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Abstract

This thesis explores the application of fractional-order calculus to the modeling of non-

stationary biomedical signals, with a particular focus on electrocardiogram (ECG) signals.

Traditional ECG models based on integer-order differential equations, such as the widely

used McSharry model, provide a solid foundation for synthetic ECG generation but often

fall short in capturing the long-memory and complex dynamics inherent in physiological

signals. To address these limitations, this work extends classical models by incorporating

fractional differential equations (FDEs), which enable the representation of memory and

hereditary properties intrinsic to biological systems.

The proposed fractional-order ECG model integrates fractional derivatives into the

McSharry framework, enhancing its flexibility and accuracy while preserving essential

morphological features of the PQRST complex. The Predictor-Corrector method is em-

ployed for numerically solving the fractional differential equations, and Genetic Algo-

rithms are utilized for robust parameter optimization. This hybrid approach allows for

precise tuning of model parameters, resulting in synthetic ECG signals that closely fit

real physiological data.

Extensive numerical simulations were conducted and validated against clinical ECG

recordings from the MIT-BIH Arrhythmia Database. The fractional-order model demon-

strated a significant improvement over the classical integer-order model, achieving a

48.40% reduction in mean squared error (MSE) and a 23.18% increase in compression

efficiency across five distinct heartbeat types. The optimized fractional orders (alpha)

consistently ranged between 0.96 and 0.99, indicating that subtle deviations from integer

order substantially enhance model performance.

In addition to fractional modeling, this thesis contributes novel methodologies in-

cluding the integration of Hopf bifurcation dynamics into the ECG generation process to

simulate realistic cardiac rhythms and the application of the Grey Wolf Optimizer for effi-

cient parameter estimation. These advancements further improve the fidelity of synthetic
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ECG signals and broaden the scope of arrhythmia simulation.

Overall, the findings underscore the potential of fractional-order models combined

with advanced optimization techniques to advance biomedical signal processing. This

framework facilitates more accurate simulation, analysis, and classification of complex

non-stationary physiological signals, with significant implications for computational car-

diology, personalized healthcare, and the development of automated diagnostic tools.



Résumé

Cette thèse explore l’application du calcul fractionnaire à l’étude des signaux biomédi-

caux non stationnaires, avec un accent particulier sur les signaux électrocardiogramme

(ECG). Les modèles traditionnels d’ECG basés sur des équations différentielles d’ordre

entier, tels que le modèle largement utilisé de McSharry, constituent une base solide pour

la génération synthétique d’ECG, Toutefois, ils peinent souvent à capturer la mémoire

longue et la complexité dynamique inhérentes aux signaux physiologiques. Pour pallier

ces limitations, ce travail étend les modèles classiques en intégrant des équations différen-

tielles fractionnaires (EDF), permettant ainsi de représenter les propriétés de mémoire et

d’hérédité propres aux systèmes biologiques.

Le modèle ECG proposé d’ordre fractionnaire intègre des dérivées fractionnaires dans

le cadre du modèle de McSharry, améliorant sa flexibilité et sa précision tout en préser-

vant les caractéristiques morphologiques essentielles du complexe PQRST. La méthode

prédicteur-correcteur est employée pour la résolution numérique des équations différen-

tielles fractionnaires, tandis que des algorithmes génétiques sont utilisés pour une opti-

misation robuste des paramètres. Cette approche hybride permet un ajustement précis

des paramètres du modèle, produisant des signaux ECG synthétiques qui reproduisent

fidèlement les données physiologiques réelles.

Des simulations numériques étendues ont été réalisées et validées par comparaison avec

des enregistrements cliniques issus de la base de données MIT-BIH Arrhythmia. Le mod-

èle d’ordre fractionnaire a démontré une amélioration significative par rapport au modèle

classique d’ordre entier, avec une réduction de 48,40% de l’erreur quadratique moyenne

(MSE) et une augmentation de 23,18% de l’efficacité de compression sur cinq types de

battements cardiaques distincts. Les ordres fractionnaires optimaux (a) se situaient systé-

matiquement entre 0,96 et 0,99, indiquant que de subtiles déviations par rapport à l’ordre

entier améliorent considérablement la performance du modèle.

Outre la modélisation fractionnaire, cette thèse apporte des contributions méthodologiques
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novatrices, notamment l’intégration de la dynamique de bifurcation de Hopf dans le pro-

cessus de génération d’ECG pour simuler des rythmes cardiaques réalistes, ainsi que

l’application de l’optimiseur Grey Wolf pour une estimation efficace des paramètres. Ces

avancées renforcent la fidélité des signaux ECG synthétiques et élargissent le champ de

simulation des arythmies.

Dans l’ensemble, les résultats soulignent le potentiel des modèles d’ordre fractionnaire

combinés à des techniques d’optimisation avancées pour faire progresser le traitement des

signaux biomédicaux. Ce cadre offre une simulation, une analyse et une classification plus

précises des signaux physiologiques complexes et non stationnaires, avec des implications

majeures pour la cardiologie computationnelle, les soins personnalisés et le développement

d’outils diagnostiques automatisés.
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General Introduction

The human body’s function is often linked to electrical, chemical, or auditory signals.

Such signals provide information that may not be immediately discernible but is concealed

inside the signal’s structure. This information must be "decoded" or retrieved before the

signals are assigned meaningful interpretations. These signals reflect the underlying phys-

iological characteristics of their respective biological systems, and their interpretation has

proven beneficial in elucidating and diagnosing numerous disease situations.The decoding

procedure can occasionally be uncomplicated and require minimal manual effort, such as

visually inspecting the signal on a printed page or computer display. Nonetheless, the

intricacy of a signal is frequently substantial, making biomedical signal processing an es-

sential instrument for extracting therapeutically relevant information concealed within the

signal. Biomedical signal processing constitutes an interdisciplinary field. Understanding

human physiology is essential to prevent the development of an analytical procedure that

distorts or eliminates critical information.[1]

A comprehensive understanding of anatomy, linear algebra, mathematics, statistics,

and circuit design is also advantageous.

Some regard biomedical signal processing as a precursor to creating diagnostic systems

that provide entirely automated analysis. Automation was the primary objective when

computers entered the medical field several decades ago. This objective has significantly

evolved over the years, not only due to the intrinsic challenges of building such systems

but also because the physician must ultimately bear responsibility for the diagnostic

conclusions made. Although complete analysis automation may be justified in certain

circumstances, today’s objective is to create computer systems that support physicians in

making informed decisions. In these systems, biological signal processing has assumed a

crucial role.

Biomedical signal processing involves acquiring and interpreting signals from biolog-

ical and physiological systems. As important diagnostic instruments for clinicians and

1
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researchers, these signals offer essential insights into living organisms’ conditions and

functions. Nonetheless, their study is complicated by the intricacy of the fundamental

biological systems, vulnerability to noise, and intrinsic unpredictability over time. [1].

Biomedical signals are generally acquired using noninvasive measurements and display

a blend of localized features, such as spikes, and more widespread ones, such as oscillations.

This complexity requires signal processing methods to manage various time-frequency

localization demands [8, 9].

Signals can be categorized into deterministic and non-deterministic (random) types.

Deterministic signals have a known pattern and may be clearly defined as time functions.

In contrast, random signals possess intrinsic uncertainty, necessitating probabilistic and

statistical methods for their interpretation. A signal is deemed non-stationary when its

statistical features, including mean and variance, fluctuate over time . These signals,

distinguished by their time-varying spectral characteristics, necessitate particular analyt-

ical methods. Numerous real-world biological signals, such as Electrocardiogram (ECG),

Electroencephalogram (EEG), Electromyogram (EMG), Electroneurogram (ENG), and

Phonocardiogram(PCG), are fundamentally non-stationary. Adequate study of these sig-

nals yields essential physiological data, facilitating progress in healthcare diagnoses. Effi-

ciently analyzing and deriving significant insights from such signals enables the creation

of more precise and noninvasive diagnostic instruments.

Notwithstanding its importance, analyzing non-stationary signals poses substantial

difficulties. Numerous real-world signals have overlapping structures and multi-component

attributes, rendering conventional analysis approaches insufficient. An optimal signal pro-

cessing framework should represent time and frequency domains, measure time-dependent

fluctuations, and efficiently distinguish overlapping components. [10].

