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Abstract 

Chaos control, chaos analysis, and chaotification in dynamical systems have received increasing attention 

from research communities and have been extensively studied. Recently, chaotic synchronization and chaotic sys-

tems with higher-dimensional attractors, known as hyperchaotic systems, have found a wide range of applications, 

receiving sustained and fervent attention across several fields. This work focuses primarily on the control, model-

ing, and synchronization of chaotic systems, using a new family of nonlinear control algorithms based on Lya-

punov synthesis, terminal attractor theory, and fuzzy modeling, combined with recent amalgamations of robust 

control techniques, namely terminal sliding mode control and terminal synergetic control. First, an adaptive ter-

minal sliding mode control law was developed and validated through simulations for controlling certain hyper-

chaotic systems. Then, fuzzy modeling and its combination with synergetic control were developed to provide a 

new algorithm for the synchronization of two different hyperchaotic systems. The final part of this work is devoted 

to the synchronization of chaotic systems using a new concept of terminal synergetic adaptive control. This ap-

proach aims to circumvent the drawback of asymptotic convergence in the design of the synergetic control law 

and to overcome various issues related to chaotic systems, including mathematical model accuracy, parametric 

uncertainties, and external disturbances, thus enabling easy real-time implementation of the control law. Simula-

tion tests were conducted to assess the effectiveness of the proposed algorithms. 

Keywords: nonlinear systems, chaotic systems, sliding mode control, synergetic control, fuzzy modeling, terminal 

control, finite-time convergence. 

Résumé: Le contrôle du chaos, l'analyse du chaos ainsi que la chaotification dans les systèmes dyna-

miques ont reçu une attention croissante de la part des communautés de recherche et ont été étudiés de manière 

approfondie. Récemment, la synchronisation chaotique et les systèmes chaotiques avec des attracteurs de dimen-

sion supérieure, appelés systèmes hyperchaotiques, présentent un large spectre d'applications, faisant l'objet d'une 

attention soutenue et fervente dans plusieurs domaines. Dans ce travail, nous nous sommes principalement inté-

ressés au contrôle, à la modélisation et à la synchronisation des systèmes chaotiques, en utilisant une nouvelle 

famille d'algorithmes de commande non linéaire basée sur la synthèse de Lyapunov, la théorie des attracteurs 

terminaux et la modélisation floue, combinée avec les récents amalgames des techniques de commande robuste, à 

savoir la commande par mode glissant terminale et la commande synergétique terminale. Dans un premier temps, 

une loi de commande adaptative par mode glissant terminale a été développée et validée par simulation pour la 

commande de quelques systèmes hyperchaotiques. Ensuite, la modélisation floue et sa combinaison avec la com-

mande synergétique ont été élaborées pour fournir un nouvel algorithme de synchronisation de deux systèmes 

hyperchaotiques différents. La dernière partie de ce travail est consacrée à la synchronisation des systèmes chao-

tiques par un nouveau concept de commande adaptative synergétique terminale. Celle-ci vise à contourner l’in-

convénient de la convergence asymptotique dans la conception de la loi de commande synergétique et à surmonter 

les différents problèmes liés aux systèmes chaotiques, notamment l'exactitude du modèle mathématique, les incer-

titudes paramétriques et les perturbations externes, permettant ainsi une implémentation facile de la loi de com-

mande en temps réel. Pour évaluer l'amélioration effective apportée par ces algorithmes, des tests de simulation 

ont été effectués. 

Mots clés : systèmes non linéaires, systèmes chaotiques, commande par mode glissant, commande synergétique, 

modélisation floue, commande terminale, convergence en temps fini. 

تحظى دراسة التحكم في الفوضى، وتحليل الفوضى، والفوضوية في الأنظمة الديناميكية باهتمام متزايد من قبل المؤسسات البحثية، وقد تم :  ملخص

ائقة ظمة الف دراستها بشكل مكثف. وفي الآونة الأخيرة، وجدت المزامنة الفوضوية والأنظمة الفوضوية ذات الجاذبات والأبعاد العليا، والمعروفة بالأن

يركز هذا العمل بشكل أساسي   .، مجموعة واسعة من التطبيقات، مما جعل لها اهتمامًا كبيرا عبر عدة مجالات(hyperchaotic systems) الفوضى

ليابونوف،    على التحكم، والنمذجة، ومزامنة الأنظمة الفوضوية باستخدام مجموعة جديدة من الخوارزميات غير الخطية للتحكم، تعتمد على تحليل

م التآزري النهائي. ونظرية الجاذبات النهائية، والنمذجة الضبابية، بالإضافة إلى دمج تقنيات التحكم القوي الحديثة مثل التحكم الانزلاقي النهائي والتحك

م في بعض الأنظمة الفائقة الفوضى. بعد ذلك،  في البداية، تم تطوير قانون للتحكم التكيفي الانزلاقي النهائي وتم اختبار فعاليته من خلال المحاكاة للتحك

تتناول الجزء الأخير    .تم  الاعتماد على النمذجة الضبابية ودمجها مع التحكم التآزري لتطوير خوارزمية جديدة لمزامنة نظامين مختلفين فائقي الفوضى

ري النهائي. حيث يهدف هذا النهج إلى التغلب على عيب التقارب من هذا العمل مزامنة الأنظمة الفوضوية من خلال مفهوم جديد للتحكم التكيفي التآز

النهائي في تصميم قانون التحكم التآزري، والتغلب على المشاكل المختلفة المتعلقة بالأنظمة الفوضوية، بما في ذلك دقة النموذج ال رياضي، غير 

بيقي لقانون التحكم. تم إجراء اختبارات المحاكاة لتقييم فعالية الخوارزميات والشكوك في المعاملات، والاضطرابات الخارجية، مما يسمح بالتنفيذ التط

 .المقترحة في هذا العمل

: الأنظمة غير الخطية، الأنظمة الفوضوية، التحكم بالانزلاق، التحكم التآزري، النمذجة الضبابية، التحكم النهائي، التقارب في  الكلمات المفتاحية 
 .الزمن المحدود
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General Introduction 

Chaos analysis and chaos control in dynamical systems have been studied broadly and 

have gained significant interest from research communities. Chaotic behavior can be observed 

in a range of simple systems [1], in which even a small variation in a single parameter can rise 

to a behavior indicative of that of complex nonlinear systems. It is an unpredictable system and 

its trajectories are extremely sensitive on initial conditions [2]. We find that chaos has a broad 

spectrum of applications in many fields such as cryptography and information processing, bio-

medical science, laser physics, chemical and electrical engineering [3]–[7]. Due to the fact that 

nonlinear differential equations rarely have general solutions, this thesis focuses on qualitative 

methods that reveal chaotic phenomena arising from nonlinear equations and estimate parame-

ters related to stability, periodicity, and chaotic behavior without solving the equations. The 

objective of chaos control can be divided into two classifications: enhancing or producing chaos 

when it is desired, and suppressing chaotic behavior when it could be harmful, [8].  

 Over the past few decades, control techniques for linear and nonlinear dynamical systems 

have been developed to achieve specific design purposes such as output regulation,  local or 

global stabilization, and synchronization [9]–[12]. When designing controllers, it is frequently 

important to assume that the system parameters are accurately known. Nevertheless, in numer-

ous control problems, the model parameters could be uncertain. A linear controller based on 

absolute or inaccurate model parameter’s values could encounter considerable degradation in 

performance or even instability. To deal with model uncertainty, nonlinearities can be intention-

ally incorporated into the controller function of a control system [13]. There are basically two 

types of nonlinear controllers for this purpose, which are robust controllers and adaptive con-

trollers. Therefore, efficient control approaches are required to deal with the system's nonline-

arity, uncertainty and external disturbance. Various researchers have used hybrid control tech-

niques to benefit from the resulting combination of the advantages of the both approaches [14], 

[15]. 

This thesis hands over the lecturer with a wide collection of material from linear dynamic 

principles such as state-space methods and system stability up to chaos theory and robust con-

trol techniques. This work is divided and structured into four chapters. 

The objective of the first chapter is to introduce a variety of basic techniques from the 

dynamical systems theory in a setting as simple as possible. This chapter will provide the fun-

damentals of the theory of dynamical systems and will serve as a main thrust to understand and 
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take the picture of what it means for a dynamical system to be chaotic. We start with a general-

ized 2-D linear system and its phase space analysis. The intuitive notion of stability is discussed 

based on eigen vectors and eigen values of linear systems, and Lyapunov stability theory. For 

nonlinear systems, the shift from one set of responses to another often occurs very suddenly as 

a parameter passes through a critical value, which is referred to as a bifurcation point [16]. 

Therefore, we shall look at some of the elementary basic properties of bifurcations.  

Convergence to an equilibrium point or divergence to infinity are not the only cases in 

which a nonlinear system can behave; It could include a plenty of possibilities of various degree 

of complexity of asymptotic stabilities behavior. Limit cycles are important in systems that 

exhibit self-sustained oscillation and periodic solutions even in the nonexistence of external 

periodic forcing [2]. Once we have addressed almost completely the dynamical characteristics 

and properties of nonlinear systems, we can proceed on the topic of chaotic attractors, which 

have a structure more complicated than that of equilibrium points or periodic orbits. Chaotic 

orbits are unstable and remain in a restricted region of the state space, never reaching an equi-

librium point or periodic point [2].  We start our investigation of chaos with the Lorenz system 

[17] by analyzing its equations and quantifying the stability and sensitivity to the initial condi-

tions of the system using the Lyapunov Exponents concept. Then, we deal with a simple non-

linear map, which is the logistic map. It is one of the simplest systems, exhibiting order to chaos 

transition. We discuss the system’s properties and analyze the period-doubling phenomenon 

that eventually leads to chaos. Finally, we give a glimpse of fractional-order chaotic systems 

that may be useful in future studies. 

Nonlinear systems’ control is an important subject matter in the field of control, which 

will be discussed in the second chapter. Modeling inaccuracies and external disturbances can 

have a significant negative impact on nonlinear control systems. Two major and complementary 

approaches to dealing with modeling uncertainty and external disturbances are robust control 

and adaptive control. In the design, we are provided with a nonlinear plant intended to be con-

trolled and some prerequisites of closed-loop system comportment. Therefore, our objective is 

to design and build a controller that will ensure that the closed-loop system satisfies the desired 

characteristics. We shall start with a simple approach to robust control, which is named as slid-

ing mode control methodology. In this chapter, we describe an introduction to the main concept 

and notations of sliding control and illustrate the associated basic controller design. Then we 

investigate finite-time sliding mode control, which has been applied and studied in many disci-

plines, giving upthrust to a robust control with adjustable finite-time convergence that provides 

high precision, fast response, and strong robustness [13]. We also state the synergetic control 
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approach, which will be investigated in the next chapter. In some control tasks, the system to 

be governed has parameter uncertainty at the control operation, which may result in inaccuracy 

or instability for the control system [18]. Therefore, an adaptive finite-time sliding mode control 

example for synchronizing two hyperchaotic systems will be stated to examine the robustness 

of the discussed approach.  

The third chapter is about fuzzy logic, which is a rule-based system that can be utilized 

to find solutions to a vast scope of problems, from control, to judgment-making,  to modeling, 

to classification, to forecasting, to diagnosis, etc. [19]. A rule-based system starts out with a 

particular set of such rules, which can be provided by the knowledge and expertise of the experts 

or extracted from data of a specific domain. The antecedents of a rule are terms of variables 

that can be measured or observed.  Each rule provides information about a desired decision-

making output. We begin with a little bit of history about Zadeh’s approach [20] which is based 

on fuzzy algorithms and fuzzy sets, hands over a general method of expressing linguistic rules. 

Then we formally make the introduction of the most essential concept in fuzzy theory, which is 

the concept of fuzzy sets, and then the basic operations on fuzzy sets and linguistic variables. 

Fuzzy set theory generalizes the original subject matter of a set to allow varying degrees of 

belonging to the set, that range from complete membership down to full exclusion. To utilize 

fuzzy sets, a fuzzy rule base should be given and constructed in the first place. Just after the 

rules have been constructed, the phase that follows can be considered as a mapping of inputs to 

outputs. Different fuzzy inference techniques are used in fuzzy logic, where max-min and max-

product are the most commonly used inference engines. Finally, computing the fuzzy system’s 

output from different rule combinations is needed. A defuzzifier is utilized to calculate the sys-

tem output through transforming a fuzzy set to a real-valued variable. This chapter will serve 

as an overview of fuzzy sets and fuzzy logic and as a foundation for how they can be applied 

to modeling nonlinear systems and control systems design. In addition, we present our contri-

bution that is dedicated to designing a synergetic controller for synchronization purposes be-

tween two distinct chaotic systems. Where they are represented by Takagi-Sugeno fuzzy mod-

els. The proposed technique grants hyperchaos synchronization utilizing a simple structure, 

which facilitates simple implementation. 

In the last chapter, synchronization and anti-synchronization of two distinct chaotic sys-

tems are investigated. Unlike many synchronization approaches for synchronization of chaotic 

systems based on an exact chaotic model, this chapter addresses the control problem when the 

exact parameter values are not available while simultaneously taking into consideration the 

external disturbance. An adaptive terminal convergence using robust synergetic control theory 
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is explored to achieve synchronization in a finite-time convergence. Furthermore, the synergetic 

control gain is adaptive and derived, based on the Lyapunov stability theory, to handle the syn-

chronization error system nonlinear terms, the system uncertainty, and the external noise. 
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Chapter 1. An Overview of Nonlinear Dynamical Systems and 

Chaotic Systems 

1.1 Introduction 

A dynamical system is one whose state variables change and move through time. This is 

frequently achieved through the use of equations that link the variables’ values at different, 

uniformly spaced instances of time [21]. Dynamical systems have two main types which are: 

differential equations for continuous-time dynamics and iterated maps for discrete-time dynam-

ics. In science and engineering, the differential equations are much more widely used. There-

fore, this work will be concerned with them. Also, we show that simple iterated maps are quite 

useful for exhibiting examples of chaos as well as analyzing periodic or chaotic behaviors.  

Ordinary differential equations have a dependent variable, x , which is to be a function of 

the independent variable t , time variable, in other words ( )x x t= . We will refer to the deriva-

tive of x  with respect to time as x , such that: 

 
dx

x
dt

=  (1.1) 

When formulating the general theory of differential equations, it would be useful to es-

tablish a system of n  first-order equations for n unknown functions 1( ),..., ( )nx t x t . The follow-

ing system is a general representation of ordinary differential equations  

 

1 1 1

1

( ,..., , )

( ,..., , )

n

n n n

x f x x t

x f x x t

=


 =

 (1.2) 

Here each 1( ,..., , )i nf x x t  represents a defined function of 1n +  variables, 1,..., nx x  and t

. If the right-hand side of the system (1.2) is explicitly dependent on the time variable t , then it 

is said to be non-autonomous; otherwise, it is said to be autonomous [2].  

Furthermore, if every variable on the right-hand side appears to be the first power only, 

the system is said to be linear; otherwise, it is regarded to be nonlinear. The indicative nonlinear 

terms include: powers, products, and functions of the ix . Nonlinear dynamical systems may 

exhibit distinctive and complex behavior. Therefore, it would be crucial to be cautious when 

addressing solutions to nonlinear differential equations. 
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1.2 Trajectories and Phase Portrait 

Before dedicating ourselves and diving into chaos phenomena, we will first start with the 

planar dynamical system, which is a system with two state variables. To analyze nonlinear sys-

tems, we begin with an examination of the trajectories of the equation, the flows, and their 

equilibria in the vicinity of the equilibrium point in the plane. An examination of nonlinear 

systems’ equilibrium points, by linearization around the equilibria’s neighborhood, can reveal 

plenty of information about their qualitative behavior at that point. As a result, we shall com-

mence with a study of the linear systems’ phase portraits. 

