04, + 2m0en, Bp, 03y,
— 2mous, Bp, Onr, 04, — 160, Bar, V4,04, + 8V20u4, Bary ¥, 04,

— 2moa, By 5]2\41 + 16V24, B4, 74,001, — 1604, Ba,Y4,04, + 8V 2004, Ba,74,04,
— 27"'0A1BA1512\/[1 + 4Amwos, Ba, 0,04, — 160ca, Yar, 001, + 8\/§aA1'7M26M1

+ 8V 2004, Y4001, — 2T Qa, Onry Ons, + 2 0ea, 601,04, + 8V 204,74, 00,

— 16xa,7v4,04, + 8\/§aA27A15A1 — 27raA26]2\41 + 2maa, 00,04, — S,BBl,BMlcs]zwl
+ 4\/§/BB16M1512\41 — 4V/2Bp,84,00,04, — 888,000, + 4V'2B, 00,011,

— 4V/2Bp, 001,64, — 88,05, + 4V2B5,0%, — 4V2Bp, 01,04, — 4V2B3, 63,

+ 883,057, — 4V 281,001, 001, + 881,001, Oar, — 4V2B01, 874, + 881,05y,

+ 4V'2B% Orr, 04, + 4V2B4,001, 04, + AV'2B4,001,04, — 805,001, + 4V 201,80 4,).

Unluckily, the explicit expressions of i j € Qare extremely large, for that we omit them.
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2.2. Proof of Theorem 4

However, as we can see in Mathematics, these polynomials can only have five roots. As a result, for
the discontinuous piecewise differential systems (2.1), (2.2) and (2.3), the averaging theory up to 4

can only give five limit cycles.
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Chapitre

Piecewise differential system in the plane with

four zones

In this chapter, we will focus on a specific type of piecewise differential system in the plane by
dividing the plane into four quadrants, each containing a linear Hamiltonian system, to determine

the maximum number of limit cycles in these systems.

We consider a piecewise differential system in the plane formed by four pieces separated by the

axes of coordinates having in each quadrant a linear Hamiltonian systems

Q= {(z;9y) €ER*/z >0, y >0},

T = —as — ay4x — 2a5y,
Y = a1 + 2a3x + asy,

Q = {(z;9y) €eR*/x <0, y >0},

T = —b2 — b4w — 2b5y,
Y = by + 2bsx + byy,

Y e -2
{a: Cs C4x CsY, Q3:{(w;y)€R2/m<0’ y<0},

Y = C1 + 2¢c3T + c4uy,
i:—dz—d4$—2d5’y, 2

Q4 = {(x; eR/ x>0 <0
{y:d1+2d3w—|—d4y, 1= {(z59) / , y <0},

such that the piecewise differential system is continuous on the - axis and discontinuous on the y -

axis . The Hamiltonian in the nth-quadrant for n = 1, 2, 3, 4 of the previous Hamiltonian systems

are
H, = a1z + axy + asx® + aszy + aby?,
H, = byx + byy + bsx® + byxy + bsy?,
H; = c1x + coy + c3x® + caxy + c5y3,
H, = dix + dyy + dsx? + dyzy + dsy?,
respectively.
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We impose that on the x - axis the piecewise differential system be continuous for that we must

have
iﬂl - 3.394 = 09
?Jnl - gﬂ4 =0,
i.BQz - w.ﬂy, =0,
?)nz - yﬂ:; =0,
which give

—as — agx + dy + dyx = 0,
a, + 2azx — d; — 2dzx = 0,
—by — byx 4+ c2 + c4x = 0,
b, + 2bgx — ¢y — 2c3x = 0,

to verify these equations we must take
c1 = by, ca = by, c3 = b3, ¢4 = by, di = ay, da = a2, d3 = a3, dy = ay.

So the continuous - discontinuous piecewise differential system is formed by the four linear Hamil-
tonian systems

T = —az — a4 — 2a5Y, Y = a1 + 2a3x + aqy,
& = —by — byx — 2bsy, y = by + 2bsx + byy,
& = —by — byx — 2¢c5y, Yy = by + 2bsx + byy, and
T = —as — asx — 2dsy, Yy = a; + 2azx + ayy.