Mathematical signal modelling and simulation are significant objectives in biological

signal processing. By appropriately defining model equations, one can simulate signals

that mimic those captured at the cellular level or on the body’s surface, thereby providing

insights into the correlation between model parameters and the properties of the observed

signals. Bioelectrical models encompass representations of the head and brain for the

localization of neural activity and models of the thorax and heart for modelling various
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cardiac rhythms. Signal modelling is fundamental to "model-based signal processing,"

wherein algorithm development optimizes a chosen performance criterion [1].

The mathematical modeling of biological signals is thoroughly explored. Conventional

methods frequently depend on deterministic differential equations; however, new studies

have underscored the benefits of fractional calculus in representing long-term memory

effects and intricate dynamics. Fractional calculus, an extension of classical calculus, fa-

cilitates differentiation and integration of arbitrary orders, rendering it especially advanta-

geous for modeling biological systems that display memory and hereditary characteristics.

ECG signals are essential in cardiovascular research for identifying cardiac diseases

because of their simplicity, cost-effectiveness, and noninvasive characteristics. They rep-

resent the heart’s electrical activity and can signify cardiac disorders, including arrhyth-

mias and myocardial infarctions. However, ECG signals are frequently affected by noise,

exhibit individual variability, and are difficult to interpret, requiring the implementation

of robust computer-aided analytic techniques.

The mathematical modeling of ECG signals has been extensively studied. Initial

models depended on differential equations and nonlinear dynamic systems, including Van

der Pol oscillators, Markov chains, and reaction-diffusion systems [11–24]. Nonetheless,

these models frequently inadequately portray the intricate nature of ECG waveforms,

especially in depicting diseased changes.

Recent studies have included fractional calculus in ECG simulation to address these

constraints [25, 26]. Fractional-order models offer more flexibility and precision by incor-

porating memory effects and intricate dynamics. Numerous research studies have inves-

tigated fractional differential equations (FDEs) for ECG signal generation, highlighting

their potential for enhanced accuracy and flexibility [27–31].

Our research improves current ECG models by integrating fractional-order deriva-

tives into McSharry’s established integer-order framework. The suggested model com-

prises three interconnected fractional differential equations for generating realistic syn-

thetic ECG signals. The Predictor-Corrector (PC) approach solves the FDEs, whereas

the Genetic Algorithm (GA) facilitates practical parameter estimation. This approach

enhances ECG signal synthesis by accurately representing both normal and pathological
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waveforms through fractional calculus.

Advancements in fractional-order ECG modeling present considerable potential for

clinical applications, facilitating enhanced diagnosis, monitoring, and individualized health-

care solutions.

The first contribution of this research is the generation of synthetic ECG signals. We

present a modeling technique for generating synthetic ECG signals that exhibit realis-

tic PQRST architecture and specified heart rate dynamics, encompassing diverse cardiac

arrhythmias. The model consists of three interconnected ordinary differential equations,

with the initial two equations integrating Hopf bifurcation. The fourth-order Runge-

Kutta method is employed for numerical simulation. The results illustrate the model’s

capability to produce diverse synthetic ECG signals, encompassing standard and arrhyth-

mic patterns. A visual analysis of authentic ECG signals from the MIT-BIH Arrhythmia

Database was performed to ascertain suitable model parameters.

The second contribution involves the optimization of ECG signal simulation using

the Grey Wolf Optimizer (GWO). Specifically, we optimize the parameters of a synthetic

ECG generator based on a system of three differential equations. This enhancement sig-

nificantly improves the fidelity of the simulated ECG waveforms in comparison with real

signals from the MIT-BIH database. The GWO-based optimization approach effectively

tunes the model parameters, ensuring higher accuracy in reproducing ECG signals. A

comparative analysis with actual ECG recordings confirms the effectiveness of this strat-

egy in enhancing simulation performance.

The third contribution is Fractional-Order ECG Modeling for Improved Representa-

tion. We offer a novel approach for modeling ECG waveforms with FDEs. Integrating

fractional calculus into the established McSharry model enhances signal representation

and modeling accuracy. A hybrid optimization strategy that integrates the Predictor-

Corrector method for solving Functional Differential Equations with Genetic Algorithms

for parameter optimization ensures effective parameter estimation.

A comparative investigation demonstrates that our fractional-order model surpasses

the conventional McSharry Integer Differential Equation (IDE) model, enhancing model-

ing quality by 48.40% in mean squared error (MSE) and compression efficiency by 23.18%
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when applied to five-beat patterns from the MIT-BIH. The fractional-order model pre-

serves the essential features of the McSharry model while improving its adaptability for

diverse cardiac situations.

This manuscript comprises four chapters, along with an introduction and a conclusion.

Chapter 1: Introduction to Non-Stationary Biomedical Signals.

Chapter 2: Foundations of Fractional Calculus and Differential Equation Theory.

Chapter 3: Mathematical Modeling of ECG signal.

Chapter 4: Integer-Order Differential Equation Models for ECG Signal Generation.

Chapter 5: ECG Modeling Using Fractional Differential Equations (FDEs).



Chapter 1

Introduction to Non-Stationary Biomed-

ical Signals
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1.1 Introduction

Biomedical signals are crucial in understanding physiological processes, diagnosing dis-

eases, and monitoring patient health. Bioelectrical signals such as the ECG, EEG, ENG,

and EMG are widely used in clinical and research settings. These signals are inherently

non-stationary, meaning their characteristics vary over time due to physiological changes,

external influences, and pathological conditions.

This chapter provides an overview of non-stationary biomedical signals, with a par-

ticular focus on the ECG, as it forms the core of this study in subsequent chapters.

After discussing the fundamentals of bioelectrical signals and their physiological origins,

we explore the principles underlying ECG signal generation, acquisition, and processing.

Key topics include cardiac electrical activity, ECG recording techniques, heart rhythm

analysis, and regular and pathological patterns. Additionally, this chapter highlights the

challenges associated with the non-stationarity of these signals, such as variability, noise,

and dynamic fluctuations, thus emphasizing the need for advanced signal processing tech-

niques.

While other biomedical signals, including the phonocardiogram (PCG), have signifi-

cant diagnostic applications, the focus remains on the ECG due to its relevance to the

modeling objectives of this research. This foundation provides the basis for the subse-

quent chapters, which will delve deeper into mathematical modeling and computational

approaches for ECG analysis and interpretation.

1.2 Fundamentals of Bioelectrical Signals

This manuscript dissertation focuses on modeling of non-stationary biomedical signals,

which requires comprehension of the biological origins of bioelectrical signals. These

signals originate from ionic processes influenced by the electrochemical activity of excitable

cells, essential for brain communication, heart function, and muscular contractions.

Although excitable cells perform many physiological tasks, they possess fundamental

electrical mechanisms that control signal transmission in the nervous system and regulate

vital processes such as cardiac rhythm and muscular activity.Understanding these mech-
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anisms is crucial for developing accurate signal models, particularly for non-stationary

biological signals.

This chapter prioritizes signal modeling, offering only a brief introduction to the phys-

iological foundation of bioelectrical signals. Readers interested in a comprehensive exami-

nation of cellular and physiological processes are referred to specialized literature [32, 33],

whereas essential mathematical modeling principles and biomedical signal processing tech-

niques are elaborated in [34–37].

1.2.1 At the Cellular Level

The generation of bioelectrical signals originates from the selective permeability of the

cell membrane, which allows ions such as sodium (Na+), potassium (K+), and chloride

(Cl-), to move across it. This ion movement establishes a transmembrane potential,

typically ranging from -60 mV to -100 mV depending on the cell type (Fig 1.1).

When a stimulus exceeds a threshold, rapid changes in membrane permeability gen-

erate an action potential—a nonlinear, all-or-nothing response involving depolarization

(membrane potential reverses) and repolarization (return to resting potential).

Action potential durations vary due to a plateau phase: approximately 1 ms in neurons

and up to 300 ms in cardiac cells. This mechanism ensures the propagation of the electrical

signal along excitable tissues, maintaining continuity without degradation—a foundational

process for understanding cardiac electrophysiology and ECG signal formation.