Let a linear system in the plane be in the following form 

 2,x Ax x=   (1.3) 

The study of the eigenvalues of A  will be a useful starting point to examine the system. 

Let's consider the similarity transformation 
2 2T  , 

1T AT J− = , which states the matrix A ’s 

real Jordan form. Let 1y T x−= , then, this coordinate transformation alters the system (1.3) to 

become the following form 

 1y T AT y J y−= =  (1.4) 

The following three scenarios have qualitatively distinct properties 

• Real Eigenvalues 

 1

2

0

0
J





 
=  
 

 (1.5) 

with 1 2,    produces the following formula for the relationship between 1 2,y y  from the 

formulas 1 2

1 1 2 2( ) (0) , ( ) (0)
t t

y t y e y t y e
 

= =  for the system dynamics: 

 

1

2
1 2

10 20

y y

y y



 
=  
 

 (1.6) 

Figure 1.1 depicts the phase portraits for the two scenarios that 2 10    and 1 2, 0  

, named a saddle and a stable node, respectively. It is crucial to note that the equation (1.6) 

stands for both scenarios, with the only difference being the exponent, 1

2




, is negative for 

the saddle node, which results in hyperbolic curves, and positive for the stable node, which 

produces parabolic curves, as illustrated in Figure 1.1. The arrows represent the progress of the 
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states 1y and 2y as time goes on. The stable node case has simple dynamics. All state variables 

decay and converge toward the origin. The opposite scenario will happen with the unstable 

node, that corresponds to the case 1 2, 0   . All trajectories diverge and move exponentially 

away from the origin. The term saddle is specifically addressed when describing the dynamics 

at an equilibrium point that has one negative (stable) and one positive (unstable) eigenvalue. 

The unique scenario that which the states are asymptotically attracted to the origin is when the 

initial conditions of states are sitting on the axis of the stable eigenvector. All other initial con-

ditions diverge asymptotically along the hyperbolas determined by the equation (1.6). 

 

Figure 1.1 A stable node and a saddle-node representation in the 1y and 2y  coordinates. 

 

Due to the fact that the relationship between x and y  is linear, the original x  coordinates’ 

phase portrait is slightly modified compared to Figure 1.1. 

• Double eigenvalue  

the Jordan form is not diagonal, due to only one eigenvector, but has the form 

 
1

0
J





 
=  
 

 (1.7) 

Hence, the solution is of the form: 

 
1 1 2

2 2

( ) (0) (0)

( ) (0)

t t

t

y t y e y te

y t y e

 



= +

=
 (1.8) 
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Figure 1.2 An irregular stable node. 

We can easily observe that by eliminating the time term, t , the representation of the tra-

jectories in the phase space plan is depicted in Figure 1.2 and is provided by 

 10 2
1 2

20 20

1
ln

y y
y y

y y

 
= +  

 
 (1.9) 

therefore, the state trajectories converge toward the origin as shown in Figure 1.2 in a more 

complex manner. This type of equilibrium point is commonly mentioned as an improper stable 

node. The improper node is referred to as improper unstable node when 0  .  

• Complex pair of eigenvalues 

Despite having distinct eigenvalues, the A  matrix is not able to be diagonalized. Never-

theless, its real Jordan form is 

 J
 

 

 
=  

− 
 (1.10) 

Hence, the transformation matrix T  is complex. 

To determine the solutions for such cases, it would be convenient to render a polar trans-

formation of coordinates. Therefore, we obtain the following form 

 ( )
1 2

2 2 1 2
1 2

1

, tan
y

r y y
y

 −  
= + =  

 
 (1.11) 

In polar coordinates, the equations become 

 
r r

 

=

= −
 (1.12) 
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The phase portrait representations are now easier to visualize.  , which is the angular 

variable, evolves at a steady rate. The trajectory rotates around in a counterclockwise direction 

if   is negative and clockwise otherwise. When 0   , the state trajectories spiral out from 

the origin, and the equilibrium is commonly referred to as an unstable focus. furthermore, if 

0a   , the state trajectories spiral toward the origin in which case the equilibrium is called a 

stable focus. If the parameter   is zero, an infinite number of circular closed orbits surround 

the origin and the equilibrium is called as a center. When representing the original x  coordi-

nates, the phase portrait is rotated as in the examples of the discussed scenarios, node and saddle 

cases.  Figure 1.3 shows a center and a stable focus. 

 

Figure 1.3 A stable focus and center. 

1.3 Lyapunov Stability Theory 

Let's consider an autonomous system  

 ( ) nx g x x=   (1.13) 

With an isolated equilibrium point 
*x  such that 

*
( ) 0g x = . If an equilibrium point has a 

surrounding neighborhood containing no other equilibrium point is called an isolated equilib-

rium point [2]. Let ( )x t  be the state of the system at time t , 0(0)x x=  the initial point and   

denote the Euclidean distance in 
n . With this notation, we shall introduce the following defi-

nitions of stability. 

Definition 1-1[22]:  

1) The equilibrium point 
*x  is stated to be Lyapunov stable, or simply stable, if for any

0   there is a number ( ) 0    such that if 
*

0x x −   leads to 
*( )x t x −   for 

all 0t  . 
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2) The equilibrium point *x  is said to be asymptotically stable if 

(a).  It is stable; and 

(b). There exist an 0   such that whenever *

0
x x −  ,

*
( ) 0lim

t
x t x

→
− = . 

Definition 1-2 [23]: 

Let D  be a subset domain in n  that includes the origin and let :H D R→  be a contin-

uously differentiable function. The derivative of H  along the trajectories of (1.13), referred by 

( )H x , is defined by 

 

1

2

1 1 2

( )

( )
( ) , , , ( )

( )

n

i

i i n

n

g x

g xH H H H H
H x x g x

x x x x x

g x

=

 
 

      = = =        
 
 

  (1.14) 

A function ( )H x  stands as to be positive definite if (0) 0H =  and ( ) 0H x   for 0x  .  It 

is positive semidefinite if it satisfies the weaker condition ( ) 0H x   for 0x  . A function ( )H x  

stands as to be negative definite or negative semidefinite if ( )H x−  is positive definite or posi-

tive semidefinite, respectively. If ( )H x  is negative, H  will decrease along the trajectories of 

(1.13) passing through x . 

In a domain  that contains the origin, the stability theorem of Lyapunov determines that 

the origin is stable if,  there is a continuously differentiable positive definite function ( )H x  such 

that ( )H x  is negative semidefinite, and it is asymptotically stable if ( )H x  is negative definite. 

When the condition for stability is satisfied, the function H  is a Lyapunov function. 

1.4 Bifurcations 

Bifurcations have a crucial role in scientific research because they present models of in-

stabilities and transitions as long as some control parameter is varied. As a result, the qualitative 

structure of the systems’ flow can mutate as this latter is adjusted. In other words, an equilibrium 

point can be destroyed or created, or its stability can change. Bifurcations are qualitative 

changes in dynamics, and those parameter values at which they occur are referred to as bifur-

cation points [2].  

In this part, we introduce some examples to provide simple comprehension of bifurcations 

of equilibrium points, with the aid of flows on the line. 



Chapter 1: An Overview of Nonlinear Dynamical Systems and Chaotic Systems 

 

-11- 

1.4.1 Saddle-Node Bifurcation  

The basic manner by which equilibrium points are destroyed or created is called the sad-

dle-node bifurcation. We shall start with a simple differential equation that exhibits this type of 

bifurcation 

 2( , )x f x x x = = +   (1.15) 

Where   is a real-valued parameter, which may be negative, zero, or positive.  

The system (1.15) has two equilibrium points, which are functions of   

 
*

1,2x =  −  (1.16) 

Thus, the system (1.15) has two real equilibria for 0  . As   increase through zero and 

becomes positive, these two points collide and mutually annihilate. As a consequence, a quali-

tative change in the dynamical properties of (1.15) occurs when   is null, which is called a 

saddle-node bifurcation. This kind of bifurcation is also known as a tangent bifurcation in one-

dimensional systems [2]. 

 

Figure 1.4 Saddle-node bifurcation. 

 

To determine the stability of discussed equilibrium points from the plot of the system 

(1.15) for the case where 0  , it is transparent that the equilibrium point *

2x −= −  is sta-

ble, because the flow direction for both, the right and left, sides is toward that equilibrium. 

Whereas the second fixed point is unstable. 

In the second case where 0 = , the equilibrium point is half-stable (saddle). 



Chapter 1: An Overview of Nonlinear Dynamical Systems and Chaotic Systems 

 

-12- 

To obtain a quantitative measure of stability, for instance, the rate of divergence from an 

unstable equilibrium point, this sort of measure can be collected by linearizing these equilibria, 

as we shall explain. 

Let us define 
*( ) ( )t x t x = −  as a tiny perturbation away from the equilibrium point *x . 

We derive a differential equation for   to reveal whether the perturbation decays or grows. 

Differentiation gives 

 *( )
d

x x x
dt

 = − =  (1.17) 

since *x  is constant. Hence, 
*( ) ( )x f x f x = = = + . Now using the expansion of Taylor, we 

get 

 * * * 2( ) ( ) ( ) ( )f x f x f x O  + = + +  (1.18) 

Where 2( )O   denotes quadratically small terms in  . Finally, note that 
*( ) 0f x =  since *x is 

an equilibrium point.  

Therefore  

 * 2( ) ( )f x O  = +  (1.19) 

Now if 
*( ) 0f x  , the 2( )O   terms are negligible and we may write the approximation 

 
*( )f x    (1.20) 

(1.20) represents a linear equation in function of  . It is referred to as the linearization about 

*x . That equation showcases that the perturbation ( )t  decays if 
*( )f x  is strictly negative, 

and grows exponentially if 
*( )f x  is strictly positive. The 

2( )O   terms are not negligible if 

*( ) 0f x = ; Thus, a nonlinear analysis is required to determine stability. 

1.4.2 Transcritical Bifurcation 

Let's check out the following equation 

 
2( , )x f x x x = = −  (1.21) 

It is obvious that the system (1.21) has two equilibrium points, 
*

1 0x = (which exists for all 

values of  ) and 
*

2x = .  



Chapter 1: An Overview of Nonlinear Dynamical Systems and Chaotic Systems 

 

-13- 

 

Figure 1.5 Vector field as  varies of (1.21). 

 

Figure 1.6 Transcritical bifurcation. 

For 0  , if we apply a linearization around our fixed points, we notice that the pertur-

bation decays (due to 
* *

( , ) 2f x x x   = − ) for the fixed point *

1x (then, *

1x is locally stable) 

and it grows for the fixed point 
*

2x (then, 
*

2x  is locally unstable). As   increases, the unstable 

equilibrium point approaches the origin and merges with it when 0 = . Finally, when 0  , 

*

2x  has become stable, and 
*

1x  is now unstable. Despite that   passes through zero, no equi-

librium point appears or disappears, only its stability property changes. The transcritical bifur-

cation is the standard mechanism for such a change in stability [2]. 

1.4.3 Pitchfork Bifurcation 

Another category of local bifurcation is known as pitchfork bifurcation. This type of bi-

furcation arises in one-dimensional systems that have one parameter. 

 
2( , ) ( )x f x x x = = −  (1.22) 
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Figure 1.7 Vector field as   varies for (1.22). 

 

Figure 1.8 Pitchfork bifurcation. 

 

The equilibrium solution 
* 0x =  is independent of the parameter  . when   is strictly 

positive, there are two supplemental equilibria 
*

2,3x =  . By considering that 

23f x x  = −  and 
2( ) 0x x −  , we could infer that for 0   , 

*

1 0x =  is the unique equi-

librium which is stable. For 0  , the point 
*

1x  becomes unstable, whereas the two nonzero 

equilibria are both stable. Hence, a qualitative change becomes clearly visible in the orbit struc-

ture of (1.22) when the value of the parameter   is zero. This circumstance is called pitchfork 

bifurcation, in which both the disappearance or appearance of equilibria and stability changes 

take place [2]. 
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1.4.4 Hopf Bifurcation 

In a two-dimensional system, the eigenvalues of the Jacobian are the key to spotting all 

possible ways that the system can lose stability as the value of a parameter varies which are: 

• Either the eigenvalues are real and negative, and then one of them passes through 0 =

.  These were just discussed in the tangent, pitchfork, and transcritical bifurcations.  

• The other possible scenario is that the eigenvalues are complex conjugates and they 

cross the imaginary axis at the same time into the right half-plane. This kind of bifurca-

tion is referred to Hopf bifurcation. 

Hopf bifurcations come in both subcritical and supercritical types. A small, nearly ellip-

tical limit cycle encircling an unstable spiral is known as a supercritical Hopf bifurcation. In 

engineering applications, the subcritical scenario is considerably more potentially dangerous 

and dramatic. Resulting of the bifurcation, the system’s trajectories have to move to a distant 

attractor, which could be an equilibrium point, a different limit cycle, infinity, or a chaotic at-

tractor (in three and higher dimension continuous differential equations). 

1.5 Limit Cycles 

As we discussed previously in the Trajectories and Phase Portrait section, linear systems 

in , 2n n   space characterized by a set of two purely imaginary eigenvalues, the center’s 

case, have an infinite number of periodic solutions, associated with every initial condition. A 

linear system y Ay=  can have closed orbits, periodic orbits or cycle; If ( )y t  is a periodic 

solution, similarly for ( )k y t  with any constant 0k  , but they will not be isolated. An isolated 

closed trajectory is often referred to as a limit cycle; where isolated means that the nearby tra-

jectories are not closed; they spiral either toward or away from the limit cycle [2]. Only nonlin-

ear differential equations can have isolated periodic solutions (limit cycles). 

A limit cycle can be structurally stable, which means that if it exists for a particular system 

of differential equations, it will persist even if the system’s parameters are significantly per-

turbed. 

Let's consider the following model 

 
3

, 0
1

r r r
r



 = −


=
 (1.23) 

The angular and radial dynamics are unconnected and so can be analyzed separately. 
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Figure 1.9 Vector field of (1.23). 

Tackling 
3r r r= −  as a vector field on the line, we infer that 

* 1r =  is stable and * 0r =  is an 

unstable equilibrium, as the Figure 1.9 illustrates. 

 

Figure 1.10 Limit cycle. 

 

On the other hand, when we plot the phase plane of the discussed system. We notice that 

all trajectories approach the unit circle 
* 1r =  except the case when 

* 0r = . As a conclusion, at 

1r = , all trajectories spiral asymptotically toward a limit cycle. 

1.6 Conservative and Dissipative Systems 

Dissipative and Conservative systems are two sorts of dynamical systems characterized 

by the concept of attractiveness and stability. A system is considered conservative if the volumes 

in the phase space remain consistent throughout time. Dissipative dynamical systems, unlike 

conservative systems, exhibit phase space volume contraction. The dynamics of a system will 

ultimately be confined to a subset of fractal smaller than n , which is the dimension of the 

system’s state space, and possibly zero due to the dissipation. Chaotic sets are frequently 
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characterized by a particular geometry structure commonly referred to by the term fractal di-

mension [24]. 