The Hamiltonians of these last Hamiltonian systems are

H, =a,x + ayy + asx® + aszy + asy?,
H, =byx + by + bsx? + bywy + bsy?,
Hj3 =bix + byy + bsz® + byxy + cs5y°,
H, =a,x + ayy + asx® + aszy + dsy®.

Now we study the limit cycles of these continuous - discontinuous piecewise differential systems
which intersect the positive and negative « and y axes in points of the form («, 0), (0, 8), (9, 0)
and (0,~) with a, 8 > 0 and 8, < 0. If there exists a such limit cycle these four points must
satisfy the following equations

H,(a,0) — H,(0,8) = 0,
H,(0,3) — H,(4,0) = 0,
H3(6,0) — H3(0,7v) = 0,
H,(0,v) — Hy(a,0) =0
From where
aa; — axf + a*az — asB* = 0,
—b16 + Bbs — b3d* + B2bs = 0,
b16 — by + b36% — v2c5 = 0,
aa; + ayy — o?az + v%ds = 0.
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By solving this algebraic system we get the following sets of solutions

aay, — G,Q,B + a2a3 be — b15 — ,Bbg + b362 . b16 — b2’)’ + b362

S1 :{as = 32 s U5 32 s C5 ~2 ’
_ 2
ds — aaq azz + o ag},
Y
Ss :{a1 = —aag, by = —b3d ,3 =0, v = O}a
S :{bl = _b359 a =0, 6 =0,v= 0}9
Sy :{al = —Qas, ﬁ =0,v= 0’5 = O}a
S5:{a:09 /3:07'7:07 5:0}5
ocay, — CLQ/B + a2a3 6(,3 + ")/)(bl + b35) —b15 — b352
S ={as = - , by = by =
B By By
—b16 — b3d? aa, — azy + a’as
Cy = —————,d5 = 2 b
B v
b a
Sz I{Ch = —aag, by = —b3d, c5 = —i, ds = _i’ B = O}a
b
Ss :{b]_ = —b3(5, Cs — —j, d5 = —%, o = 0, ,B = 0},
Y Y
b2 as
So :{al = -—aag, cs =——,ds =——, 3=0,6 = 0}7
Y Y
b a
SlO :{CS = _ia d5 = _727 « :07 /B :0,620},
Y Y
a b
S11 :{a1 = —Qag, a5 = —i, by = —b3d, bs = —;a Y= 0}7
a b
S12 :{a5 = —i, by = —bsd, by = —i, a=0,~v= O}a
B B
(05)) b2
S1s3 :{al = —(agy, s — ——, bs = ——, v =0, 0= O}a
B B
a b
S14 :{a5 = _,82, bs = _;9 a=0,v= 075 :O}a
a
515 :{al = —aQag, bl - _b367 b2 - Oa Cs = 07 d5 — _727 ﬂ = 0}7
az
S16 = (b1 = —b3d,b; = 0,c5 = 0,d5 = _7304 =0,8=0,,
asz
Si17 ={a1 = —aas, b, =0, cs =0, ds = —?, B =0, 6 = 0},
az
518:{b2:Oa cs =0, d5:_?7 a=0,8=0, 5:0}9
aaq + axy + a?a d(by + b3d 6(by + b3
519 :{a,5: ! 2Z 3’ b2:0, b5:(123)’ C5:(123)’
Y Y Y
aa; — azy + o’ag
d5 == 2 ’ B - _'7}a
Y
b
S20 ={Cb1 = —aag, az =0, a5 =0, by = —b3d, bs = _;7 Y= 0}7
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b2