1.2.2 On the External Body Surface

In excitable cells, action potentials produce currents propagating through adjacent

conductive tissue, creating a volume conductor. Bioelectrical signals can be recorded

noninvasively using electrodes on the body’s surface. Clinical recordings generally employ

many electrodes to capture spatial variations in electrical activity; however, noninvasive

techniques cannot directly resolve intricate cellular characteristics.

Despite these limitations, analyzing bioelectrical signals from the body’s surface has

proven significant for clinical decision-making. Modeling the source as a dipole while

considering the body’s geometric and resistive attributes helps relate cellular activity to
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Figure 1.1: Ion Dynamics and Membrane Behavior: Potassium Channel Activity
(a) Distribution of K+, Na+, and Cl– ions across the cellular membrane.
(b) Interplay between chemical and electrical gradients in K+ ion transport. [1].

recorded signals. The inverse problem, which involves determining the electrical source

based on body surface measurements, remains a major challenge in biomedical modeling

(Fig1.2).

Figure 1.2: Illustrations of action potentials display forms ranging from the spikelike wave-
form typical of a nerve cell (left) to the somewhat extended waveform of a cardiac cell
(right). The transmembrane potential difference was evaluated by placing one microelec-
trode inside the cell and another outside. The duration differs among various waveforms.
[1].
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1.2.3 Bioelectrical Signals

Bioelectrical signals represent activities of the brain, heart, and muscles. Some signals,

like those from the brain, display continuous activity, while others arise solely from exter-

nal stimuli. The diverse nature of these signals requires tailored processing approaches.

Sometimes, a single waveform indicates a clinical condition, while other cases demand the

analysis of multiple waveforms to achieve a significant interpretation.

Electroencephalogram (EEG)

EEG captures the brain’s electrical activity through scalp electrodes see Figure 1.3(a)

and is commonly used to diagnose cerebral illnesses, including epilepsy and sleep dis-

orders. For higher precision, electrodes may be placed directly on the brain’s surface

(electrocorticogram, ECoG).

Evoked potentials (EPs) measure cerebral responses to sensory stimuli, assisting in

identifying visual pathway and brainstem disorders. Due to their minimal amplitudes,

EPs are often imperceptible against the EEG background see Figure 1.4(a).

Electrocardiogram(ECG)

The ECG records the heart’s electrical activity via electrodes on the chest, arms, and legs

see Figure 1.3(b). With each heartbeat, electrical impulses regulate rhythm and contract

the heart muscle to circulate blood. ECG is essential for diagnosing cardiac conditions

like myocardial infarction.

Intracardiac electrograms (EGs)—recorded from electrodes inside the heart—are

used in pacemakers and defibrillators.

Electromyography (EMG)

EMG measures skeletal muscle electrical activity, identifying neuromuscular conditions

such as muscular dystrophy or nerve injuries. Surface EMG uses skin electrodes, while

intramuscular EMG involves needle insertion see Figure 1.3(c).

Electroneurogram (ENG)

ENG measures nerve signal propagation velocity. It is primarily used to assess nerve

damage and conduction efficiency.
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Figure 1.3: Representative examples of the three main types of bioelectrical signals
measured at the body surface [2]:

(a) EEG signal showing alpha wave patterns,
(b) ECG signal indicating normal sinus rhythm,

(c) EMG signal collected from the chin during wakefulness.
Each trace was obtained from a different healthy subject.

Electroneurogram (ENG)

The ENG records nerve conduction velocity (NCV) by stimulating a peripheral nerve and

capturing responses at two points along its trajectory. By calculating latency differences

between the recordings, nerve conduction velocity is estimated see Fig 1.4(b).

ENG findings, such as reduced compound motor action potential (CMAP) amplitudes

and slowed conduction velocity, indicate axonal injury characteristic of critical illness

polyneuropathy (CIP). These changes may appear early during intensive care [38, 39]

Standard conduction velocity values include: :

• 45–70 m/s in nerve fibers

• 0.2–0.4 m/s in cardiac muscle

• 0.03–0.05 m/s in atrioventricular conduction fibers [40]

A reduction in conduction velocity frequently signifies neurological disorders.

Electroretinogram(ERG)

ERG measures retinal responses to light stimulation, assessing the function of rods and

cones. It helps diagnose retinal disorders, including arteriosclerosis or detachment ( Figure
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1.4(c)).

Figure 1.4: Examples of bioelectrical signals elicited by stimulation [1]:
(a) Evoked potential (EP) from auditory stimulation (brainstem response).

(b) ENG recordings used to estimate nerve conduction velocity.
(c) ERG recorded after a light flash stimulus.

Electrooculogram(EOG)

EOG measures the corneal-retinal potential linked to eye movements, assisting in gaze

direction tracking and sleep studies (Figure 1.5(a)). It is also beneficial in virtual reality

and artifact removal from EEG signal processing.

Electrogastrogram (EGG)

EGG records stomach muscle electrical activity to study gastric motility ( Figure 1.5(b)).

It detects abnormalities when the stomach fails to empty properly. In healthy individuals,

gastric rhythms increase post-meal; symptomatic patients show irregular patterns.

1.2.4 Databases

Biomedical signal databases are critical for developing and testing signal processing

algorithms. These datasets support robust modeling across diverse waveforms, enabling

generalization and validation.

Biomedical signal databases is essential for developing and evaluating signal processing

algorithms, ensuring robustness across diverse waveform patterns. To prevent algorithmic

bias, datasets are typically divided into training and evaluation subsets.
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Figure 1.5: (a) EOG recording from the right eye.
(b) EGG showing stomach muscle activity. Note that the two timescales differ. [1].

A standardized database contains recorded signals from healthy subjects and patients,

ranging from single modalities (e.g., EEG, ECG) to multimodal datasets combining brain,

heart, and respiratory activity. Annotations—manually labeled by clinicians —highlight

physiological and non-physiological events (e.g., heartbeats, seizures, noise artifacts).

Multiple annotators increase reliability, though discrepancies require consensus. Addi-

tional metadata (e.g., age, weight, medications) enhances dataset utility.

Several databases support specific clinical and modeling applications:

• MIT-BIH Arrhythmia Database — widely used for cardiac rhythm detection

[41, 42].

• AHA Database — evaluates ventricular arrhythmia detectors [43].

• European ST-T and LTST Databases — focus on ischemia detection [44, 45].

• MIT-BIH Noise Stress Test Database — tests algorithm robustness with

controlled noise [46].

Multimodal biomedical datasets—such as MIMIC, IBIS, and IMPROVE—include con-

tinuously recorded signals from ICU monitoring and sleep studies [47, 48]. While many

are publicly available (e.g., via PhysioNet)[49], others remain private. These datasets are

essential for both research and medical device development.
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However, reusing datasets beyond their intended clinical scope poses risks. Excluding

medical experts may cause misinterpretation, while improper repurposing could yield

flawed results. Researchers must collect new data when necessary to maintain scientific

rigor.

Figure 1.6: Simultaneously recorded signals from a multimodal database: ECG, blood
pressure, EEG, nasal and abdominal respiration, EOG, and EMG. This method

supports sleep disorder studies (MIT-BIH polysomnographic database)
[47].

1.3 The electrocardiogram (ECG)

The ECG is a fundamental diagnostic tool that captures the heart’s electrical activity

using surface electrodes. These electrodes detect voltage fluctuations from cardiac action

potentials, generating waveforms that reveal cardiac diseases and offer insights into cardiac

function.

The ECG technique began with Augustus Waller’s recordings in the 1880s. Willem

Einthoven revolutionized the method using a string galvanometer and standardized elec-

trode positions, earning the 1924 Nobel Prize in Medicine. Modern ECGs are applied

in resting, ambulatory, and stress-testing contexts, relying on advanced signal processing
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techniques [50]. Recent advancements allow detection of subtle rhythm variations and

micro-potentials, increasing diagnostic precision.

Recording setups vary:

• Basic rhythm analysis uses fewer electrodes

• Waveform morphology assessments require 10 electrodes

• Body surface mapping may employ 100–200 electrodes for high-resolution

imaging [51, 52]

Body surface potential mapping improves detection of local gradients that standard sys-

tems might overlook [53].