Where the volume is expressed with 

 ( ) ( )  ( (t))olume olume olumeV t dt V t V+ = +   

where ( ( ))olumeV t  is the volume resulting from the swept-out tiny patch of surface, integrated 

over all areas. let ( )x g x=  and .g n  is the outward velocity’s normal component. hence, in time 

dt  a patch of area dA , of a closed surface ( )S t  of initial conditions for trajectories,  sweeps 

out a volume ( . )g n dt dA . so, we can get  

 ( )( ) ( ) .olume olume
S

V t dt V t g ndt dA+ = +   

Hence  

 
( ) ( )

.olume olume
olume

S

V t dt V t
V g ndA

dt

+ −
= =   

By using the divergence theorem, we rewrite the integral above and get 

 .olume olume
V

V g dV=   (1.24) 

If the divergence is considered as a constant, (1.24) reduces to ( ).olume olumeV g V=  , which pos-

sesses the solution 
( ).

( ) (0)olume olume

g t
V t V e


= . Therefore, volumes in phase space decay expo-

nentially if . 0g  . 

1.7 Chaotic Systems 

The first chaotic attractor has been developed from a famous model first proposed by 

Edward Lorenz in 1963 which provides a mathematical description of atmospheric turbulence 

[17]. He made a simpler convection rolls’ model in the atmosphere and then he derived a three-

dimensional system for it. When Lorenz plotted the trajectories in the phase space, he observed 

that they settle onto a strange and complex set. He showed that tiny differences in the initial 

conditions amount to dramatic differences in the system behavior over time. Also, he indicated 

that the solutions swing irregularly, never exactly visiting the same point but for all future time, 

they maintain within a bounded region of phase space. The work of Lorenz handed over strong 

numerical indicates that a low-dimensional system of differential equations with simple non-

linearities can produce extremely complex orbits. 
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Chaos theory is the qualitative study of unstable aperiodic behavior in deterministic non-

linear dynamical systems. we will cover in this part signatures of chaos with some dynamical 

systems examples simulated on MATLAB software. 

1.7.1 Lorenz System 

Lorenz simplified his twelve-dimensional equations into a three-dimensional model de-

scribing the convective motion of the atmosphere heated by the ground below and cooled from 

above. The air rises and falls along opposite edges of long rotating cylinders.  

 

( )
( ( ) ( ))

( )
( )( ( )) ( )

( )
( ) ( ) ( )

dx t
y t x t

dt

dy t
x t z t y t

dt

dz t
x t y t z t

dt








= −




= − −



= −


 (1.25) 

The variable x  is the speed of rotation, positive representing clockwise and negative 

representing counterclockwise motion. The variable y is proportional to the temperature differ-

ence between the ascending and descending fluids. The variable z  is proportional to the dis-

tortion of the vertical temperature profile from linearity, a positive value indicating that the 

strongest gradients occur near the boundaries. While the parameters   and   are proportional 

to the  Prandtl number and the Rayleigh number , respectively. The parameter is the aspect ratio 

of the convection cylinders. 

According to the system, we can obtain  

 1
x y z

V
x y z

 
  

 = + + = − − −
  

 (1.26) 

Thus  

 ( 1 )
dV

V
dt

 = − + +  (1.27) 

Which may be solved to yield  

 
( 1 )( ) (0) tV t V e  − + +=  (1.28) 

The system is dissipative, since 10 =  and 8 3 = . 
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If we apply the transformation    , , , ,x y z x y z→ − − , we can notice that the system (1.25) 

is symmetrical. By setting 0
dx dy dz

dt dt dt
= = = ,  its equilibria represent the real solutions to the 

equation  

 
* *2

( 1) 0x b x − − =
 

 

For 0 1   the only equilibrium is 1 : (0,0,0)S . There exist two other equilibria when 1 

, namely ( )2 : ( 1) , ( 1), 1S     + − + − − and ( )3 : ( 1) , ( 1), 1S     − − − − − . 

Local stability of the equilibria, 1 2,S S and 3S , is depending on assessing the eigenvalues, the 

real part’s sign, of the Jacobian matrix at equilibrium 

 

0

( , , ) 1Df x y z z x

y x

 





− 
 

= − − − 
 − 

 

The trivial equilibrium 1S  is stable for 0 1   ; And, we say the origin is globally stable for 

these parameters. And for 1  , the origin becomes a saddle equilibrium point (it has two 

negative eigenvalues and one positive eigenvalue). 

Bifurcations of the 2S  and 3S equilibria can be found by identifying the parameter values’ 

combinations that lead them to become nonhyperbolic, that is, for which the corresponding 

characteristic equation for either of these points 

 
3 2( 1) ( ) 2 ( 1) 0         + + + + + + − =  (1.29) 

has a solution 0 = or an imaginary pair 1,2 ib b =   . 

Substituting 0 =  into (1.29) and gives ( )2 1 0  − =  whence 1 = . At 1 = , a 

pitchfork bifurcation occurs, two new stable equilibria come to being whereas the previous 

stable equilibrium point, 1S , becomes unstable. 2S and 3S  are stable nodes until 1.34561   . 

Whereupon, if we substitute ib =  into (1.29) and evaluate both real and imaginary parts to 

be zero of the obtained equation we get 

 
( ) ( )

( )

2

3

1 2 1 0

0

b

b b

   

  

− + + + − =

− + + =
 

when  
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( )

( )2
2 1

1
b

 
  

 

−
= = +

+ +
 

and since b  is real, 
2

0b   implying 1  , then as long as 1  + , there is a subcritical Hopf 

bifurcation at 
( )3

24.7368421
1

H

  


 

+ +
= =

− −
. In other words, 2S and 3S equilibria points are 

stable spiral nodes where the parameter   satisfy the condition 1.34561 H   , whereupon 

they possess two complex conjugate eigenvalues with Re 0 (unstable spiral saddle points) 

and one real negative eigenvalue. 

The usual parameters used by Lorenz, 10, 28, 8 3  = = = , give chaos in which the 

direction of rotation occasionally changes. the strange attractor of the Lorenz system is illus-

trated in Figure 1.11. 

Although we set very close two nearby initial conditions

0 0 0

0 0 0

0 0 0

1 7 2 1 0.001

1 2 2 1

1 30 2 1

x x x

y and y y

z z z

+       
       

= =       
       
       

, the sensitive dependence on initial conditions prop-

erty of chaos appears, which causes the divergence of the x  state trajectory in Figure 1.12. 

 

Figure 1.11 Lorenz attractor on a 3D plane. 
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Figure 1.12 Evolution of the X state trajectories of Lorenz system with small deviation on the initial 

condition. 

1.7.1.1 Lyapunov Exponents  

Lyapunov exponents are an essential concept of nonlinear dynamics and important statis-

tics for quantifying stability and deterministic chaos. they are commonly used to quantify local 

stability features of attractors and to define the exponential rates at which nearby trajectories 

diverge (or converge) on an average as the system evolves in time [2]. For the purpose of quan-

tifying the sensitivity of Lorenz system orbit on initial conditions, we use one of the famous 

methods that is based on Gram-Schmidt Reorthonormalization (GSR) of the tangent vectors 

[25].  

 

Figure 1.13 Lyapunov exponents spectrum of Lorenz system. 
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Figure 1.13 illustrates the Lyapunov exponents spectrum of the Lorenz system for the 

usual parameters with step time 
310Ts s−= . The average exponents are

1 2 30.9053, 0, -14.6673    . 

1.7.1.2 Lyapunov Dimension 

According to the concept of Lyapunov Dimension suggested by Kaplan and Yorke [26] 

for estimating the Hausdorff dimension of attractors. Where the Lyapunov exponents of a sys-

tem with n-dimension are 1 2 ... n     . 

  1 2

1

1

0 if  doesn't exist

if , max : ... 0

if

L m

j

ii

j

j

D n j n j m

j j n

  





=

+

= = = + + + 

+ 













 (1.30) 

Therefore, the Lyapunov dimension of the Lorenz attractor is: 1 2

3

2 2.0617LD
 



+
= +  , so the 

Lorenz system is fractal. 

1.7.2 Logistic Map 

Robert May emphasized in his paper that a simple nonlinear map may exhibit extremely 

complex dynamics [27]. The logistic map is one of the simplest and most transparent systems 

exhibiting order-to-chaos transition. The logistic map is a discrete dynamical system defined 

by: 

 1 ( ) (1 ) such that 0 4 and 0 1n n n n nx G x x x x + = = −      (1.31) 

 

Figure 1.14 Logistic map. 
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The first term represents the reproduction tendency that is proportional to the nth -gener-

ation, and the second term, 1 nx− , denotes the need for coexistence and the sharing of limited 

resources. 

The graph of the Logistic map illustrated in Figure 1.14, is a parabola with a maximum 

value of 4  at 1 2nx = . 

The fixed points of the equation (1.31) that satisfy ( ) . , (1 )G x x i e x x x    = = −  are:  

 
0 for all values of

1 1 for 1

x

x



 





 =


= − 
 (1.32) 

The stability of each fixed point depends on '( ) 2G x x  = − , such that, it’s stable only 

if '( ) 1G x  . Since '( 0)G x  = = , then the origin is unstable for 1   and is stable for 1 

, Hence the population always proceeds to extinct as n→ , ( 0)nx → , for a small growth rate 

1   . Whereas for the other fixed point since '( 1 1 ) 2G x   = − = −  , then it is stable as long 

as 1 3   , and unstable for 3  , therefore the population reaches a nonzero steady state 

for 1 3  . 

 

Figure 1.15 Population growth of logistic map nx vs. n . 

At 3 =  the slope '( 1 1 ) 1G x  = − = − , this resulting bifurcation is referred to as a flip 

bifurcation [2]. Such that if we make a slight change in the parameter   above the value 3 , a 

stable period-2 cycle appears close to the fixed point 1 1x  = −  . the cobweb diagram in Fig-

ure 1.16 reveals the oscillation between two points ( , )p q of the iterated logistic map for 3.1 =  
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Those stable period-2 points are solutions of a quadratic equation of the second iterate 

map 2 ( ) ( ( ))n nG x G G x=  besides the previous fixed points ( 0 1 1 )x and x  = = −  .  

Where the point ( )p or q  is stable period-2 as long as the value of ( )2
( ) 1G p


  i.e., 

'( ( )) '( ) '( ) '( ) 1G G p G p G p G q=   . where 
1 ( 3)( 1)

,
2

p q
  



+  − +
=  

From these observations and explanations, we can extrapolate that as the height of the 

logistic map’s convexity is increased, the period-2 cycle loses stability at 1 6 = + , the 

2' ( )G p is equal to 1− . Beyond this parameter value, a stable period-4 limit cycle replaces the 

period-2. 

 

Figure 1.16 Cobweb diagram of the logistic map. 

 

Figure 1.17 Bifurcation diagram of the logistic map. 

The mechanism that produced period-4 from period-2 is repeated as the parameter 
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increase. This period doubling eventually leads to an infinite cascade of periodic orbits (as Fig-

ure 1.17 illustrate) at 3.5699456...  . Just beyond this parameter value, a periodic region 

occurs with period-3. In the same manner that happened to the period-2 orbit, a period-doubling 

cascade for period-3 becomes chaotic [28].  

 

Figure 1.18 Logistic map Lyapunov exponent spectrum. 

Figure 1.18 reveals that the logistic map exhibits sensitive dependence on initial conditions 

when the parameter   gives a positive Lyapunov exponent value. 

 

Figure 1.19 Logistic map’s initial conditions sensitivity. 

 

As it’s shown in Figure 1.19, a very tiny perturbation on the initial condition, leads to a separa-

tion of trajectories after some iterations, where 4

1 2

1 1
( 0) , ( 0) 10

2 2
X n X n

−
= = = = +  and =3.7 . 
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1.7.3 Hyperchaotic Systems 

Hyperchaotic systems are typically classified as chaotic systems that have more than one 

positive Lyapunov exponent. Due to the expansion in more than one direction, it leads to more 

complex attractors and strange behavior of the system dynamics. Where the minimum space 

dimension of coupled first-order autonomous ordinary differential equations that embed the 

hyperchaotic attractor should be at least four and the order of the state equation is at least two 

[29]. 

Hyperchaos was firstly reported by Rössler in 1979 [30]. Several four-dimensional hy-

perchaotic systems were designed from some well-known three-dimensional chaotic systems 

by adding some simple feedback control techniques such as on the Lü system [31], the gener-

alized Lorenz system [32], Chen system [33]. Hyperchaotic systems are broadly applied in non-

linear circuits, secure communications, lasers, biological systems, neural networks, and so on. 

The 4-D hyperchaotic Lü system described in [8] is constructed by introducing a state 

feedback controller on Lü system as follows: 

 

( )x a y x u

y xz cy

z xy bz

u xz du

= − +


= − +


= −
 = +

 (1.33) 

The system (1.33) is symmetrical about -axisz for its invariance under the coordinate 

transformation ( , , , ) ( , , , )x y z u x y z u→ − − − . Where the parameters 36, 3, 20a b c= = =  are 

the constants of the Lü system and d  is a control parameter. 

According to system (1.33), we can obtain the following equilibrium point;  

1

2

3

(0,0,0,0)

, , ,

, , ,

p

ad bc acd ac bc
P bc

ad c ad c ad c

ad bc acd ac bc
P bc

ad c ad c ad c

=

 
= −  − − − 

 
= − −  − − − 

 

Such that 2 3and P P exist only if 0ad c−   

The Lyapunov exponents illustrated in Figure 1.20 show that the dynamic behavior of the sys-

tem (1.33) has : 

1) A hyperchaotic attractor for 0.35 1.30d−    
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2) A chaotic attractor for 0.46 0.35d−   −  

3) A periodic orbit for 1.03 0.46d−   −  

 

Figure 1.20 Lü hyperchaotic system Lyapunov exponents spectrum versus control parameter d . 

 

Figure 1.21 Different dynamical behaviors of the system (1.33): (a) Hyperchaotic ; (b) Chaotic ; (c) 

Periodic. 

The phase spaces depicted in Figure 1.21 emphasize that the system’s dynamic behaviors 

(1.33) alternate among periodic obit, chaotic state, and hyperchaotic state when adjusting the 

value of the parameter d , as the numerical analysis of the Lyapunov exponents spectrum em-

phasizes. 
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1.7.4 Fractional-order Chaotic Systems: 

The fractional calculus history was born with a letter dated in 30th September 1695, from 

Leibniz to l’Hopital which was about the meaning of the derivative of order one-half. Despite 

the old of this mathematical topic for more than 300 years, the studies on the dynamics of 

fractional-order differential systems and their applications to physics and engineering have been 

attracted lots of attention only in recent years. For example: fractional derivatives have been 

widely used in the mathematical modeling of viscoelastic materials [34], [35], Rivero et al. 

reported population models with fractional dynamics [36].  

The generalization of integration and differentiation to joint non-integer q order− opera-

tor 
1 2

q

b bD , where 1b  and 
2b  represent the bounds of the operation, can be found widely in re-

search topics associated with fractional calculus. Due to the difficulty of writing the exact so-

lutions of most of the fractional-order differential equations, finding accurate and efficient an-

alytical and numerical methods for solving them has been active research. 