S21 ={az =0, as =0, by = —b3d, b5 = —Ea a=0,v= 0}’

b2
S22 ={a1 = —aas, a; =0, a5 =0, b; = K v =0, 6 = 0},

b,

523:{a2:09a5:09 b5:_gaa:077:096:0}?
a 0(b; + bsd 0(b; + bsd
Sas —{ar = —cuag, a5 = 2, by = 0, b5:(123), 05:(123),
Y Y
a
d5:_ia B:_'Y}a
Y
a 0(b; + bsd d(b; + b3d a
525={a5=i, b, = 0, b5=(123), C5:(123)’d5:_2aa:0a
Y Y Y Y

B=—-7}

From the previous sets of solutions the only which satisfy that ¢, 3 > 0 and §,v < O are the
following four sets S, Sg, S19, S24. From these sets of solutions a piecewise system with at most
two limit cycles is possible. However, we have not found any examples of the case when we have

two limit cycles. Here is an illustration of a piecewise system with one limit cycle.

Example 5. The continuous - discontinuous piecewise differential systems formed by the Hamilto-
nian systems associated to the following for Hamiltonians have a unique limit cycle that intersects
the axes at the points (1,0), (0, 2), (—2,0) and (0, —3).

We take a; = 12, az = —2, a3 = 11, ay = 0, a5 = 2, by = —2, by = 11, by =
5, by = =3, by = %, cs = %, and ds = 137. Which give the continuous - discontinuous

piecewise differential system formed by the four linear Hamiltonian systems

Ay =1 =273 9 —{@y) €RY >0, y >0}
1\T,Y) = — 222 + 12, 1= ) Y ’

T =3 —y— 11,

Q ={(z;y) ER?*/x <0, y>0
y:10$—3y—2, 2 {( ,y) / s Y }7

f2(m?y):{
Y i={X€eR*:L(X)=0}={X € R? : z = 0};

& =3x — 3% _ 11,

f3(m,y) = { 3

Qs ={(z;y) eR?/x <0, y<o0
100 5y 2 =@y €R/w <0, y<o},

& =2- 2, 2
fa(z,y) = g — 220 4 12 Qy ={(z;59) ER*/x >0, y <0},
- 9

Yau={X€eR:L(X)=0}={X € R?: z = 0};
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we have

Lx(X) =

oL oL, . .
(87 87) =(10)

The crossing set

Yo ={X € 12: (Lx(X), (X)) (Lx(X), f2(X)) > 0},

_ 27y

(Lx(X), F1(X)) = (1 0) ( ) ) = (27,

(Lx(X), (X = o) Y1

_3y_2> = (_y_ 11)7

from it
27y

Y= {X € @- 0 (y—11) >0},

ZC:{XEZIZye]_oo7_11[U];44:7+oo[}a

the point (0,2) € 3.
The crossing set

Yoe=A{X €D 34: (Lx(X), f3(X))(Lx(X), fa(X)) > 0},

_3gy — 11 — 38y __
(Lx(X), f3(X)) = (1 0) ( 3y — 2 ) = (=5 —11),
<LX(X)7f4(X)> = (1 0) ( 127 ) = (2 - 3;#)
from it
Y= X € Tt (-~ - 1Y) > o),

ZCZ{XEZH3y€]—00,—7[U]£,+00[},

the point (0, —3) € >,
The Hamiltonians of these last Hamiltonian systems are

2

2
H, =112% + 12z + vy o_ 2y,

2
Hy, =522 — 3xy — 2x + y2 + 11y,

2
Yy
+ 11y,

1
Hj; =5z2 — 3xy — 2x +

17y2
H, =112% + 122 + Y

— 2y.
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2k A

FIGURE 3.1 — continuous-discontinuous piecewise differential systems with one limit cycle.
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Conclusion

The thesis is a study of a special type of piecewise differential systems. Which start by intro-
duce an essential mathematical concepts for differential systems, including periodic orbits, avera-
ging theory, first integrals, Hamiltonian systems, and Filippov systems. Second, we investigate the
limit cycles that arise from perturbations of the periodic orbits of the linear differential center. Fi-
nally, we have focused on a specific type of piecewise differential system in the plane by dividing
the plane into four quadrants, each of which contains a linear Hamiltonian system. Our investigation

includes determining the maximum number of limit cycles that can occur in these systems.
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