Electrograms, recorded via intracardiac catheters or implanted electrodes, provide

higher spatial resolution. They are critical in localizing arrhythmic regions, guiding pace-

maker implantation, and enabling implantable cardioverter defibrillators (ICDs) to detect

and treat life-threatening arrhythmias with high-energy shocks [54].

1.3.1 Cardiac Electrical Activity

The heart, a muscular pump, circulates oxygenated blood through rhythmic contrac-

tions. It comprises two symmetrical sides, each with an atrium and a ventricle, separated

by the septum see Figure ??(a). Four valves ensure unidirectional blood flow.

The myocardium, rich in myocytes, contracts in response to electrical signals from the

sinoatrial (SA) node, the heart’s natural pacemaker.

Each cardiac cycle involves:

• Depolarization (electrical activation and contraction)

• Repolarization (electrical recovery and relaxation)

Depolarization starts with rapid voltage changes in cardiac cells, propagating through

the conduction system (Figure ??(b)). The electrical impulse:

• Triggers atrial contraction
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• Passes through the atrioventricular (AV) node (delaying to optimize

ventricular filling)

• Continues via the bundle of His and Purkinje fibers, ensuring coordi-

nated ventricular contraction

Conduction velocity varies from 0.05 m/s at the AV node to 4 m/s in the Purkinje

fibers.

Figure 1.7: Schematic representation of (a) the anatomical structure of the heart (the
arrows indicate the pathways of blood flow into and out of the heart) and (b) its electrical
conduction system. [1]

The SA node regulates the heart rate via automaticity, while the autonomic nervous

system modulates it. Parasympathetic activation reduces, and sympathetic stimulation

increases heart rate. The refractory period (200–250 ms) limits maximum rates to about

240–300 bpm; however, young individuals seldom exceed 220 bpm in practice. Maximum

heart rate declines with age.

The ECG provides a non-invasive assessment of the heart’s electrical activity, reflecting

the sum of extracellular currents from millions of cardiac cells. It represents depolariza-

tion and repolarization as waveform deflections from baseline, with depolarization waves

appearing steeper than repolarization.
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1.3.1.1 Generation and Recording of an ECG

During the cardiac cycle, groups of myocardial cells depolarize simultaneously, form-

ing equivalent current dipole vectors. These vectors sum to create a dominant vector

representing the primary electrical impulse direction (see Figure 1.8).

The body surface ECG waves reflect these vector changes during depolarization and

repolarization phases (see Figure 1.9).

Figure 1.8: During depolarization and repolarization, the vector linked to each cluster of
myocardial cells can be aggregated into a principal vector that delineates the primary

direction of the electrical impulse.[1]

At rest, the heart is in an isoelectric state. Atrial depolarization, initiated by the SA

node, produces a small positive wave due to the atria’s low muscle mass (see Figure 1.9(b)).

After an AV nodal delay, ventricular depolarization begins at the septum, producing a

negative wave, followed by a strong left-ventricle-directed vector due to its larger mass

—this generates positive ECG waves (see Figures 1.9(d-g)).

Ventricular repolarization follows, producing a positive T wave (see Figure 1.9(h)).

Atrial repolarization is masked by stronger ventricular signals.

1.3.2 ECG Recording Techniques

The ECG records spatial and temporal changes in the heart’s electrical activity using

electrodes. A lead represents the potential difference between electrode pairs. Two main

types exist:
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Figure 1.9: The ECG was recorded by an electrode placed at the area of symbol ⊢. (a)
All cardiac cells at rest, (b) atrial depolarization, (c) the electrical impulse via the AV

node, (d)-(g) ventricular depolarization, (h) ventricular repolarization, and (i) all
cardiac cells once more at rest.[1]

• Unipolar leads: Measure voltage relative to a reference electrode (see figure 1.10).

• Bipolar leads: Measure the difference between two active electrodes

The standard 12-lead ECG system includes:

• Three bipolar limb leads (I, II, III)

• Three augmented unipolar limb leads (aVR, aVL, aVF)

• Six unipolar precordial leads (V1–V6)

Bipolar Leads (Einthoven’s Triangle):

Measure potential differences:

• Lead I: Left Arm (VL) - Right Arm (VR): I = VL - VR

• Lead II:: Left Leg (VF) - Right Arm (VR): II = VF - VR

• Lead III: Left Leg (VF) - Left Arm (VL) :III = VF - VL

Augmented Unipolar Leads (Goldberger’s Modification):

These examine frontal plane variations. Wilson [55] introduced them in 1934, refined
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Figure 1.10: Illustration of the standard 12-lead ECG system. Bipolar leads (I, II, III),
augmented unipolar leads (aVF, aVL, aVR), and chest leads (V1–V6).[3]

by Goldberger [56]. They provide higher amplitude readings

• aVR = V R − V L+V F
2

• aVL = V L− V R+V F
2

• aVF = V F − V L+V R
2

These six leads provide a comprehensive frontal view of the heart’s electrical activity,

aiding clinical and modeling analysis (see Figure 1.11 )

Precordial Leads (V1–V6)

Six precordial leads (V1–V6) are unipolar chest leads examining electrical activity in

the transverse plane (see Figure 1.11):

• V1 and V2: Placed on either side of the sternum at the 4th intercostal space,

reflecting septal activity.

• V3 and V4: Positioned anteriorly, with V4 at the 5th intercostal space midclavic-

ular, focusing on the anterior wall.
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• V5 and V6: Along anterior and midaxillary lines at V4’s horizontal level, high-

lighting lateral wall activity.

Figure 1.11: Illustration of the six precordial ECG leads (V1–V6) and their anatomical
positions [4].

Together, these leads provide a three-dimensional heart view, improving diagnostic

accuracy for ischemia, infarction, and hypertrophy.

1.3.2.1 ECG Waves and Time Intervals

The ECG waveform comprises characteristic deflections; abnormalities signify dys-

function. Figure 1.12 illustrates standard waveforms and intervals.

P wave :

Represents atrial depolarization from SA node to AV node. Duration ≈ 90 ms, may

be positive or negative. Often subtle and challenging to detect in noisy signals.

QRS complex:

Reflects ventricular depolarization before contraction. It has the largest ECG ampli-

tude, comprising:

• Q wave negative initial deflection

• R wave positive peak

• S wave negative deflection after R
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Duration : 85-95 ms

T wave:

Represents ventricular repolarization, smaller than QRS. Typically positive but may

vary. Occurs after the QRS returns to baseline.

U Wave (if visible):

May represent late Purkinje fiber repolarization.

Figure 1.12: Cardiac cycle waves with durations and intervals. J-point marks QRS end
and ST segment start [1].

Time Intervals: Key to Modeling

• RR interval: Time between two R waves, determines ventricular rate and heart

rhythm.

• PR Interval: From P wave start to QRS start (0.12–0.20 sec). Prolongation

suggests AV block.

• QRS Duration: Normal 0.08–0.10 sec; widening indicates bundle branch block

or ventricular origin.

• ST Segment: Marks end of depolarization, start of repolarization. Elevation or

depression signals ischemia.

• QT Interval: From QRS start to T wave end. Prolongation increases ventricular
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arrhythmia risk.

1.3.3 Heart Rhythms and Arrhythmias

Normal sinus rhythm originates in the SA node with 50–100 bpm at rest. Any devia-

tion defines arrhythmia, caused by:

• Abnormal impulse formation: Ectopic foci override SA node due to enhanced

automaticity or SA failure.

• Impulse conduction issues: Partial/complete conduction blocks cause brady- or

tachyarrhythmias.

Reentry Mechanism: Electrical impulses loop continuously due to conduction speed

and refractory period variations, causing many atrial and ventricular arrhythmias.

Arrhythmia Classification:

• Synchronized rhythms: Atrial and ventricular activity aligned.

• Faster atrial rate: Suggests atrial origin.

• Faster ventricular rate: Suggests ventricular origin.

• Independent rhythms: One chamber dominates.

Arrhythmias may be:

• Paroxysmal: Sudden onset/termination

• Persistent/permanent: Continuous

1.3.3.1 Sinus Rhythm and Heart Rate Variability (HRV)

Sinus rhythm originates from the sinoatrial (SA) node, maintaining a heart rate of

50–100 beats per minute at rest( see Figure 1.13(a)).Deviations define:

• Sinus bradycardia: <50 bpm

• Sinus tachycardia: >100 bpm
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Although heart rate is generally regular, minor variations occur due to autonomic

nervous system influence—parasympathetic slows, sympathetic accelerates.