By using non-integer order differential equations, chaotic systems can be accurately mod-

eled [37]. To investigate fractional-order chaotic and hyperchaotic systems, it is often necessary 

to solve fractional-order differential equations. Three frequently used definitions of the frac-

tional-order differential operator are [38]: 

1. The Grunwald-Letnikov (GL) definition is described by 

 
( )/

0
0

( ) lim ( 1) ( )
t a h

q q i

a t
h

i

q
D f t h f t ih

i

−
−

→
=

 
= − − 

 
  (1.34) 

2. The Riemann-Liouville (RL) definition is given by 

 
10

1 ( )
( )

( ) ( )

n
t

q

t n q n

d f
D f t d

n q dt t




 + −
=
 − −  (1.35) 

Where n  is the first integer which is not less than q , i.e. 1n q n−   and ( )   is the well-

known Euler’s gamma function, such that 

 1

0
( ) s ts t e dt


− − =   (1.36) 

3. The Caputo definition is written as  
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( )

10

1 ( )
1 ,

( ) ( )
( )

( )
,

n
t

q n
q

t
n

n

f
d n q n

n q t
D f t

d f t
q n

dt




 + −


−  

 − −
= 


=



 (1.37) 

In our work, to solve the fractional differential equation that is defined as follows  

 
0 0

( ) ( ( ), ), 0 1,

( ) ,

q

tD x t f x t t q

x t x

 =  


=
 (1.38) 

We use a Predictor-Corrector (PECE Predict, Evaluate, Correct, Evaluate)  approach for 

the numerical solution of fractional differential equations provided by Diethelm et al.  [39], 

which is one of the most popular methods for the chaotic analysis of fractional differential equa-

tions. This approach is based on the analytical property that the initial value problem in 

the equation (1.38) is identical to the Volterra integral equation  

 
1

( ) 1

0
0

0

1
( ) ( ) ( ( ), )

! ( )

q k
t

k q

k

x
x t x t f x d

k q
   

−  
−

=

= + −


   (1.39) 

Where q   is just the value q rounded up to the nearest integer and the real numbers 

( )

0 , 0,1,..., 1,ky k q= −   are assumed to be given.   

In our case 0 1q   and by working on a uniform grid on some interval [0, ]T , such that 

 : 0,1,...,nt nh n N= = with some integer N and ,h T N= then the equation (1.39) becomes  

 
0

1

0

1
( ) ( ) ( ( ), )

( )

nt q

n n
t

x t x t f x d
q

   −= + −
   (1.40) 

let 

 
1

0

1
1 1

0

( ) ( ( ), ) ( ) ( ), )
n i

i

nt t
q q

n n
t t

i

t f x d t f x d       
+

−
− −

=

− = − (   (1.41) 

On each sub-interval 1[ , ]i it t + , the function ( , )f x t  is approximated by a piecewise linear func-

tion as follows: 

 
1 1

1 1 1

[ , ] [ , ]
1

( ) ( ( ), ) ( ) ( ( ), )
( ( ), ) ( ( ), )

i i i i

i i i i i i

t t t t
i i

t t f x t t t t f x t t
f x t t f x t t

t t+ +

+ + +

+

−  + − 
 =

−
 (1.42) 

Then, the equation (1.40) will be written  
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1 1 1 1
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0 1
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 (1.43) 
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where 
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 (1.45) 

By doing the integration and take nt nh=  

 

1

1 1 1

,

( 1) ( 1 ) 0

( 1) ( 1 ) 2( ) 1 1
( 2)

1

q q

q
q q q

i n

n n q n if i
h

a n i n i n i for i n
q

if i n

+

+ + +

 − − − − =


= − + + − − − −   −
 +  =

 (1.46) 

This gives us our corrector formula. While the predicted value of ( )p nx t  that used in the right-

hand side of the equation (1.43) and equation (1.44) is determined by the fractional Adams-

Bashforth method 

 
1

0 ,

0

1
( ) ( ( ), )

( )

n

p n i n i i

i

x t x b f x t t
q

−

=

= +


  (1.47) 

and  

 
, (( ) ( 1) )

q
q q

i n

h
b n i n i

q
= − − − −  (1.48) 

Figure 1.22 illustrate a comparison between the numerical solution of the Lorenz system 

in the equation (1.25) using MATLAB ODE45 solver and PECE method to solve Lorenz frac-

tional order for 1 2 3 1q q q= = = (ordinary differentiation). The figure reveals that by using more 

small step time in the PECE method we get a more accurate numerical approximation solution 

(due to the property of sensitivity on initial conditions of chaotic systems, the divergence of 

trajectories appears after a considerable time).  

Where the Lorenz fractional-order system is described as follows 
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1
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3

( ) ( ( ) ( ))

( ) ( )( ( )) ( )

( ) ( ) ( ) ( )
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q

t

D x t y t x t

D y t x t z t y t

D z t x t y t z t







 = −


= − −


= −

 (1.49) 

 

Figure 1.22 Comparison between ODE45 MATLAB solver and the PECE method for q=1 of the X 

state of Lorenz system. 

The stability of each equilibrium point of a fractional order system depends on the frac-

tional order q and the argument of the complex eigenvalues. In other words, an equilibrium 

point is said to be stable if and only if all its corresponding eigenvalue arguments satisfy [40] 

arg( ) ( ) / 2i q  . 



Chapter 1: An Overview of Nonlinear Dynamical Systems and Chaotic Systems 

 

-32- 

Table 1: Equilibrium point analysis of the Lorenz fractional order system (1.49). 

Equilibrium 

Points 
Jacobian Matrix Eigen Values arg( )i  

1

6 2

6 2

27

E =

 
 
 
 
 
 
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10 10 0
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J
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 −

 

 

 

Figure 1.23 Numerical results for the Lorenz fractional order system at q=0.995 and T=50s. 
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Figure 1.24 Evolution of the state trajectories of fractional order Lorenz system with small deviation 

on the initial conditions. 

 

1.8 Conclusion 

There are many different tools available to express the characteristics of a non-linear dy-

namical system such as time-series, phase portrait, bifurcation diagram, Poincare map, etc. 

General chaotic behavior is characterized by two properties. The first one is stretching, which 

causes a separation of very close neighborhoods of initial conditions that leads to exponential 

separation of trajectories, this separation is quantified by the Lyapunov exponent. The second 

one is the mixing and bending property where the stretched trajectories fold back unto them-

selves. The most important signature of the chaos phenomena is the sensitive dependence on 

initial conditions besides the boundness and aperiodicity properties. Where the Lyapunov ex-

ponent is a tool that provides an examination and a quantification of the sensitivity of the system 

attractor on initial conditions and helps to classify the system to which behavior it belongs to. 
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Table 2: Different attractors types based on Lyapunov exponents. 

Lyapunov exponents  Dynamical behavior of system 

1 2 3 40, 0, 0     =  and 1 2 4 0  + +   Hyperchaotic 

1 2 4 30, 0, 0    =   and 1 3 4 0  + +   chaotic 

1 4 3 20, 0   =     periodic 

4 3 2 1 0        Equilibrium point 
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Chapter 2. Robust Controllers for Nonlinear Systems 

2.1 Introduction 

In the conception of any practical control problem, there will always be a variance be-

tween the mathematical model used for the controller design and its actual plant. These differ-

ences arise from unknown external disturbances, plant parameters, and unmodeled dynamics. 

In the presence of these disturbances/uncertainties, a control engineer faces a difficult problem 

when developing control laws that guarantee the prerequisite performances of the closed-loop 

system. This has motivated significant excitement about the development of robust control ap-

proaches, which are intended to tackle this problem.  

In this part of the work, we study the sliding mode control (SMC) technique, which is a 

particular method for robust controller design. The major advantage of SMC, in addition to 

finite-time convergence and robustness, is that its foundation is built on the principle of the 

Lyapunov theory which guarantees asymptotic stability. Then, a synergetic control approach is 

introduced to prevent the mentioned problems in the next chapters.  

2.2 Sliding Mode Control Theory 

The variable structure control was suggested in the fifties of the last century by former 

Soviet scholars. It is innovated from Bang-Bang control and relay control. The discontinuity of 

control is the main difference that resides in between it and conventional control. Sliding mode 

control, which is a branch of variable structure control, belongs to nonlinear control, which is 

performed by switching functions, and switches the structure of the controller (control law or 

controller parameters) according to the amount of how much the system state deviates from the 

sliding surface, so that the system operates depending on the law specified by the sliding mode. 

Sliding mode control has evolved into a relatively full theoretical framework that is frequently 

used in a variety of industrial control applications. Principle reasons for sliding mode control’s 

widespread application include high control performance for nonlinear systems, adaptability 

for multiple-input and multiple-output systems, and good design criteria for discrete-time sys-

tems. The sliding mode control’s main advantage is its robustness. On the condition that the 

system operates on the sliding surface, this controller has excellent insensitivity to the model 

error of the controlled object, external disturbances, and changes in object parameters. 
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2.2.1 Main Concept of Sliding Control 

Consider the nonlinear autonomous system of the form [41] 

 
1 2

2 1 2( , )

x x

x f x x u

=

= +
 (2.1) 

where 1 2( ) [ , ]Tx t x x= is the state of the system, : nf  →  is the nonlinear part of the system 

and u is the control input. The tracking control challenge aims to find a control law that 

ensures that, given a desired trajectory ( )dx t , the tracking error 1( ) ( ) ( )de t x t x t= −  tends to 

zero. Choose a manifold ( )S e  where S  , so that if the system trajectories are on the mani-

fold, the systems’ behavior meets a prespecified control target. Assume that the control signal 

is designed to drive system trajectories from any starting state point to attain the manifold (slid-

ing surface ( ) 0S e = ) in finite time and slide on it. This approach is generally referred to as 

sliding mode control (SMC) or, in some literature, may called variable structure control.  

 

Figure 2.1 Portrait phase and sliding surface. 

The sliding surface is determined by  

 ( )S d dt e= +  (2.2) 

such that,   is chosen to be a positive constant scalar. Hence, the dynamic error ( )e t  is uni-

formly asymptotically stable once the sliding surface is reached ( 0S = ), i.e. the error e de-

creases asymptotically with time. 

The next design process is to establish a control law that is capable to bring the drive 

system (2.1) into the sliding surface and maintains it on this surface once it has been reached. 

Thus, we first calculate the time derivative of (2.2) 
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( )

( )

2

2 22

1 2 2( , )

d d

d d

d e de
S x x x x

dt dt

f x x u x x x

 



= + = − + −

= + − + −

 (2.3) 

With the aim to derive such a control, we choose the following Lyapunov function 

 21
2

( ) ( )V t S t=  (2.4) 

so that,  

 
( )( )1 2 2

( ) ( ) ( )

( , ) d d

V t S t S t

S f x x u x x x

=

= + − + −
 (2.5) 

In practice, the control rule is commonly represented as e du u u= + , where eu represents the 

equivalent control, which allows us to eliminate the known terms on the right-hand side of (2.3)

, and du  is the discontinuous component that ensures the condition 0V   for 0S   to achieve 

an asymptotic stability about the equilibrium point 0S = . 

 
( )( )1 2 2( , )

( ) , 0

e d d

d

u f x x x x x

u k sign S k



=

= − − + −

− 
 (2.6) 

Thus, the right-hand-side of (2.5) will be written as follows 

 
( )

for 0
0

SS k S sign S
S

= −



 (2.7) 

If we replace du  in (2.6) by du k S= − . Therefore, S k S= −  leads to an asymptotic convergence 

to 0S =  since ( ) (0) ktS t S e−= . To guarantee a finite time convergence to the chosen surface, 

let  

 SS S  (2.8) 

(2.8) is called -reachability condition [42]. by integrating ( ) (0)S t S t−  − , it indicates that 

the needed time to reach the surface, starting from an initial condition (0)S , is constrained by 

 
(0)

e

S
t


=  

2.3 Sliding Mode Control for a Second Order System with Disturbance 

Let us introduce a second-order system, which is represented by  
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( , , )

x y

y g x y t u

=


= +
 (2.9) 

where u is the control input, and the disturbance term ( , , )g x y t is presumed to be bounded, i.e. 

( , , ) 0g x y t H  . For the purpose of achieving an asymptotic convergence of the state varia-

bles to zero, i.e. lim , 0
t

x y
→

= , in the existence of the bounded disturbance ( , , )g x y t , we will 

want to be sure to conduct the variable S  in (2.10) to zero in finite time with the aid of the 

control u .  

 ( , ) , 0S S x y y x = = +   (2.10) 

This task can be attained by applying the Lyapunov function to the S-dynamics that are derived 

using (2.9) and (2.10). Thus  

 0( , , ) , (0)S g x y t u y S S= + + =  (2.11) 

where the candidate Lyapunov function takes the form 

 21

2
V S=  (2.12) 

In order to provide the asymptotic stability of (2.11) about the equilibrium point 0S = , the 

following condition must be satisfied: 

 0  for  S 0V    (2.13) 

Furthermore, if we want to achieve global finite-time stability, i.e. finite-time convergence, 

(2.13) can be modified to be  

 
1 2V V −  (2.14) 

where 0  . then, by separating variables and integrating the inequality in (2.14) over the time 

interval [0, ]t , we claim 

 1 2 1 21
( ) (0)

2
V t t V − +  (2.15) 

This results that the Lyapunov function (2.12) attains zero in a finite-time rt , which is defined 

by  

 

1 22 (0)
r

V
t


  (2.16) 

The time derivative of (2.12) is computed as 
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 ( ( , , ) )V SS S g x y t u y= = + +  (2.17) 

By assuming that e du u u= + , where eu y= − , and substituting it into (2.17) we obtain 

 ( ( , , ) ) ( , , )d d dV S g x y t u S g x y t S u S H S u= + = +  +  (2.18) 

selecting ( )du sign S= − , where 0  , and substituting it into (2.18) we get 

 ( )V S H S S H  − = − −  (2.19) 

Taking into account (2.12), (2.14) can be rewritten as 

 
1 2 , 0

2
V V S


  − = −   (2.20) 

Combining (2.19) and (2.20) we obtain 

 ( )
2

V S H S


 − − = −  (2.21) 

As a final point, the control gain   is quantified as 

 
2

H


 = +  (2.22) 

such that, the first element of the control gain, H , is responsible for compensating the bounded 

external noise ( , , )g x y t , while the second the second term,  
2


, is designed to determine the 

time by which the sliding surface is reached illustrated by (2.16) . the largest  , the shortest 

reaching time. 

Consequently a control law u  that conducts the sliding surface S  to zero in finite-time (2.16) 

is  

 ( )e du u u y sign S = + = − −  (2.23) 

2.4 Terminal Sliding Mode Control (TSMC) 

The classical sliding mode control is based on the possibility of making and keeping the 

sliding variables on the sliding surface by means of a discontinuous control acting on the first-

time derivative of the sliding variable. Where, at time rt  the sliding surface 0S y x= + =  is 

reached and the trajectories ,x y  remain on the sliding surface; This means that 0S S= =  for 
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all rt t . The dynamic of the variable 1x  is uniformly asymptotically stable ( 1lim( ) 0
t

x
→

= ) once 

the sliding surface is reached ( 0S = ). In order to make the state variables settle into origin in 

finite time ( ,x y ) instead of being exponentially decreasing, we shall assay the following non-

linear sliding variable 

 ( , ) sign( )S S x y y x x


= = +  (2.24) 

where 0   and 0 1  . Note that in some works, for analytical convenience,   was se-

lected as 
1 2

p p = where 1p  and 2p are positive odd integers. The sliding variable in (2.24) 

is called terminal sliding mode (TSM) [43]. 

The sliding manifold, it doesn’t perform the function of a straight line in the current cir-

cumstance due to its nonlinearity, that associates  with the sliding variable (2.24) is continuous, 

as Figure 2.2 reveals. 

 

Figure 2.2 TSM manifold. 