Heart Rate Variability (HRV) provides insights into autonomic control and cardiovas-

cular health. Reduced HRV correlates with higher post-myocardial infarction mortality,

reflecting increased arrhythmic risk [57, 58].

Respiratory sinus arrhythmia influences HRV—heart rate rises during inhalation, falls

during exhalation (see Figure 1.13(b))). HRV is assessed using deep breathing, orthostatic,

and Valsalva maneuvers [59].

Figure 1.13: (a) Normal sinus rhythm (b) respiratory sinus arrhythmia.[1]

1.3.3.2 Premature Beats and Ectopic Activity

Occasionally, premature beats interrupt sinus rhythm before the expected discharge.

Originating from atrial or ventricular ectopic foci, they are classified as:

• Supraventricular premature beats (SVPBs): Arise from atria or AV node,

showing altered P wave morphology (see Figure 1.14(a)).

• Ventricular premature beats (VPBs): Originate below the AV node, producing

wide and bizarre QRS complexes (see Figure 1.14(b)).

VPBs may cause a compensatory pause before normal rhythm resumes. Patterns

include:

• Bigeminy: Every second beat ectopic

• Trigeminy: Every third beat ectopic (see Figure 1.14(c)-(d))
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Frequent ectopic beats may signal underlying cardiac pathology.

Figure 1.14: ((a) SVPB with a small negative P wave after the third sinus beat.
(b) VPB followed by compensatory pause. RR interval sum equals twice normal RR.

(c) Bigeminy
(d) Trigeminy

(e) Interpolated VPB[1]

1.3.3.3 Atrial Arrhythmias: Flutter and Fibrillation

Atrial arrhythmias stem from enhanced automaticity or reentrant circuits within the

atria.

• Atrial tachycardia: Characterized by a heart rate of 140–220 bpm, often with

hidden P waves due to overlap with T waves.

• Atrial flutter: A more organized reentrant rhythm, usually around 300 bpm, where

flutter waves (F waves) resemble a sawtooth pattern in the ECG (see Figure 1.15(a)).

• Atrial fibrillation: A chaotic, high-rate arrhythmia (400–700 bpm) with irregular

ventricular responses and a lack of distinct P waves (see Figure 1.15(b)). It increases

the risk of blood clots and strokes due to reduced atrial contraction.
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1.3.3.4 Ventricular Arrhythmias and Life-Threatening Rhythms

Ventricular arrhythmias, primarily caused by reentry circuits, can lead to severe hemo-

dynamic instability.

• Ventricular tachycardia: A rapid ventricular rhythm (>120 bpm) with vast QRS

complexes. Sustained VT can compromise cardiac output and progress to more

severe arrhythmias.

• Ventricular flutter: A rapid, organized rhythm with broad oscillations but no dis-

tinct QRS or T waves (Figure 1.15(c)).

• Ventricular fibrillation: A chaotic, disorganized rhythm where the ventricles quiver

rather than contract, leading to cardiac arrest and immediate defibrillation (Figure

1.15(d)).

Figure 1.15: Illustrations of atrial and ventricular tachyarrhythmias. (a) Atrial flutter;
(b) Atrial fibrillation; (c) Ventricular flutter; (d) Ventricular fibrillation.[1]

1.3.3.5 Conduction Blocks: Cataclysms in Electrical Pathways

Conduction blocks arise when the propagation of electrical impulses is delayed or

blocked.

Atrioventricular (AV) blocks:
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• First-degree: Delayed conduction (prolonged PR interval).

• Second-degree: Intermittent failure of impulse conduction.

• Third-degree (complete block): No conduction between atria and ventricles, leading

to independent atrial and ventricular rhythms.

Bundle branch blocks: Occur in the right or left bundle branches, affecting ven-

tricular depolarization and leading to prolonged QRS complexes.

1.4 Conclusion

This chapter has provided a comprehensive overview of non-stationary biomedical

signals, with a particular emphasis on the ECG due to its central role in this study.

We explored the physiological basis of bioelectrical signals, their acquisition methods,

and their clinical significance, focusing on understanding the generation and recording

of ECG signals. The characterization of normal and abnormal heart rhythms was also

examined, highlighting the importance of accurate detection and interpretation in medical

diagnostics.

A key challenge in biomedical signal analysis lies in the inherent non-stationarity

of these signals, which manifests as dynamic variations, noise interference, and inter-

individual differences. Addressing these challenges requires advanced signal processing

techniques to enhance signal interpretation and improve diagnostic precision.

While various biomedical signals, including the EEG, EMG, and ENG, have been dis-

cussed, the primary focus of this chapter has remained on the ECG, given its relevance

to the research presented in the following chapters. This chapter establishes a founda-

tion for more advanced ECG modeling and analysis investigations, where sophisticated

mathematical and computational techniques will address the complexities associated with

non-stationary biomedical signals.



Chapter 2

Foundations of Fractional Calculus and

Differential Equation Theory
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2.1 Introduction

Fractional calculus, a mathematical field with origins spanning over three centuries,

generalizes the classical notions of differentiation and integration to non-integer orders. Its

roots trace back to the foundational work of luminaries like Leibniz, Newton, and Gauss,

who laid the groundwork for modern calculus. This idea intrigued prominent mathemati-

cians such as Euler, Lagrange, Laplace, Fourier, and Riemann, whose contributions shaped

the early development of fractional calculus. The theory matured significantly throughout

the 19th and 20th centuries, with figures like Liouville, Grunwald, Letnikov, and Heaviside

advancing the field. Their work laid the foundation for contemporary fractional calcu-

lus, which has since transcended mathematics to become a versatile tool in engineering,

physics, chemistry, and beyond. Applications range from modeling viscoelastic materials

to analyzing diffusion processes, mechanical systems, and control theory. One of the most

striking features of fractional calculus is its inherent non-locality: fractional derivatives

and integrals depend not only on the behavior of a function at a single point but also

on its values over an extended domain. This characteristic enables fractional calculus to

capture complex, memory-dependent, and distributed phenomena, making it an elegant

framework for describing the intricate dynamics of natural systems.

As science and engineering grapple with complex systems, fractional calculus has

emerged as a powerful tool with significant implications for fields as diverse as fractal

science, economics, and biology [60, 61]. This chapter elucidates significant terminology

in fractional calculus and reiterates essential properties that will be employed in later

sections. Fractional calculus generalizes classical calculus to encompass integrals and

derivatives of non-integer order, providing a comprehensive framework for modeling in-

tricate systems characterized by memory and hereditary attributes. For readers desiring

a more thorough introduction, seminal texts such as those by Podlubny [62], Gorenflo

and Mainardi [63], Kilbas et al. [64], and Das [60], as well as review articles [61, 65–76] ,

provide critical theoretical perspectives.

This chapter is primarily influenced by Diethelm’s book [64], which offers a compre-

hensive analysis of fractional differential equations, and Garrappa’s article [75], which

investigates numerical solutions and computational methodologies for fractional models,
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accompanied by practical software tutorials.

Collectively, these references establish a solid basis for comprehending fractional cal-

culus’s theoretical and numerical methodologies.

2.2 Birth and Origins of Fractional Calculus

The concept of fractional calculus originated from the question: Can the notion of

differentiation dny
dxn , of integer order be extended to non-integer values of n? This inquiry,

first posed in the 17th century by Leibniz and L’Hospital, laid the foundation for the

generalization of classical calculus to arbitrary orders.

Subsequent contributions by Euler, Lagrange, Laplace, Lacroix, and Fourier further

developed the theory. Euler investigated the algebraic meaning of non-integer order

derivatives in 1730, while Lagrange formulated the law of exponents for differential oper-

ators:
dm

dxm
.

dn

dxn
y = dm+n

dxm+n
y. (2.1)

This property later became a cornerstone for extending differentiation to fractional

orders. In the 19th century, Laplace defined fractional derivatives via integrals, and

Lacroix derived expressions generalizing derivatives for non-integer , linking the concept

to what later became known as the Gamma function:

dny

dxn
= Γ(m+1)

Γ(m−n+1)xm−n. (2.2)

where m > n.