The sliding mode equations that correspond to the systems (2.1) and (2.24) are defined for all 

rt t as 

 ( )
sign( )

r r

x y
x t x

y x x




=
=

= −

 (2.25) 

Equation (2.25) can be written as one nonlinear differential equation: 

 sign( )x x x


= −  (2.26) 

By integration, we get 
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( )

1 1
( )

1

r

r

x t x
t t

 

 

− −
−

− = −
−

 (2.27) 

We would to set a time instant ft t= so that 1 2( ) ( ) 0f fx t x t= = . This is  

 
( )

1

1

1

r

r

x
t t



 

−

= +
−

 (2.28) 

From this result, we can infer that the state variables , 0x y →  in finite time quantified by 

f rt t−  while the system (2.1) is in the sliding surface represented by the equation (2.25). 

Whereas, the overall reaching time from the initial condition ( 0)x t =  and ( 0)y t =  to zero will 

be ft t .   

2.5 Synergetic Control (SC) 

A perfect sliding mode does not exist in reality since it would require that the control 

switches at an infinite frequency. In the presence of commuting imperfection, for instance, 

switching time delays, the discontinuity in the feedback control causes a particular dynamic 

behavior in the neighboring of the surface, which is typically referred to as chattering. Chatter-

ing leads to high heat wastes in electrical power circuits and causes significant corrosion on 

moving mechanical parts. Several solutions and procedures have been designed to eliminate or 

reduce the discontinuity in the control function by estimating the discontinuous function 

sign( )
d

u k S= − using some continuous/smooth function such as hyperbolic tangent function, 

sigmoid function, saturation function, and so on. Due to the mentioned sliding mode control 

drawback, a recent, and promising, approach to the chattering problem is synergetic control 

[44].  

Let us consider a nonlinear dynamics system, with n -dimension, that can be expressed as fol-

lows 

 
( )

( , , )
dy t

f y u t
dt

=  (2.29) 

where y  represents the system state variable vector, u  is the control input vector, and t  sym-

bolizes the time.  

The theory of synergetic control is founded on state-space theory, which is used for de-

signing and controlling complicated nonlinear systems. This control strategy initiates by stating 

a macro-variable defined in the following equation:  
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 ( )y =  (2.30) 

The control approach allows the system’s state variables to evolve on a predefined mani-

fold, macro-variable   function, achieving desired performance despite uncertainties and ex-

ternal disturbances. The synergetic control’s objective is to drive the system to perform on the 

manifold 0 = . 

The macro-variable evolves in the desired way by placing a constraint that its dynamic 

evolution can be described by the following equation 

 0 + =  (2.31) 

where  represents a controller argument that signifies the convergence rate speed of the 

closed-loop system to the given manifold toward 0 = . Such that, its value should be greater 

than zero.  

Regarding the chain rule of differentiation, the derivative of the equation (2.30) is  

 
( ) ( ) ( )

( , , )
d y dy t d y

f y u t
dy dt dy

 
 = =  (2.32) 

Then equation (2.31) will be rewritten as follows 

 
( )

( , , ) 0
d y

f y u t
dy


+ =  (2.33) 

Upon solving equation (2.33) for u , the control law is stated as  

 ( , , ( ), )u g y t y =  (2.34) 

The control output depends on both system state variables and selected macro-variable, 

as well as the time constant  . The designer can choose the controller’s attributes by picking 

an appropriate macro-variable and a time constant  . 

Traditional control theory requires linearization and simplification of the system model, 

whereas this approach, as seen in the synthesis technique above, does not require any. The sys-

tem is not supposed to leave the manifold once it has been reached. This indicates that the SC 

law ensures the manifold’s global stability but does not assure the global stability of the system 

itself. The designer must select a suitable manifold to guarantee the new constrained system has 

the required stability characteristics. By selecting an appropriate macro-variable, designers can 

achieve the following desirable system characteristics: global stability, parameter insensitivity, 

and noise suppression. 
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2.6 Adaptive Terminal Sliding Mode Control for Synchronizing Two Hyperchaotic Sys-

tems. 

Many research investigations focused on the potential applications of chaos and chaos 

synchronization in various fields of engineering and sciences. A well-designed controller will 

ensure that the trajectory of the response system follows and aligns with the trajectory of the 

drive system dynamics. In the following section, we shall demonstrate using an example and 

simulation plots to successfully achieve a global chaos synchronization of hyperchaotic systems 

using the TSMC technique. 

Suppose a chaotic system with n dimension, which its dynamics are represented as follows  

 ( )x Ax f x= +  (2.35) 

where nx  is the state of the system, : n nf  →  represents the nonlinear part of the sys-

tem and A  is the n n  matrix of the system parameters. The system (2.35) is regarded as the 

master system. 

Let the slave system be described by the dynamics 

 ( )y By g y u= + +  (2.36) 

with the controller  1 2, , ,
T

nu u u u= , such that 
nu . ny represent the state vector of the 

system, : n ng  → is the nonlinear part of the slave system, and B is the n n  matrix of the 

system parameters. 

If A B= and f g= , then the systems, (2.35) and (2.36), are said to be identical chaotic systems; 

otherwise, x and y are the state vectors of two distinct chaotic systems. 

The synchronization error vector dynamics is determined as  

 e y x= −  (2.37) 

Hence, the synchronization error dynamics derivative is defined as 

 ( ) ( )e y x By Ax g y f x u= − = − + − +  (2.38) 

The main challenge is to construct a nonlinear feedback controller u  that will stabilize 

the error dynamics (2.37) for all initial conditions 0( )e t in 
n , i.e. lim ( ) 0

t
e t

→
=  for every start-

ing conditions 0( ) ne t  . 
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The Lyapunov stability approach starts with defining a candidate Lyapunov function is taken 

as  

 ( ( )) ( ) ( )TV e t e t Pe t=  (2.39) 

Where P is a n n  positive definite matrix. 

: nV  →  is a positive definite function by definition. The design presumes that the parame-

ters of (2.35) and (2.36) systems are known beforehand that both systems’ states, master and 

slave, are measurable. 

If a controller u  is designed such that the derivative of (2.39) is negative, i.e. ( ) 0V e  , 

then based on Lyapunov stability theory, the tracking error dynamics (2.37) is said to be globally 

asymptotically stable, which leads to the condition lim ( ) 0
t

e t
→

=  to be achieved for all initial 

conditions 0( ) ne t  . As a consequence, the states of the drive system (2.35) and the response 

system (2.36) will be globally asymptotically synchronized.  

The synthesis of an adaptive terminal sliding mode control is applied to synchronize a 

hyperchaotic (slave) Zhou system that has unknown parameters with another hyperchaotic 

(master) Zhou system. 

The Master Hyperchaotic Zhou is defined by the following equation 

 

1 2 1 4

2 2 1 3

3 3 1 2

4 1 2 3

( )

0.5

x a x x x

x cx x x

x bx x x

x dx x x

= − +


= −


= − +
 = +

 (2.40) 

The response system dynamics are as follows 

 

1 2 1 4 1

2 2 1 3 2

3 3 1 2 3

4 1 2 3 4

ˆ( )

ˆ

ˆ

ˆ 0.5

y a y y y u

y cy y y u

y by y y u

y dy y y u

= − + +


= − +


= − + +
 = + +

 (2.41) 

 Where the estimated errors of the parameters are defined by 

ˆ

ˆ

ˆ

ˆ

a a a

b b b

c c c

d d d

= −


= −


= −
 = −
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Let us consider the following sliding surface 

 
0

( ) , 0
ipt

qi

i i i i iS e e d   = +   (2.42) 

Such that i i ie y x= − and 1,.., 4i = .  

To accomplish a synchronization concerning the drive and the response systems in (2.40) and 

(2.41), respectively. The control laws are designed as follows 

1

1

2

2

3

3

4

4

1 2 1 4 1 1 1 1 1 1

2 2 1 3 1 3 2 2 2 2 2 2

3 3 1 2 1 2 3 3 3 3 3 3

4 1 2 3 2 3 4 4 4 4 4 4

ˆ( ) sgn( )

ˆ sgn( )

ˆ sgn( )

ˆ 0.5 0.5 sgn( )

p

q

p

q

p

q

p

q

u a e e e e k S S

u ce y y x x e k S S

u be y y x x e k S S

u de y y x x e k S S

 

 

 

 


= − − − − − −




= − + − − − −



= − + − − −

 =− − + − − −

  (2.43) 

Theorem 2.1 

The evolution of the hyperchaotic Zhou system, which is described in the equation (2.41) 

with the arbitrary initial conditions 4(0)y  and unknown parameters, tends toward the drive 

system (2.40) in a finite-time utilizing the control laws in the equation (2.43) with , , 0i i ik n 

, where the unknown parameters are adjusted by  

 

( )1 2 1

3 3

2 2

4 1

ˆ

ˆ

ˆ

ˆ

a S x x

b S x

c S x

d S x

 = − −

 =


= −


= −

 (2.44) 

Proof. Select the following Lyapunov function candidate 

4
2 2 2 2 2

1

1 1 1 1 1

2 2 2 2 2
i

i

V S a b c d
=

= + + + +  

Taking the time derivative of the Lyapunov function yields 

 
4

1

ip

qi

i i i i

i

V S e e aa bb cc dd
=

 
= + + + + + 

 
 

  (2.45) 

By substituting the above control laws (2.43) and the parameters adaptation laws (2.44) into 

(2.45), we obtain 
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2 2 2 2

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

0

V k S S k S S k S S k S S   = − − − − − − − −


 

Since V  is negative, then the stability is proven. As a result, when 0iS = , the dynamical errors 

ie  will converge to the origin in the following finite-time 

 

1
( )

(1 )

pi
qi

i

i

i r

rp

q

e t
t t



−

= +
−

 (2.46) 

Therefore, the proof is complete. 

 

Figure 2.3 Control inputs based adaptive TSMC. 

 

Simulation results in Figure 2.3 show the control inputs for the response system using the 

adaptive TSMC, where the control signal is disabled for 10t s and is enabled for 10t s . Fig-

ure 2.4 reveals the fast convergence of the response system state space trajectories toward the 

trajectories of the drive system. The results depicted in Figure 2.5 reveals that with the perfor-

mance of the proposed method, the parameter ˆ( )a t  exhibits a slow convergence rate in attempt-

ing to reach the reference parameter, which means 35a = , in the master system. On the other 

hand, the other unknown parameters, ˆ ˆ,b c  and d̂ , in the slave system move towards the master 

system’s parameters with faster response.  
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Figure 2.4 Trajectories of synchronization errors. 

 

Figure 2.5 Parameters convergence evolution error. 

2.7 Conclusion 

Due to the fact that there is always a dissimilarity between the mathematical model of a 

system and its actual plant dynamics, in this chapter, we introduced some robust control tech-

niques that are intended to provide the desired closed-loop system performance by taking into 

consideration the system parameter uncertainties and the external disturbances. Then, we 

demonstrated the robustness of the sliding mode control technique by synchronizing two hy-

perchaotic systems with unknown parameters.  
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Chapter 3. Takagi-Sugeno Fuzzy Model Based Synergetic Control 

Theory 

3.1 Introduction 

Modeling, synchronization, and control of chaotic dynamical systems are fields of study 

that have attracted more interest recently [45]–[47]. In the current effort devoted to these sub-

jects, the approach presented here uses a methodology based on fuzzy logic extended and inte-

grated into synergetic control (SC) to enhance performances resulting from the combination of 

both techniques’ advantages.  

Fuzzy modeling [48] uses the concept of fuzzy set theory to construct multi-models of 

the process based on the original mathematical model of the system or uses the input-output 

data. The main advantage of creating sub-models is to represent the local dynamics by a linear 

system model and facilitate the design of their controller.  

In this section, we begin with intuitive and preliminaries to fuzzy logic. Next, a fuzzy 

synergetic controller is designed to synchronize two distinct hyperchaotic systems obtained 

through the Takagi-Sugeno fuzzy modeling technique. Finally, in comparison to the sliding 

mode control technique, the newly proposed controller’s performances are examined on the 

synchronization of Lorenz and Lu hyperchaotic systems. 

3.2 Preliminaries to Fuzzy Logic 

Most of the physical dynamical systems in reality exhibit nonlinearities and uncertainties 

that are difficult to precisely describe with mathematical models. In addition, in the design of 

the algorithm of controllers, it is necessary that the mathematical system model and the param-

eters of the system are well-known and achievable. Unfortunately, in many nonlinear plans, 

building a mathematical model is quite complex and sometimes only the yielded input-output 

data from operating the process is reachable for estimation.  

Fuzzy Logic was founded in 1965 by Lotfi Zadeh [20] as a broadening of the Boolean 

logic to handle situations when we cannot determine whether the state is completely true or 

completely false. The fuzzy logic offers valuable adaptability for reasoning to deal with impre-

cise or uncertain information, where the partial truth can be any real number in the region be-

tween the value 0 and 1, rather than fully true or false. 

Based on fuzzy sets and fuzzy algorithms that are introduced by Lotfi Zadeh, its approach 
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provides a general method to incorporate strategies based on an experienced operator for con-

trolling or modeling a system using linguistic variables by a set of rules to be used in different 

situations. 

3.2.1 Fuzzy Sets 

With the aim of introducing fuzzy sets, let’s start by discussing whether the elements of 

the universal set belong to or do not belong to particular sets, whereas the traditional sets are 

founded by two-valued logic. In other words, due to the factuality that two-valued logic requires 

us to assign and classify an object into one of two groups, for example, odd or even, true or 

false, 0 or 1, etc. This sort of classification type of the objects can be quite easily performed on 

processes that are accurate and well-defined. However, many terms that are used in engineering 

like slow, warm, good, far, turbulent …, are all relative and their classification could be consid-

ered differently by an individual and another individual. 

From the above discussion, it is obvious that we need to determine the degree of belong-

ing of an ill-defined object to a set. For this purpose, Lotfi Zadeh introduced and formulated 

the concept of a fuzzy set. 

3.2.1.1 Definition of Fuzzy Sets 

The main concept of fuzzy logic is the membership function, which assigns the degree of 

membership of each element y  in the universe of discourse D  to a certain set by a value in-

cluded in the range of zero and one instead of from the two-values set, which is absolute zero 

or absolute one, in classic set theory. Such an extended membership function is referred to as a 

Fuzzy set [20]. 

For a fuzzy set S  , The membership function S  is a function  

  : 0,1S D →  (3.1) 

That every item y  in D  has a membership degree ( )  0,1S y  . S  is completely expressed 

by the set of tuples. The greater the value of a particular item’s membership, y , to the fuzzy set 

S , ( )S y , the strongest link of y  to the category defined by S . 

A fuzzy set S  can be illustrated by an ordered pair 

 ( ) , ( )SS y y y D=   (3.2) 
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When D is continuous, S is commonly written as 

 ( )S
D

S y y=   (3.3) 

where the integral sign in (3.3) does not signify integration, it indicates the set of all points 

y D and their associated membership function ( )
S

y . 

When the universe of discourse D  is finite. Then, the fuzzy set is commonly represented as   

 ( )S

D

S y y=  (3.4) 

The summation sign in (3.4) does not signify arithmetic addition, it indicates the collection of 

all points y D  with the associated membership function ( )S y . 

Hence, a fuzzy set is possible to be viewed by plotting y versus ( )s y . Trapezoidal and 

triangular are commonly used forms as membership functions in fuzzy applications. Also, there 

are other membership functions such as Piecewise linear, Gaussian, monotonically increasing 

and decreasing functions. In addition, for discrete D , a table can also be used to represent a 

fuzzy set.  