Fourier also contributed by introducing derivatives of arbitrary order in the context of

integral transforms, showing early applications of fractional operations to harmonic anal-

ysis. Thus, although the early development of fractional calculus was largely theoretical,

these foundational ideas paved the way for its modern applications in modeling complex,

memory-dependent phenomena.
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2.3 Generalization of Fractional Calculus

Let n be an integer. When we write xn, it is naturally understood as x multiplied by

itself n times. For example, although 2π is mathematically valid, it is not straightforward

to visualize. Similarly, the concept of a fractional derivative, while abstract, can be

formally defined as follows:

dπ

dxπ
f(x) (2.3)

Although difficult to conceptualize intuitively, fractional derivatives are well-defined

mathematical objects.

As real numbers exist between integers, fractional derivatives and integrals interpolate

between traditional integer-order differentiation and n-fold integration. The subsequent

generalizations observed are:

• For exponentiation:

xn = x ·x ·x · . . . ·x (for integer n)

xn = en lnx (for real n) (2.4)

• For factorial:

n! = 1 ·2 ·3 · . . . · (n−1) ·n (for integer n)

n! = Γ(n+1) (for real n) (2.5)

Where the Gamma function is defined as:

Γ(x) =
∫ ∞

0
tx−1e−t dt. (2.6)

Figure 2.1 illustrates the number line extended for mapping fractional differintegrals,
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where:

• Negative values correspond to integration,

• Positive values correspond to differentiation.

DifferentiationIntegration -3 -2 -1 0 1 2 3

f (−3) f (−2) f (−1) f (0) f (1) f (2) f (3)

Figure 2.1: Number line representation and its extension to fractional differintegrals in
fractional calculus.

Heaviside (1871) recognized that there exists a mathematical domain between com-

plete differentiation and integration where fractional operators emerge and hold equal

validity.[60]

We recognize terms such as natural numbers and real numbers. Although these terms

are widely used, they are abstractions rather than true reflections of physical quantities.

Fractional calculus does not refer to the calculus of fractions, nor does it pertain to

a fraction of any calculus involving differentiation, integration, or the calculus of varia-

tions. Rather, fractional calculus refers to the theory of integrations and derivatives of

arbitrary (non-integer) order, unifying and generalizing the concept of classical integer-

order calculus. Thus, fractional derivatives and integrals are referred to as generalized

differences.

2.4 The origin of the Riemann-Liouville (RL) defini-

tion

The initial study that eventually led to the Riemann-Liouville definition was N. Ya.

Sonin’s paper from 1869, titled On Differentiation with Arbitrary Index. Sonin’s work

referenced Cauchy’s integral formula as a starting point.

Between 1868 and 1872, A. V. Letnikov expanded on Sonin’s ideas, notably in his

publication An Explanation of the Main Concepts of the Theory of Differentiation of

Arbitrary Index (1872). The n-th derivative via Cauchy’s integral formula is given by:
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Dnf(z) = n!
2πi

∫
c

f(ζ)
(ζ − z)n+1 .dζ (2.7)

where n is an integer.

Generalizing n! to arbitrary values using ν = Γ(ν + 1) is straightforward. However,

when n is non-integer, the integrand no longer has a pole but a branch point, requiring

branch cuts for contour integration.

In 1884, H. Laurent made a significant advancement by applying contour integra-

tion on Riemann surfaces, establishing a foundation for generalized operators. Laurent’s

method generalized Cauchy’s integral formula into an open circuit contour, leading to the

definition[61]:

cD−ν
x f(x) = 1

Γ(ν)

∫ x

c
(x− t)ν−1f(t)dt, Re ν > 0. (2.8)

When c=0 ((2.8)) simplifies to the most common form:

0D−ν
x f(x) = 1

Γ(ν)

∫ x

0
(x− t)ν−1f(t)dt, Re ν > 0. (2.9)

This expression is now known as the Riemann-Liouville fractional integral. A necessary

condition for the convergence of ((2.9)) is that

f(x) = O(x1−ϵ), ϵ > 0. (2.10)

or equivalenty :

f(x) = O(xa), a > −1. (2.11)

When c is negative infinity, (2.8) becomes

−∞D−ν
x f(x) = 1

Γ(ν)

∫ x

−∞
(x− t)ν−1f(t)dt, Re ν > 0. (2.12)
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A sufficient condition that (2.12) converge is that

f(−x) = O(x−ν−ϵ), ϵ > 0, x → ∞ (2.13)

Functions possessing this condition are called Liouville class functions.

For example, f(x) = x−a, a > ν > 0 belongs to this class.

Examples :

For f(x) = eaz with a > 0 , from (2.12) :

−∞D−ν
x eax = a−νeax (2.14)

Assuming the rule of exponents D[D−νf(x)] = D1−νf(x) , for 0 < ν < 1,

so µ = 1−ν > 0, yields:

−∞Dµ
xeax = aµeax, Re a > 0 (2.15)

If f(x) = x−a, with a > ν > 0 , then

−∞D−ν
x x−a = (−1)−ν Γ(a−ν)

Γ(a) x−a+ν (2.16)

and for x < 0 ,and if 0 < ν < 1,then µ = 1−ν > 0 and

−∞Dµ
xx−a = (−1)µ Γ(a+µ)

Γ(a) x−a−µ (2.17)

Similarly, For f(x) = xa and ν > 0:

0D−ν
x xa = Γ(a+1)

Γ(a+ν +1)xa+ν , a > −1. (2.18)

and appmying the operator rule :



Chapter 2. Foundations of Fractional Calculus and Differential Equation Theory 32

0Dν
xxa = Γ(a+1)

Γ(a−ν +1)xa−ν , a > −1. (2.19)

Special Case : If f(x) = 1 and ν = 1
2 , then (2.19) :

0D1/2
x (1) = 1√

πx
, (2.20)

showing that the fractional derivative of a constant is non-zero.

2.5 Fractional Derivatives

The notation for fractional derivatives has evolved over time and remains partially

non-standardized [65, 72]. Leibniz and Euler used dα; Riemann wrote Θα
x ; Liouville

preferred dα

dxα . Grünwald used
{

dαf
dxα

}
x=a

or Dα[f ]x=a; Marchaud used Dα[f ](α); and

Hardy–Littlewood wrote fα. Modern authors also employ notations such as I−α, I−α
x ,

aDα
x , dα

dxα , and occasionally dα

d(x−α)α instead of Dα
a+.

Fractional derivatives are defined through integrals, making them non-local operators.

The time-fractional derivative reflects past states of the system, exhibiting a memory

effect. Due to this non-locality, they are useful in developing generalized models and

governing principles. They have important applications in astrophysics, economics, fusion

plasmas, mechanics, and viscoelasticity. [73]

We now restate a foundational definition. For further reading, see [61, 62, 74]

2.5.1 RL Fractional Derivative

Definition 1 Let −∞ ≤ a ≤ x ≤ b ≤ ∞. The Riemann–Liouville fractional integral of

order α > 0, with lower limit a (or upper limit b), is defined for functions satisfying

f ∈ L1([a,b]) and f ∗Kn−α ∈ W n,1([a,b]) as follows:

(Dα
a±f)(x) = (±1)n dn

dxn
(In−α

a± f)(x), (2.21)

and (Dα
a±f)(x) = f(x) for α = 0.



Chapter 2. Foundations of Fractional Calculus and Differential Equation Theory 33

Here, n = [α]+1 is the smallest integer greater than α, and

W k,p(G) = {f ∈ Lp(G) : f (kp) ∈ Lp(G)}

denotes a Sobolev space. For k = p = 1, we have W 1,1([a,b]) = AC0([a,b]) ,the space

of absolutely continuous functions.