 

Figure 3.1 Membership Functions.  

3.2.1.2 Fundamental Operations of Fuzzy Sets 

Lotfi Zadeh established the following definition of the classical operators.  

Union of fuzzy sets 1S and 2S , 1 2S S , is expressed by the following membership function: 

 
1 21 2

( ) ( ) ( )S SS S y y y   =   (3.5) 
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where 

 

1 1 2

1 2

2

1 2

( ) ( ) ( )
( ) ( )

( )

max ( ), ( )

S S S

S S

S

S S

y if y y
y y

y else

y y

  
 



 


 = 



=

 

Intersection of fuzzy sets 1S and 2S , 1 2S S , is by the following membership function: 

 
1 21 2

( ) ( ) ( )S SS S y y y   =   (3.6) 

where 

 

1 1 2

1 2

2

1 2

( ) ( ) ( )
( ) ( )

( )

min ( ), ( )

S S S

S S

S

S S

y if y y
y y

y else

y y

  
 



 


 = 



=

 

Complement of fuzzy set 1S , 1S , is expressed by the following membership function  

 
11

( ) 1 ( )SS
y y = −  (3.7) 

Let 1S , 2S  and 3S  be fuzzy sets on the universe of discourse D .  

1. The following properties are specific for both crisp and fuzzy sets. 

Associativity law: 

 1 2 3 1 2 3 1 2 3 1 2 3( ) ( ) , ( ) ( )S S S S S S S S S S S S  =     =    (3.8) 

Distributivity law: 

 
1 2 3 1 2 1 3

1 2 3 1 2 1 3

( ) ( ) ( ),

( ) ( ) ( )

S S S S S S S

S S S S S S S

  =   

  =   
 (3.9) 

De Morgan’s laws: 

 
1 2 1 2

1 2 1 2

S S S S

S S S S

 = 

 = 
 (3.10) 

2. Properties that are specific for crisp sets, nonetheless mostly not for fuzzy sets. 

The contradiction’s law: 

 1 1S S =  (3.11) 

Wheremeans an empty set. 
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The law of excluded middle: 

 1 1S S D =  (3.12) 

A t norm− is a function :[0,1] [0,1] [0,1]t  →  that meets the bellow conditions: 

a) Boundary condition: (0,0) 0, ( ,1) (1, )t t y t y y= = = . 

b) Commutativity: ( , ) ( , )t y z t z y= . 

c) Monotonicity: if '  and '  then ( , ) ( ', ')y y z z t y z t y z   .or  

d) Associativity: ( ( , ), ) ( , ( , ))t t y z w t y t z w= . 

In addition to the previously stated classical min operator, other t norm−  comprise: 

a) Algebraic product: : ( , )at y z yz→ . 

b) Bounded product: : ( , ) max(0, 1)bt y z y z→ + − . 

c) Drastic product: 

,  if 1

: ( , ) , if 1

0, for other cases

d

y z

t y z z y

=


→ =



 

A s norm− (or t conorm− ) is a function :[0,1] [0,1] [0,1]s  → that meets the bellow condi-

tions: 

a) Boundary condition: (1,1) 1, ( ,0) (0, )s s y s y y= = = . 

b) Commutativity: ( , ) ( , )s y z s z y= . 

c) Monotonicity: if '  and '  then s( , ) ( ', ')y y z z y z s y z   .or  

d) Associativity: ( ( , ), ) ( , ( , ))s s y z w s y s z w= . 

In addition to the previously stated classical max operator, other s norm−  comprise: 

a) Algebraic sum: : ( , )as y z y z yz→ + − . 

b) Bounded sum: : ( , ) min( ,1)bs y z y z→ + . 

c) Drastic sum: 

, if 0

: ( , ) ,if 0

1, otherwise

d

y z

s y z z y

=


→ =


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3.2.1.3 Linguistic Variables 

If a  variable is capable of accepting natural language words as values, it is referred to as 

a linguistic variable, with the words specified by fuzzy sets in the universe of discourse in which 

the variable is defined [49]. 

A linguistic variable is fully characterized by ( , , , )X T D M , on which X  is the name of 

the variable, T  is the set of linguistic terms of X  that refer to a base variable whose values 

range over the actual physical domain D , whereas M is a semantic rule that relates each lin-

guistic value in T with a fuzzy set in D . 

A hedge is a word that acts on a term and modifies its meaning. In other words, we use 

more than one word to describe the linguistic variable. For example, in ‘very young’, here the 

term “young” is the main term, and “very” is a hedge. A hedge operates on a membership func-

tion, and the result is a membership function.  

Some hedges examples: very, more or less, slightly, etc.    

 

Figure 3.2 The membership functions for different hedges of the primary linguistic variable "old". 

3.2.2 Fuzzifier  

Producing a map from a crisp (real-valued) point 
ny D   into a fuzzy set S  in the 

universe of discourse D  is referred to as a fuzzifier. There are many proposed choices of fuzz-

ifiers in literature like Singleton fuzzifier, Gaussian fuzzifier, Triangular, etc. Figure 3.1 reveals 

some forms of the fuzzifiers maps. 
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3.2.3 If-Then Rules 

A fuzzy model or controller contains the set of rules and the If-Then conditions provided 

by the knowledge and experience of the experts to govern the decision-making system and link 

the linguistic statements (the input variables to the output variable or variables).  

A fuzzy IF-THEN rule is a conditional statement expressed as 

 premise (Antecedent) , conclusion (Consequent)IF THEN     (3.13) 

There are two types of fuzzy propositions in the “premise” part 

1. Atomic fuzzy propositions are single statements. 

2. Compound fuzzy propositions combine atomic fuzzy propositions with the connectives 

“or”, “and”, and “not” to describe the fuzzy union, fuzzy intersection, and fuzzy com-

plement, respectively.  

Rule-based fuzzy systems can be distinguished according to the types of fuzzy IF-THEN rules. 

Two major canonical structures are available, namely Takagi-Sugeno (T-S) and Mamdani fuzzy 

systems [49]. 

3.2.4 Mamdani Fuzzy Systems: 

For each of the two fuzzy modeling and fuzzy control, a general Mamdani fuzzy rule 

is most likely defined as  

 ( ) 1

1 1Rule : IF and ... and  ,THEN o . 1,2,3,...l l l l

n ny is S y is S is H l =  (3.14) 

Where  and l l

iS H are fuzzy sets, 1( ,..., )T

ny y y D=  and o V  represents the inputs and out-

puts, respectively. This sort of fuzzy IF-THEN rules hands over a comfortable framework and 

helpful system to join human experts’ knowledge and experience. 

3.2.5 Fuzzy Inference of Mamdani Fuzzy System 

Fuzzy inference is required to compute the result for output variables at each rule conse-

quence when a particular state or data is appointed to input variables in the rule antecedent. 

Max-min inference and Max-product inference are methods that are used for defuzzification 

and transform the fuzzy results of the inference into a crisp output [50]. They are the major 

typically used fuzzy inference engine in fuzzy control and fuzzy systems due to their computa-

tional simplicity. 



Chapter 3: Takagi-Sugeno Fuzzy Model Based Synergetic Control Theory 

 

-55- 

3.2.5.1 Max-min Inference 

Let us consider a simple 2 rule system where each has 2 antecedents and one consequence 

as follows: 

 
(1) 1 1 1 1

1 1 2 2

(2) 2 2 2 2

1 1 2 2

Rule : IF and  ,THEN o

Rule : IF and  ,THEN o

y is S y is S is H

y is S y is S is H
 (3.15) 

From the equation (3.15) we get: 

 
 

 

1 1 1 1 1
1 2 1 2

2 2 2 2 2
1 2 1 2

*

1 2 1 2

*

1 2 1 2

( ) ( ) ( ) min ( ), ( )

( ) ( ) ( ) min ( ), ( )

H S S S S

H S S S S

y y y y y

y y y y y

    

    

=  =

=  =
 (3.16) 

Where *( )lH
y  is the overall inferred truth value of the i-th rule. 

 

Figure 3.3 Graphical representation of Max-min inference method. 

Then, the output of each rule is as follow: 

 
1 1 1

2 2 2

1 * 1

'

2 * 2

'

( ) min( ( ), ( ))

( ) min( ( ), ( ))

H H H

H H H

o y o

o y o

  

  

=

=
 (3.17) 

The union of these two membership functions resulting from 
(1)

Rule  and 
(2)

Rule  are used to 

produce the aggregated output that is depicted in Figure 3.3. 

  1 2 1 2

1 2 1 2

' ' ' '
( ) ( ) ( ) max ( ), ( )H H H H H
o o o o o    =  =  (3.18) 
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3.2.5.2 Max-product Inference 

Figure 3.4 reveals the aggregated output using the Max-product inference method, which uti-

lizes the standard product of the input membership functions. 

  

Figure 3.4 Graphical representation of Max-product inference method. 

 
1 1 1

2 2 2

1 * 1

'

2 * 2

'

( ) ( ) ( )

( ) ( ) ( )

H H H

H H H

o y o

o y o

  

  

=

=
 (3.19) 

Where: 

 
1 1 1

1 2

2 2 2
1 2

*

1 2

*

1 2

( ) ( ) ( )

( ) ( ) ( )

H S S

H S S

y y y

y y y

  

  

=

=
 (3.20) 

Then, the aggregated output is: 

  1 2 1 2

1 2 1 2

' ' ' '
( ) ( ) ( ) max ( ), ( )H H H H H
o o o o o    =  =  (3.21) 

3.2.5.3 Defuzzification of Mamdani Fuzzy System  

Defuzzification is a necessary step to produce a crisp output for our fuzzy logic system 

from the fuzzy set that is the inferenced output. It is a mapping from fuzzy sets (one or more) 

into corresponding real value numbers in the universe of discourse.  

Many different defuzzifiers have been proposed. The most commonly used methods for defuzz-

ification are: 
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Figure 3.5 Defuzzication methods: (a) Maximum defuzzifier, (b) Mean of maxima defuzzifier, and (c) 

Centroid defuzzifier. 

(a). Maximum defuzzifier  

This defuzzifier selects the o  as the point in the discourse V at which the membership of 

this point ( ( )H o ) achieves its maximum value.  

Where the set of all points in V at which ( )H o achieves its maximum value is defined as  

  ( ) ( ) sup ( )H o V Hhgt H o V o o =  =  (3.22) 

If ( )hgt H  consists of a single point, then o is uniquely defined, otherwise, we may use any 

point in ( )hgt H , or use the smallest of maxima or the largest of maxima. 

(b). Mean of maxima defuzzifier 

The defuzzifier inspects the fuzzy set H and first identifies the values of o  for which it 

is a maximum, then calculates the mean of these values as its output. 

(c). Centroid defuzzifier 

This defuziifier is the most commonly used method, due to its output result being sensi-

tive to all the rules executed. It calculates the o
, which is the center of the area covered by the 

membership function of H . Such that  

 
( )

( )

H
V

H
V

o odo
o

o do





 =



 (3.23) 

Where 
V is the conventional integral. 
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3.2.6 Takagi-Sugeno Fuzzy System 

A Takagu-Sugeno fuzzy rule is characterized as 

 ( )

1 1 1 2 0 1 1Rule : IF and ... and  ,THEN ( , ,..., ) ... .l l l l l l l l

n n n n ny is S y is S o f y y y c c y c y= = + + +

 (3.24) 

Where l

iS represent fuzzy sets, lo  expresses the system output and l

ic are real-valued parameters. 

Where the IF part (premise) is fuzzy sets. But rather than using fuzzy sets in the consequence 

part, the THEN part in TS is crisp, in other words the output comprises a linear input variables’ 

combination. 

The corresponding output value of TS fuzzy system is given by 

 1

1

l
i i

i

l
i

i

w o

o

w

 =

=

=



 (3.25) 

Such that, the weight 
iw  represents the premise’s overall truth value of the thi rule. 

3.2.7 Takagi-Sugeno Fuzzy Models of Nonlinear Systems 

The foremost attribute of a Takagi-Sugeno fuzzy model is that at each fuzzy rule it states 

a system and represents its local dynamics using a linear state space system model. By combin-

ing of these local linear system models, an aggregated fuzzy model of the system is obtained 

by employing some suitable membership functions.  

The form of continuous time nonlinear systems is described as follows 

 ( ) ( ( )) ( ( )) ( )y t f y t g y t u t= +  (3.26) 

Where ( ) ny t   represents the state vector, ( ( )) nf y t  and ( ( )) n mg y t  are nonlinear vec-

tor functions, and ( ) mu t   expresses the control input vector,. 

The goal is to derive TS model from the above given nonlinear system equation. To de-

termine its corresponding local model, the thi rule of the continuous Takagi-Sugeno fuzzy 

model is formulated in the following form: 

 
( )

1 1Ru : IF ( )  is and ... and ( )  is  

THEN ( ) ( ) ( ) , 1,2,...,

i i i

n n

i i

y t y t

y t A y t B u t i q

 

= + =
 (3.27) 



Chapter 3: Takagi-Sugeno Fuzzy Model Based Synergetic Control Theory 

 

-59- 

where q represents the number of rules of this Takagi-Sugeno model, i

j  is a fuzzy set, 

1 2( ) , ( ) [ ( ) ( ) ... ( )]n T

ny t y t y t y t y t =  is the system state, n n

iA   and n m

iB   are system 

matrix and input matrix, respectively, 1 2( ) , ( ) [ ( ) ( ) ... ( )]m T

mu t u t u t u t u t = represents the con-

trol input vector.  

Then, the defuzzified output of the Takagi-Sugeno fuzzy system described in equation (3.27) is 

represented as follows: 

 
1

( ) ( ( ))( ( ) ( ))
q

i i i

i

y t y t A y t B u t
=

= +  (3.28) 

Where: 

 

1

( ( ))
( ( ))

( ( ))

i
i q

ii

w y t
y t

w y t


=

=


 (3.29) 

Such that, the weight iw  represents the premise’s overall truth value of the thi rule. It is de-

scribed by 

 
1

( ( )) ( ( ))
n

i

i j j

j

w y t y t
=

=   (3.30) 

In which ( ( ))i

j jx t  is the grade of membership of ( )ix t in i

j . 

Due to some basic properties of ( ( ))iw y t , which are: 

 
1

( ( )) 0 and ( ( )) 0, 1,2,...,
q

i i

i

w y t w y t i q
=

  =  (3.31) 

It is obvious that  

 
1

( ( )) 0,and ( ( )) 1, 1,2,...,
q

i i

i

y t y t i q 
=

 = =  (3.32) 

Using the same manner for the discrete time nonlinear system, which is in the form 

 ( 1) ( ( )) ( ( )) ( )y k f y k g y k u k+ = +  (3.33) 

Where k and 1k +  signify the pointers of the time steps. 

Then, Takagi-Sugeno fuzzy model for the discrete time case is formulated as follows: 

 
( )

1 1Rule : IF ( ) is and ... and ( )  is  

THEN ( 1) ( ) ( ) , 1,2,...,

i i i

n n

i i

y k y k

y k C y k D u k i q

 

+ = + =
 (3.34) 
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3.3 Synchronization of Hyperchaos Systems Using Takagi-Sugeno Fuzzy-Model Based 

Synergetic Control Theory 

The Takagi-Sugeno fuzzy system is extremely used as a tool for modeling and controlling 

highly complex nonlinear system [51]. A Takagi-Sugeno fuzzy model has been widely utilized 

for mathematical simplicity in analysis. This fuzzy model combines linear models represented 

by local dynamics across state space regions.  Since the Takagi-Sugeno fuzzy model can give a 

representation of a hyperchaotic system with a small number of implications of rules, we have 

applied fuzzy control to synchronizing two different hyperchaotic systems [14]. The main idea 

is to utilize the well-known Takagi-Sugeno fuzzy model to express a typical hyperchaotic sys-

tem and then construct a synergetic controller for the fuzzy model.  

3.3.1 Takagi-Sugeno Fuzzy Modeling of Hyperchaotic Systems 

In our work, we proposed a fuzzy rule-based T-S model that describes the Hyperchaotic 

Lu system represented in chapter 1 (section 1.7.3) by assuming that  1 ( )y t  − , then, the 

dynamic fuzzy model can be presented as follows 

 
1 1 1

1 2 2

Rule1: if (t) is , Then ( ) ( )

Rule2: if (t) is , Then ( ) ( )

y y t A y t

y y t A y t





=

=
 (3.35) 

where ( ) ( )iy t A y t=  represents the output from the i-th  if-then rules. While 1  and 2  are the 

fuzzy sets and. Therefore, the inferred output of the fuzzy system can be inferred as follows 

 
2

1

( ) ( ) ( )i i i

i

y t y A y t
=

=  (3.36) 

 

Figure 3.6 Hyperchaotic attractor of fuzzy system (3.36) for 36 , 3, 20a b c= = =  and 0.345d = − . 
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such that 

1

1
1

0 1

0 0
,

0 0

0 0

( )
0.5

2

a a

c
A

b

d

y t








−

−
=

 
 
  = +
 
 
 

 

and 

2

1
2

0 1

0 0
,

0 0

0 0

( )
0.5

2

a a

c
A

b

d

y t








−

=
−

−

 
 
  = −
 
 
 

 

The system response depicted in Figure 3.6 is identical to the results discussed and ob-

tained in [8], [52]. Hence, for any region of interest, the fuzzy system (3.35)  can model exactly 

the hyperchaotic Lu system (1.33). Through this fuzzy model, the final form of the fuzzy model 

turns out to be very simple and is attained by fuzzy blending of the two linear subsystem models. 

In this section, we illustrated that the selected model represents the real model, and we showed 

the effectiveness and advantages of the Takagi-Sugeno fuzzy model. 

 

Figure 3.7 Phase portraits of the fuzzy system (3.35); (a) the 
1 2

y y− space; and projected on (b) the 

2 3
y y−  plane; (c) the 

1 4
y y−  plane. 
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3.3.2 Synergetic Synchronization of Hyperchaotic Systems Modeled by Takagi-Sugeno 

Fuzzy Technique 

In the following, we will focus our attention on the control of a linear controllable system of 

the form 

 ( ) ( ) ( )x t A x t Bu t= +  (3.37) 

where 1nx  is system state n nA  and n nB  are constant matrices, while the synergetic 

control to be designed is 1nu  . As we mentioned in the section 2.5, the synergetic control 

synthesis begins by choosing a macro-variable   , which is a function of the system variable, 

that needs to be zero. Let it be chosen as 

 ( ) ( )dx M x x = −  (3.38) 

where 1

1 2[ , , , ]T n

d d d ndx x x x =  is the desired or the reference output signal. M represents 

a constant matrix to be defined.  

To assure the stability and convergence of the state trajectories toward their prerequisite 

intended manifolds and remain on them in the future, we shall define the evolution dynamic of 

the macro-variable as follows 

 0 0  + =   (3.39) 

Using equations (3.38) to solve the system (3.37) with the evolution condition (3.39), then we 

can have 

 ( )( ) ( ) dM Ax t Bu t M x+ = − +  (3.40) 

Therefore, the synergetic control input formula is denoted as 

 ( )  
1

( ) ( ) du t M B M Ax t M x
−

= − + −  (3.41) 

According to the fuzzy system (3.35), let the drive system, Lorenz hyperchaotic system [53], 

can be expressed exactly by the following inferred Takagi-Sugeno fuzzy output 

 
2

1

( ) ' ( ) ' ( )i i i

i

x t x A x t
=

=  (3.42) 

The following fuzzy rule structure is utilized to design and develop the law of the synergetic 

control input signal which synchronizes the mentioned hyperchaotic systems 
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( )  

( )

1 1 1 1

1

1 1 1 1 1 1 1

1 2 1 2

1

2 2 2 2 2 2 2

Rule1: if (t) is  and  x (t) is ' , 

Then ( ) ( ) ( ) and ( ) ( ) ' ( )

Rule2: if (t) is  and  x (t) is ' , 

Then ( ) ( ) ( ) and ( ) ( ) '

y

y t A y t Bu t u t M B M A y t MA x t

y

y t A y t Bu t u t MB M A y t MA

 

 

 

 

−

−

= + = − + −

= + = − + − ( )x t

 (3.43) 

Therefore, the overall fuzzy model and the general controller are conceivably presented by 

 
2 2

1 1

( ) ( ) ( ) ( ) ( )i i i i i i

i i

y t y A y t y B u t 
= =

= +   (3.44) 

 
2 2

1 1

( ) ( ) ( ) ( ) ' ( )i i i i i i

i i

u t y u t M x A x t 
= =

= −   (3.45) 

where  

 ( )  
1

( ) ( ) )i i i iu t M B M A y t  
−

= − +  (3.46) 

The following theorems for synchronization and stabilization of the hyperchaotic systems are 

verified based on the Lyapunov stability analysis. 

Theorem 3.1  

Take into consideration the hyperchaotic synchronization problem, between the hyper-

chaotic Lu system (1.33) and the hyperchaotic Lorenz system [53], the driven and the drive 

systems are asymptotically synchronized if the fuzzy SC law (3.46) is used and 

i jM B M B M B= = for i j . 

Proof 

To check the stability of the SC, we consider 0.5 TZ  =  as the Lyapunov function can-

didate. The derivation of this function must be calculated, therefore 

 ( )T TZ M y x  = = −  (3.47) 

Substituting (3.44) into (3.47) yields 

 

2 2

1 1

1 1

2

1

1

( ) ( ) ( ) ( )

2 ( ) ( ) 0

T

i i i i

i i

i i

i

Z M y A y t M B y u t

y Z t

  

 

= =

=

 
= + 

 

 − 

 



 (3.48) 

Since 
1( ) 0, ( ) 0i iM B y−   and 0i  , hence (3.48) implies that the driven system’s states, 

ix , and the slave system’s states, iy , are synchronized asymptotically.  
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3.3.3 Analysis of Robustness 

When the above theorem conditions i jM B M B M B= = for i j  are not easily applica-

ble, the imposed fuzzy synergetic control’s robustness approach is improved. 

Theorem 3.2 

If we take into consideration the hyperchaotic synchronization problem, between the hy-

perchaotic Lu system (1.33) and the hyperchaotic Lorenz system [53], the driven and the drive 

systems are asymptotically synchronized if the fuzzy synergetic control action (3.46) is used 

and i jM B M B M B= = for i j . 

 ( )  

  

1

1

( ) ( )

( ) )

:max , ,

k

i

k k k

r

u t u t

M B M A y t M x

k i

 

 

−

=

= − + −

=

 (3.49) 

such that, ( )ku t  represents control law that dominates in the fuzzy rules (3.43) and the control 

k  satisfies 

 k i   (3.50) 

such that 

 

( )( )

1

1 1

min

( )
0

( ) ( )

i i k k

i T

i k i k

MA MB MB MA

M Q MB MB MB MB


−

− −

−
= 

+
 (3.51) 

Hence, the considered hyperchaotic systems are asymptotically synchronized. 

Proof 

Let us choose 0.5 TZ  =  as a Lyapunov function candidate. Therefore, its time derivative is 

 
TZ  =  (3.52) 

hence  

  ( )

( )( )

2 2 2

1 1 1

1 1 1

2 2
1

1 1

1 1

2
1 1

1

1

( ) ( ) ( ) ( ) ' ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

T

i i i i i i

i i i

T

i i i i k k k

i i

T

i i i k k i k k

i

Z M y A y t y u t x A x t

M y A y t y MB MB MA y t

y MA MB MB MA y t MB MB

   

    

   

= = =

−

= =

− −

=

 
= + − 

 

 
= − + 

 

= − −

  

 



 (3.53) 
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Let min 0Q   be the smallest eigenvalue of the matrix ( )( )1 1( ) ( )
T

i k i kMB MB MB MB− −+ . Hence, 

the minimization of (3.52) can be determined as 

 

( )(
)

2
1

1 min

1

1 1

( ) ( ) ( )

( ) ( )

0

T

i i k

i

i k k i i k k

Z y y t Q MB MB

MB MB M MA MB MB MA



 

−

=

− −

 −

+ − −





 (3.54) 

where the gain condition (3.50) has been implemented. Since (3.54) implies 0Z  , it can be 

inferred that the global stability and the asymptotical synchronization are guaranteed. 

3.3.4 Simulation Results 

Intending to validate the effectiveness and benefits of the suggested strategy, we provide 

an application example proceeded from the hyperchaotic Lorenz system. Figure 3.8 depicted a 

simplified schematic of the proposed synchronization approach, as well as the interconnections 

of the used techniques. 

The following form represents the hyperchaotic Lorenz system [53] 

 

1 2 1

2 1 2 1 3 4

3 1 1 2

4 1 1 2 2

'( )

'

'

x a x x

x b x x x x x

x c x x x

x k x k x

= −


= − − +


= +
 = +

 (3.55) 

where 1 2 3, ,x x x and 4x symbolize the state variables. The system (3.55) exhibits hyperchaotic 

behavior for the following parameter values 1 29.3, 1, ' 10, ' 28k k a b= − = = =  and ' 8 / 3c = .  

The Takagi-Sugeno fuzzy model for the hyperchaotic Lorenz system (3.55) is presented in [54]. 

where  

1 2

1 2 1 2

' ' 0 0 ' ' 0 0

' 1 1 ' 1 1
' , '

' 0 0 ' 0 0

0 0 0 0

a a a a

b b
A A

c c

k k k k

 

 

− −

− − −
= =

− − −

   
   
   
   
   
   

, 1
1

( )1
' 1

2

x t




 
= + 

 
and 1

2

( )1
' 1

2

x t




 
= − 

 
. 

To achieve effective synchronization between the above hyperchaotic systems using the 

fuzzy synergetic technique, the control gain is set to be 9k = . Also min 0Q  is satisfied for all 

i and k . Also, in order to verify the simulation results of the proposed synchronization 



Chapter 3: Takagi-Sugeno Fuzzy Model Based Synergetic Control Theory 

 

-66- 

approach, we have tested this scheme with the results of the SMC technique [13]. Such that, the 

control input signal is disabled for 6t s  and is enabled otherwise.  

 

Figure 3.8 The fuzzy synergetic controller scheme. 

 

Figure 3.9 Synchronization results for the first proposition. 
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To begin, the Lu system is proposed to act as the master system. Let 

(0) (0) [ 1 1 0.1 0.1]y x= = − −  be the initial conditions for the master and the response sys-

tems. 

The variable states of the synchronized dynamics, between the hyperchaotic Lu ( iy , mas-

ter) and Lorenz ( ix , driven) systems, are clearly achieved through chaos synchronization. The 

zoomed time frames in Figure 3.9 show the fuzzy synergetic control technique converges drive 

states faster and more accurately than the other method.  

For the second proposition, the hyperchaotic Lorenz system is viewed as a master system. 

The initial conditions are chosen as (0) (0) [5,8, 1, 2]x y= = − − for both systems, the drive and 

the response systems. 

 

Figure 3.10 Synchronization results for the first proposition. 

 

Numerical simulation results are shown in Figure 3.10, which illustrates that the sug-

gested technique is effective in synchronizing the two systems contrasted with the results of the 

sliding mode control method. From all the simulations, we achieved very satisfactory results 

and they show that this control procedure works well. 
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3.4 Conclusion 

In conclusion, a fuzzy logic system is a methodology based on an experienced operator 

for managing or modeling a system utilizing fuzzy terms that fetch up from our natural language 

through a set of rules that may be applied in a variety of contexts.  

In this part of the work, we discussed that the hyperchaotic systems can be exactly mod-

eled using the Takagi-Sugeno fuzzy modeling technique. Also, we have presented a robust con-

troller for hyperchaotic systems’ synchronization with the aid of a synergetic control approach 

cooperated with Takagi-Sugeno fuzzy properties. The stability analysis has been carried out 

using Lyapunov stability theory. Finally, the simulation results using MATLAB have been il-

lustrated to demonstrate the effectiveness of the FSC method.  

 

Figure 3.11 Block diagram of fuzzy system. 
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Chapter 4. Synchronization of Chaotic Oscillator Systems Based 

on Adaptive Synergetic Control Theory 

4.1 Introduction 

A non-autonomous dynamical system has more complex dynamical behavior compared 

to an autonomous system due to its vector fields change over time [55]. The dynamics of non-

autonomous systems is an interesting and significant subject for research. Numerous studies 

have been conducted to investigate, for example, a non-autonomous chaotic system with no 

equilibrium [56], a novel non-autonomous chaotic system with an infinite 2-D lattice of attrac-

tors and bursting oscillations [57], a simple nonautonomous hidden chaotic system with a 

switchable stable node-focus [58].  

With the aim of tracking a desired path under uncertain parameters and external disturb-

ances, the control of uncertain chaotic systems has attracted increasing attention from research 

communities and has been extensively studied [18], [59]. furthermore, different methods for 

uncertain chaotic systems synchronization have been presented, including adaptive control 

methods, back-stepping control methods, sliding mode methods, and many others [60]–[63]. 

The sensitivity to initial conditions is the main problem with chaotic systems. Therefore, 

for practical plans, the systems suffer from external disturbances and parameter uncertainties. 

On the other hand, the system states attain the desirable references in undesired infinite time. 

To handle this important issue, our hamble work, synchronization of chaotic oscillator systems 

based on adaptive synergetic control theory [15], deals effectively with the influence produced 

by the system uncertainties and external noise even when their upper bounds are unknown. This 

work is inspired by the terminal sliding mode techniques and by finite-time stability theory 

[64], [65]. 

This section presents an adaptive finite-time synergetic controller for chaotic synchroni-

zation between two distinct chaotic systems, Van der Pol and Duffing oscillators. The controller 

is fed with synchronization error signals and has an adaptive controller gain.  The suggested 

adaptive controller can ensure synchronization and anti-synchronization processes even in the 

presence of system parameters uncertainties and external disturbances. The Lyapunov stability 

theorem is used to establish the necessary criteria for stable synchronization. Furthermore, nu-

merical simulations are performed to evaluate the efficiency of the provided approach. 
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4.2 System Descriptions and Objective of The Study 

It is well-known that mathematically simple nonlinear systems of ordinary differential 

equations can result in chaos. A variety of dynamical systems are modeled as self-excited forced 

oscillators [66], [67]. Duffing oscillators and Van der Pol are the most widely studied systems; 

They represent a range of nonlinear dynamical behaviors such as chaos, elementary bifurca-

tions, and quasi-periodic oscillations. These oscillators exposed to harmonic parametric stimu-

lation are defined by the nonautonomous second-order differential equations (4.1) and (4.2), 

respectively.  

 
2 ( )

(1 ) ( )
dV y

y y y f t
dy

+ − + =  (4.1) 

 
( )

( )
dV y

y y f t
dy

+ + =  (4.2) 

where, y  is the state variable,   and   are damping parameters, and 0( ) cos( )f t f wt= is the 

external excitation with amplitude 0f  and angular frequency w . ( )V y represents the potential. 