2.5.2 Caputo Fractional Derivative

Let f(x) be uniformly continuous on the closed interval [a,b]. Then its first derivative

f ′ exists almost everywhere on [a,b] and satisfies f ′ ∈ L1([a,b]). In this case, the function

f can be represented as:

f(x) =
∫ x

a
f ′(y)dy +f(a) = (I1

a+f ′)(x)+f(a), (2.22)

Substituting this into the fractional integral operator Iα
a+ gives :

(Iα
a+f)(x) = (I1

a+Iα
a+f ′)(x)+ f(a)

Γ(α +1)(x−a)α, (2.23)

Using the commutativity of fractional integrals, we derive:

(DIα
a+f)(x) = (Iα

a+f ′)(x)+ f(a)
Γ(α)(x−a)α−1, (2.24)

For 0 < α < 1, we define (Df)(x) = df(x)
dx = f ′(x), which denotes the first-order deriva-

tive.

This motivates the definition of the Caputo fractional derivative as a modified form

of the Riemann–Liouville derivative:

(cDα
a+f)(x) := In−α

a+ f (n) = 1
Γ(n−α)

∫ x

a

f (n)(y)
(x−y)α−n+1 dy, (2.25)

where n = [α]+1. The function f must be at least n-times differentiable.

Although the expression was introduced by Liouville, it is now commonly attributed
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to Caputo. Henceforth, we denote the Caputo derivative of order α by dα

dxα instead of
CDα

0+. When the function maps into a Banach space X, the integrals and derivatives are

taken in the Bochner sense.

2.5.3 Basic Properties of RL and Caputo Fractional Derivatives

Let λ,µ,α,a be constants, and let f,g be functions for which the involved operations

are defined. The fractional derivatives satisfy linearity:

Dα
a±(λf +µg) = λDα

a±(f)+µDα
a±(g), (2.26)

cDα
a±(λf +µg) = λcDα

a±(f)+µcDα
a±(g), (2.27)

If a function f is expressed as a uniformly convergent infinite series, the derivative

distributes over the sum:

Dα
a±

∞∑
k=0

fk

(x) =
∞∑

k=0
(Dα

a±fk)(x) (2.28)

cDα
a±

∞∑
k=0

fk

(x) =
∞∑

k=0
(cDα

a±fk)(x) (2.29)

Particularly for a finite lower bound, we must focus solely on the uniform convergence

associated with derivatives, as integrals remain uniformly convergent by default.

The Caputo operator is commutative with respect to composition:

(C
0 DαC

x0 Dβ
xf)(x) = (C

0 DβC
t0 Dα

xf)(x) = ((C
0 Dα+β

x f)(x), ∀α,β ∈ R+, (2.30)

C
0 Dα

xc = 0 for any constant c.

In contrast, the Riemann–Liouville derivative of a constant is generally non-zero:



Chapter 2. Foundations of Fractional Calculus and Differential Equation Theory 35

0Dα
xc = cx−α

Γ(α −1) (2.31)

The relationship between the Riemann–Liouville and Caputo derivatives is given by:

(Dα
a+f)(x) = (CDα

a+f)(x)+
n−1∑
k=0

(x−α)k−a

Γ(k −α +1)f (k)(a), α ≥ 0. (2.32)

This illustrates that the Riemann–Liouville and Caputo operators differ by terms

dependent on initial conditions.

The Riemann–Liouville integral and differential operators are mutual inverses under

appropriate conditions:

(Dα
a+Iα

a+f(x) = f(x); (2.33)

Iα
a+Dα

a+f(x) = f(x)−
n−1∑
k=0

(x−α)α−k−1

Γ(α −k) (Dn−k−1In−α
a+ f)(a), (2.34)

where In−α
a+ f ∈ ACm([a,b]) :=

{
f ∈ Cm([a,b])|f (n) is absolutely continuous

}
f ∈ L1([a,b]),α > 0 and n = [α]+1.

2.5.4 The Generalized RL Fractional Derivative

The generalized Riemann–Liouville fractional derivative of order 0 < α < 1 and type

0 ≤ β ≤ 1 with lower (respectively upper) limit a is defined as :

(
Dα,β

a± f
)

(x) =
(

±I
β(1−α)
a±

d

dx

(
I

(1−β)(1−α)
a± f

))
(x), (2.35)

The function f must be such that the right-hand side is well-defined.

Special cases:

• Dα
a± = Dα,0

a± (Riemann–Liouville derivative)



Chapter 2. Foundations of Fractional Calculus and Differential Equation Theory 36

• CDα
a± = Dα,1

a± . (Caputo derivative)

The type parameter β enables a continuous transition between the two classical deriva-

tives.

2.6 Relations Between RL Integrals and Derivatives

After introducing the Riemann–Liouville integral and derivative operators separately,

we now examine their interrelationship.

Under certain conditions, the RL derivative acts as the left inverse of the RL integral.

This leads to the following result:

Let n > 0. If there exists some ϕ ∈ L1[a,b] such that f = In
a ϕ, then

In
a Dn

a f = f (2.36)

almost everywhere.

Proof. This follows directly:

In
a Dn

a f = In
a [Dn

a In
a ϕ] = In

a ϕ = f (2.37)

If f does not meet the criteria above, the composition In
a Dn

a f can still be expressed

explicitly as follows.

Let n > 0 and m = ⌊n⌋+1. Assume that f is such that Im−n
a f ∈ Am[a,b]. Then,

In
a Dn

a f(x) = f(x)−
m−1∑
k=0

(x−a)n−k−1

Γ(n−k) lim
z→a+

Im−n
a f(z). (2.38)

Specifically, for 0 < n < 1 we obtain :

In
a Dn

a f(x) = f(x)− (x−a)n−1

Γ(n) lim
z→a+

I1−n
a f(z) (2.39)
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Proof. Assume that Dm−1Jm−n
a f exists and is continuous. Then, there exists a

function ϕ ∈ L1 such that

Dm−1Jm−n
a f = Dm−1Jm−n

a f(a)+J1
aϕ.

From this we get:

Im−n
a f(x) = −

m−1∑
k=0

(x−a)k

k! lim
z→a+

Im−n
a f(z)+ Im

a ϕ(x). (2.40)

Now, substitute into:

In
a Dn

a f(x) = In
a Dm

a Im−n
a f(x), (2.41)

Since:

Dm

m−1∑
k=0

(x−a)k

k! lim
z→a+

DkIm−n
a f(z)

= 0, (2.42)

It follows:

In
a Dn

a f(x) = In
a DmIm

a ϕ(x) = In
a ϕ(x) (2.43)

Then rewrite f(x) as :

f(x) =
m−1∑
k=0

(x−a)k+n−m

Γ(k +n−m+1) lim
z→a+

DkIm−n
a f(z)+ Im

a ϕ(x). (2.44)

Finally, substitute and isolate to get:

In
a Dn

a f(x) = f(x)−
m−1∑
k=0

(x−a)n−k−1

Γ(n−k) lim
z→a+

Dm−k−1Im−n
a f(x). (2.45)
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2.7 Taylor and Fractional Taylor Expansion

A fundamental result in classical analysis is Taylor’s theorem. It can be expressed

in a more insightful form than is often found in standard texts, as it reveals structural

information about the function space Am .

The classical version of this theorem follows by setting y=a in the general form below.

The following statements are equivalent:

Theorem 1 (Taylor Expansion) The following statements are equivalent:

1. f ∈ Am[a,b],

2. For every x,y ∈ [a,b], the following identity holds:

f(x) =
m−1∑
k=0

(x−y)k

k! Dkf(y)+ Im
y Dmf(x), (2.46)

where

Im
y Dmf(x) = f(x)−Tm−1[f ;y](x). (2.47)

Here, Tm−1 [f ;a] (x) denotes the Taylor polynomial of degree m-1 centered at y:

Tm−1 [f ;a] (x) =
m−1∑
k=0

(x−y)k

k! Dkf(y) (2.48)

A fractional generalization of Taylor’s theorem can be formulated using the previous

results. Under the assumptions of Theorem 1, we have:

Theorem 2 (Fractional Taylor expansion). Under the assumptions of Theorem (1),

we have

f(x) = (x−a)n−m

Γ(n−m+1) lim
z→a+

Im−n
a f(z)+

m−1∑
k=1

(x−a)k+n−m

Γ(k +n−m+1) lim
z→a+

Dk+n−m
a f(z)+In

a Dn
a f(x)

(2.49)
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Note that when n ∈N, m = n+1, the first limit term vanishes, and the classical Taylor

expansion is recovered.