It is approximated by a finite Taylor series. Three distinct potentials ( )V y  were introduced in 

[68], [69] are 

 2

2

1
( )

2
V y y=  (4.3) 

 2 4

4

1 1
( )

2 4
V y y by= +  (4.4) 

 2 4 6

6

1 1 1
( )

2 4 6
V y y by cy= + +  (4.5) 

where,  , b  and c  are the potentials’ positive constant parameters.  

When  is strictly positive, the potential 2 ( )V y in (4.3) is a single well. The potential 

4 ( )V y in (4.4) has three conditions, that are, single well when both   and b are strictly positive, 

double well for 0, 0b   , and double-hump when 0, 0b   . The potential 6 ( )V y in equa-

tion (4.5) is double well when  , b  and c  are strictly negative, double-hump when 

0, 0, 0b c    , triple well for 0, 0, 0b c    , and triple-hump for 0, 0, 0b c   

[70]. 
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By substituting the potential 6 ( )V y  in (4.5) into (4.1) and (4.2), the mathematical models 

of the described oscillators are represented by the general forms of nonautonomous differential 

equations as 

 2 3 5(1 ) ( )y y y ay by cy f t+ − + + + =  (4.6) 

 3 5 ( )y y ay by cy f t+ + + + =  (4.7) 

respectively. 

This study aims to develop an adaptive controller for synchronizing and anti-synchroniz-

ing chaotic oscillators, taking into consideration external disturbances and system uncertainties.  

Let us define the Van der Pol equation as the drive system 

 
1 2

2 3 5

2 1 2 1 1 1(1 ) ( )

y y

y y y ay by cy f t

=


= − − − − +
 (4.8) 

Consider the following Duffing oscillator as the response system 

 
1 2

3 5

2 2 1 1 1 1 2' ' '( ) ( ) ( , ) ( )

x x

x x ax b x c x f t d t x x u t

=


= − − − − + + + +
 (4.9) 

where , 2[ , ]y y y= and 1 2[ , ]x x x= are the state variables of the drive and response systems, re-

spectively. 1 2( )x x  represents the parameter uncertainties. ( )d t denotes the external disturb-

ance. ( )u t is the control input signal to be designed. 

The system uncertainty and the external noise are assumed to be bounded and satisfy the fol-

lowing condition 

 1 20 ( ) ( , )d t x x D +    (4.10) 

where D  represents a positive constant that has not been predetermined for the design of the 

proposed adaptive controller. 

let the synchronization error states between the master (4.8) and the slave system (4.9) be  

 ( ) ( ) ( )i i ie t x t y t= −  (4.11) 

 is a scaling factor that determines the relationship between the two systems, taking the value 

of 1  for synchronization and 1−  for anti-synchronization.  
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Combining (4.8) and (4.9), the synchronization tracking error dynamic system can be expressed 

as 

 
1 2

2 2 1 1 2

( ) ( )

( ) ( ) ( ) ( , ) ( , ) ( ) ( )

e t e t

e t e t ae t g x y x x d t u t

=


= − + + + +
 (4.12) 

such that,   = −  and the function ( , )g x y  is a continuous nonlinear function that can be 

found mathematically. 

In this application, it is assumed to be unknown and has an upper bound, as given in the fol-

lowing condition 

 ( , )g x y F  (4.13) 

System uncertainties, external disturbances, and nonlinear terms, which may not be suitable for 

practical applications, have to be compensated by the designed controller. 

4.3 Synchronization Controller Design 

A Terminal Adaptive Synergetic Controller (TASC) is suggested in this part to overcome 

both synchronization and the previously mentioned drawbacks. The proposed method involves 

selecting a suitable macro-variable   that fulfills the required dynamic evolution and con-

structs a robust controller to drive any state trajectories to converge to the manifold 0 =  and 

then move along it toward the origin. Now, the terminal synergetic macro-variable has been 

formed as a nonlinear function of the tracking error and can be represented as follows 

 1 2

1
( ) ( ) ( )t e t e t 


= +  (4.14) 

where 1

2

1 2
p

p
 =   and 1 2,p p  are positive odd integers. 

With the aim to guarantee the stability and to ensure the convergence of the state trajec-

tories to their corresponding target manifolds and stick on it for afterward time, the macro-

variable, shown in equation (4.14), evolves with a desired dynamic evolution chosen as 

 ( ) ( ) 0 , 0t t  + =   (4.15) 

where  express the rate of convergence of the macro-variable to manifold ( ) 0t = . When the 

system achieves the terminal attractor 0 = , the equation (4.14) can be expressed as 
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  
1

1 1( ) ( )e t e t = −  (4.16) 

Therefore, we can get 

 

1

1 11

1
( )dt e t de



−

= −  (4.17) 

Integrating both sides of (4.17) over the closed interval from 1( ) 0se t  to 1( ) 0fe t = , it yields 

the following equation 

 

1
1

1( )
( 1)

f st e t


 



− −

=
−

 (4.18) 

where ft is finite, indicating convergence within a finite time frame, as opposed to the asymp-

totic infinite-time convergence to the attractor 0 = . 

With the goal of establishing synchronization and anti-synchronization among chaotic 

oscillators (4.8) and (4.9), this TASC approach is inspired by sliding mode techniques, which 

will be used to develop the suggested adaptive terminal synergetic control rule given in the 

following theorem.  

Theorem 4.1 

Consider the synchronization problem of the chaotic oscillators (4.8) and (4.9). If the 

control action ( )u t is designed using the terminal synergetic manifold function (4.14). the con-

trol input is described by the following specified equation 

 
2

1 2 2
ˆ( ) ( ) ( ) ( ) ( ) ( )u t ae t e t e t t t  −= − − − −  (4.19) 

and the control gain ˆ( )t is adjusted according to the adaptive law defined as follows 

 
1 2

2
ˆ( ) ( ) ( )t r e t t


 

−
=  (4.20) 

where 



 = . r  is designed finite positive constant. Then, the synchronized error states will 

converge to zero in a finite-time. 

Proof 

Let us select the following Lyapunov function candidate 
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 ( )
2

2 01 1
ˆ ˆ( ) ( ) ( )

2 2
V t t t

r
  = + −


 (4.21) 

where 0̂  is the optimal parameter value that satisfies the following condition 

 0ˆ F D  +  (4.22) 

Taking the first-time derivative of the equation (4.21) and substituting (4.20) into it, while con-

sidering (4.10) and (4.13), gives 

 

0

2 0 2 2

2 2 2

1 1 1

1
ˆ ˆ ˆ( ) ( ) ( ( ) ) ( )

1 1 1
ˆ ˆ ˆ( ) ( ) ( ( )) ( ) ( ) ( ) ( )

V t t t t
r

t e t F D t t e t t e t  

    

    − − −

= + −


 + − − +
  

 (4.23) 

Here, if considering that 2 ( ) 0e t   in this case, and according to  , there exists 
2

1
( ) 0e t

 −
 , 

then the Lyapunov condition is satisfied as follows 

 2 0

2

11
ˆ( ) ( ) ( ) 0eV t t F D −


  − +    (4.24) 

Now consider the opposite of the above case, i.e. 2 ( ) 0e t = , and taking the time derivative 

of 2( )t e =  with a constant controller gain in the equation (4.19), i.e. 0ˆ ˆ( )t = , one can obtain 

 0

2 1 2
ˆ( ) ( ) ( , ) ( , ) ( ) ( )t e t g x y x x d t t  = = − +  + −  (4.25) 

In this case, choosing the Lyapunov function candidate as 2

1

1
( )

2
tV = , and taking its derivative 

yields 

 
2 0

1
ˆ( ) ( ) ( ) 0V t t t F D    =  + −    (4.26) 

Fulfilling requirements (4.24) and (4.26) ensures Lyapunov stability analysis and syn-

chronized error states converge to zero in a finite time. 

4.4 Numerical simulation 

The main simulation results of the proposed TASC controller are presented in this section. 

First, for the parameter values 0.4 = , 1a = , 0.7b = − , 0.1c =  and ( ) 9cos( )f t t= , we plot 

the Van der Pol phase space and show that it exhibits chaotic dynamics, as depicted in Figure 

4.1. Similarly, the Duffing oscillator demonstrates chaotic dynamics in the phase space, as 
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depicted by the chaotic attractor in Figure 4.2, For the parameter values 0.01 = , 1a = , 

' 0.495b = − , ' 0.05c =  and 
6

'( ) 0.78 cos ( )f t t


= .  

 

Figure 4.1 Van der pol oscillator. 

 

Figure 4.2 Duffing oscillator. 

Next, to examine convergence time and rapid response, the proposed control algorithm's 

trajectory performance responses are compared to those of an adaptive synergetic controller 

(ASC) design in both synchronization and anti-synchronization cases. 

The ASC design is performed using the same steps as in constructing the TASC control-

ler and with the same controller parameters, except for the parameters 1p  and 2p , which are 

equal. In all numerical simulations, the initial value of the adaptive parameter in equation 

(4.20) is chosen as ˆ(0) 0 = . 
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The external disturbance and system uncertainty are assumed to be ( ) sin( )d t t= and 

1 2 1 2( , ) sin( )sin( )x x x x = , respectively. The TASC controller parameter values are set to be as 

5

3
, 0.9 = =  and 1/10r = . 

Case 1: In this case, a synchronization test is carried out. Two distinct sets of initial con-

ditions are chosen as (0) [0,0]y =  for the master system (4.8) and (0) [1, 0]x =  for the slave 

system (4.9). The control action switched on at 15t s= .  

 

Figure 4.3 Dynamic evolution of variable states 
1
( )x t and 

1
( )y t  for Case 1. 

 

Figure 4.4 Dynamic evolution of variable states 
2
( )x t and 

2
( )y t  for Case 1. 
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Figure 4.5 Dynamics evolution of tracking error 
1
( )e t  for Case 1. 

 

Figure 4.6 Dynamics evolution of tracking error 
2
( )e t  for Case 1. 

 

Figure 4.3 and Figure 4.4 illustrate state trajectories of the master-slave systems. It is easy 

to conclude that the suggested controller effectively demonstrates and confirms superior per-

formance in enhancing finite-time convergence and high-precision tracking with smooth signal 

management, without overestimating the controller gain, as shown in Figure 4.5 and Figure 4.6, 

respectively. From Figure 4.7, we can see the time history of the control gain ˆ( )t . The control 

signal generated by TASC to synchronize the systems is shown in Figure 4.8. 
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Figure 4.7 Evolution of the terminal adaptive synergetic controller gain for Case 1. 

Case 2: with the same initial conditions and parameter values as given in the above case, an 

anti-synchronization test is simulated in this second case.   

 
Figure 4.8 Evolution of the terminal adaptive synergetic control input signal for Case 1. 

 

Figure 4.9 Dynamic evolution of variable states 
1
( )x t  and 

1
( )y t  for the Case 2. 
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Figure 4.10 Dynamic evolution of variable states 
2
( )x t  and 

2
( )y t  for the Case 2. 

 

Figure 4.11 Dynamic evolution of tracking error 
1
( )e t  for the Case 2. 

 

Figure 4.12 Dynamic evolution of tracking error 
2
( )e t  for the Case 2. 



Chapter 4: Synchronization of Chaotic Oscillator Systems Based on Adaptive Synergetic Control   

Theory 

 

-80- 

 

Figure 4.13 Evolution of the terminal adaptive synergetic controller gain for the Case 2. 

 

Figure 4.14 Evolution of the terminal adaptive synergetic control input signal for Case 2. 

 

Figure 4.9 and Figure 4.10 depict the state trajectories of the anti-synchronization process. 

Figure 4.11 and Figure 4.12 display the tracking errors in the TASC's anti-synchronization re-

action as compared to the ASC; They indicate that the TASC performs better tracking and better 

error variance than that based on ASC. Figure 4.13 and Figure 4.14 show the TASC's adaptive 

controller feedback gain and input control signal respectively. The simulation results show that 

the suggested method meets control objectives and provides good control performance. In com-

parison to the ASC, the TASC improves control response speed and provides a more desirable 

feedback gain controller. 
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4.5 Conclusion 

This section discusses a terminal adaptive synergetic controller designed to achieve syn-

chronization and anti-synchronization between two distinct chaotic oscillator systems. Unlike 

methods that actively suppress the nonlinear dynamic of the synchronized error systems, the 

suggested approach takes into consideration system uncertainties and external disturbances 

without requiring their boundaries to be defined in advance. Based on the Lyapunov stability 

theorem, sufficient conditions are provided to guarantee stable synchronization along with suit-

able controller gain in practical applications. Furthermore, numerical simulations are carried 

out in the corresponding part to validate the effectiveness and robustness of the proposed sys-

tems. 
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Conclusion and Perspectives 

This thesis addresses three main objectives: the modeling, analysis, and control of non-

linear dynamical chaotic systems. Each chapter is dedicated to tackling specific challenges as-

sociated with these complex systems. 

In the first chapter, we present the foundational concepts necessary for the qualitative and 

quantitative analysis of the behavior of dynamical systems. We employ both continuous-time 

and iterated map examples to illustrate the fundamental principles of dynamical systems theory. 

Through these examples, we explore key concepts such as stability, bifurcations, and chaos, 

setting the groundwork for understanding the more advanced topics covered in subsequent 

chapters. 

The second chapter focuses on the control problem of synchronizing two hyperchaotic 

systems, where one system has unknown parameters. Hyperchaotic systems, characterized by 

having more than one positive Lyapunov exponent, pose significant challenges due to their 

complex and unpredictable behavior. To address this, we apply an adaptive terminal sliding 

mode control technique. This approach not only ensures robust control of the system but also 

guarantees finite-time convergence, a crucial property for ensuring fast and efficient synchro-

nization. We provide a detailed analysis of the control strategy, demonstrating its effectiveness 

in overcoming parameter uncertainties and external disturbances. 

In the third chapter, we shift our attention to chaos modeling and synchronization. We 

introduce a fuzzy rule-based Takagi-Sugeno model, which provides an efficient representation 

of a hyperchaotic system. The advantage of this model lies in its ability to capture the system's 

nonlinear behavior while offering a structure that is amenable to control design. Building on 

this model, we apply a fuzzy control-based synergetic control technique to synchronize two 

different hyperchaotic systems. The synergy between fuzzy logic and synergetic control enables 

us to develop a robust control strategy that can handle the inherent complexities of hyperchaotic 

systems. 

The fourth chapter is dedicated to addressing the control of chaotic systems that are sub-

ject to external disturbances and parametric uncertainties. One of the main challenges with cha-

otic systems is their extreme sensitivity to initial conditions, which makes them particularly 

vulnerable to disturbances and uncertainties. To tackle this issue, we investigate a terminal 

adaptive synergetic control approach. This method is designed to handle the nonlinear terms in 

the synchronization error system, account for system uncertainties, and mitigate the effects of 
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external noise. The result is a control strategy that offers improved robustness and reliability in 

the presence of uncertainties and disturbances. 

Furthermore, we explore the potential of using non-integer order (fractional) differential 

equations to model chaotic systems with greater accuracy. Fractional-order systems have shown 

promise in capturing the complex dynamics of chaotic systems more precisely. In future work, 

we aim to extend this research by developing robust controllers specifically tailored for time-

delayed fractional-order chaotic systems. The incorporation of fractional-order dynamics intro-

duces additional flexibility and precision, opening up new paths for controlling complex sys-

tems in real-world applications. 
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