Proof Sketch. From the previous results, we have:

f(x) =
m−1∑
k=0

(x−a)k+n−m

Γ(k +n−m+1) lim
z→a+

DkIm−n
a f(z)+ In

a Dn
a f(x). (2.50)

Rewriting the sum by substituting k → m − k − 1 , and rearranging terms, yields the

desired expression.

2.8 GL Fractional Derivatives

The GL approach generalizes classical finite differences to non-integer orders.

Definition 2 The GL fractional derivative of order α > 0 with a lower bound a is defined

as

GLDα
a+(f)(x) = lim

h→0+

1
hα

∑
k=0

[(x−a)/h](−1)k

(
α

k

)
f(x−kh) (2.51)

The GL fractional derivative of order α with upper limit b is defined as the limit.

(GLDα
b−(f)(x) = lim

h→0+

1
hα

[(b−x)/h]∑
k=0

(−1)k

(
α

k

)
f(x+kh) (2.52)

Here,
(

α
k

)
denotes the generalized binomial coefficient:

(
α

k

)
= Γ(α +1)

Γ(k +1)Γ(α −k +1) (2.53)

2.8.1 GL Approach

The GL method is a fundamental tool in the numerical treatment of fractional deriva-

tives, as it is based directly on the definition of the derivative as a limit of fractional

differences.

Let h be the time step, and define the backward difference operator as:
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∇n
hf(t) =

⌊ t
h⌋∑

k=0
(−1)k

(
n

k

)
f(t−kh) (2.54)

Then the GL approximation of the left-sided derivative of order α is:

Dα
t f(t) ≈ 1

hα

n∑
k=0

(−1)k

(
α

k

)
f(t−kh) (2.55)

This method results in a convolution-type sum, incorporating the entire past of the

solution at each time step. However, it can become computationally expensive for long

simulations due to the accumulation of terms.

To alleviate this, algorithms such as short-memory principle and fast convolution are

introduced in practice.

2.9 Numerical Techniques for Resolving Fractional

Differential Equations (FDEs)

One of the most critical applications of Caputo’s derivative lies in solving FDEss.

Unlike FDEs involving the RL derivative—which require initial conditions expressed as

fractional-order derivatives—an initial value problem for an FDE (or a system of FDEs)

involving the Caputo derivative of order α > 0 (with m − 1 < α ≤ m) can be formulated

as follows [75, 76]:


Dα

t0y(t) = f(t,y(t)),

y(t0) = y0, y′(t0) = y
(1)
0 , . . . , y(m−1)(t0) = y

(m−1)
0 .

(2.56)

where f(t,y) is presumed to be continuous and y0,y
(1)
0 , . . . ,y

(m−1)
0 are the specified

values of the derivatives at t0. Initializing the FDE with designated values of integer-order

derivatives is more advantageous due to their explicit physical significance in relation to

fractional-order derivatives.

The application of the RL integral Ja
t0 to both sides of Equation (2.56), in conjunction
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with Theorem 1, results in the reformulation of the FDE as a weakly-singular Volterra

integral equation (VIE):

y(t) = Tm−1[y; t0](t)+ 1
Γ(a)

∫ t

t0
(t− t0)a−1f(t,y(t))dt. (2.57)

The integral formulation (2.57) is undoubtedly advantageous as it enables the utiliza-

tion of existing theoretical and numerical results for this category of Volterra Integral

Equations (VIEs) to analyze and resolve Fractional Differential Equations (FDEs). We

emphasize the nonlocal characteristic of FDEs: the existence of absolute power in the

kernel precludes the decomposition of the solution of Equation (2.57) at any point tn into

the solution at a prior point tn − h plus an increment term associated with the interval

[tn − h,tn], as is typical with IDEs. Moreover, as demonstrated by Lubich [77] [9], the

solution of the VIE (2.57) exhibits an expansion in mixed (i.e., integer and fractional)

powers:

y(t) = Tm−1(t)+
∑

i,j∈N
(t− t0)i+j ai,j (2.58)

This indicates a lack of smoothness at t0; as is widely recognized, the absence of

smoothness at t = t0 presents challenges for numerical calculation, as approaches reliant

on polynomial approximations are ineffective in yielding precise answers when smoothness

is compromised.

FDEs are widely used to model complex systems in science and engineering due to

their ability to capture memory and hereditary effects. However, solving FDEs poses

unique challenges because of their nonlocal nature and the fractional-order derivatives

involved. Several numerical methods have been developed to address these challenges,

broadly categorized into two prominent families[78]:

• Approximation of derivatives [76]

– GL scheme for derivatives
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– L1 and L2 algorithms

• Methods based on integral formulation[76]

– GL scheme for integrals

– Product-integration rules

– Fractional Linear Multistep Methods

2.9.1 GL Scheme for Derivatives

The general fractional differential equation is expressed as:

CDα
t0y(t) = f(t,y(t)), (2.59)

where CDα
t0 represents the Caputo fractional derivative.

The GL derivative is defined as:

GLDα
t0(y)(t) = lim

h→0

1
hα

N∑
k=0

(−1)k

α

k

y(t−kh), (2.60)

with

α

k

= Γ(α +1)
k!Γ(α −k +1) . (2.61)

The relationship between the Caputo and GL derivatives is given by:

CDα
t0(y)(t) =GL Dα

t0 [y(t)−y0], 0 < α ≤ 1. (2.62)

To numerically implement the GL derivative for a fixed step size h > 0, we use:
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1
hα

n∑
k=0

(−1)k

α

k

 [yn−k −y0] = f(tn,yn), 0 < α ≤ 1. (2.63)

The GL scheme is thus formulated as:

n∑
k=0

(−1)k

α

k

 [yn−k −y0] = hαf(tn,yn), 0 < α ≤ 1. (2.64)

Properties The GL scheme

• Order of Convergence: The scheme has a first-order convergence, expressed as:

y(tn)−yn = O(h). (2.65)

• Special case for α = 1: When α = 1, the coefficients simplify as:

(−1)k

α

k

= (−1)k Γ(α +1)
k!Γ(k −α +1) =



1, k = 0,

−1, k = 1,

0, k > 1.

(2.66)

In this case, the scheme reduces to the standard backward Euler method for IDE:

yn = yn−1 +hf(tn,yn). (2.67)

• General Formulation of the GL Scheme

The general scheme is:

n∑
k=0

wα
k [yn−k −y0] = hαf(tn,yn), (2.68)

with weights defined as:
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wα
k = (−1)k

α

k

 , 0 < α ≤ 1. (2.69)

• Reformulation of the Scheme

The scheme can also be reformulated as:

n∑
k=0

wα
k = wα−1

n ,

n∑
k=0

wα
k yk = wα−1

n y0 +hαf(tn,yn).
(2.70)

• For the RL derivative , no initial term is required because:

RLDα
t0y(t) =GL Dα

t0y(t). (2.71)

• For α > 1, the term y0 is replaced by the Taylor expansion of order m−1:

Tm−1(tn) =
m−1∑
j=0

(tn − t0)j

j! y(j)(t0). (2.72)

2.9.2 L1 and L2 Algorithms

• L1 Algorithm (0 < α ≤ 1)

Starting from the definition of Caputo’s derivative for 0 < α ≤ 1, we have:

CDα
t0y(t) = 1

Γ(1−α)

∫ t

t0
(t− τ)−αy′(τ)dτ (2.73)

• On a grid tn = t0 +nh, the integral can be written piecewise as:

CDα
t0y(tn) = 1

Γ(1−α)

n−1∑
j=0

∫ tj+1

tj

(tn − τ)−αy′(τ)dτ (2.74)

• On each interval [tj , tj+1], approximate y′(τ) as:
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y′(τ) = y(tj+1)−y(tj)
h

+O(h) as h → 0 (2.75)

• Substitute this approximation into the integrals and evaluate exactly:

CDα
t0y(tn) ≈ 1

Γ(1−α)

n−1∑
j=0

∫ tj+1

tj

(tn − τ)−α

[
y(tj+1)−y(tj)

h

]
dτ (2.76)

The approximated derivative becomes:

CDα
t0y(tn) ≈ 1

Γ(1−α)

n−1∑
j=0

[
y(tj+1)−y(tj)

h

]∫ tj+1

tj

(tn − τ)−αdτ (2.77)

The standard integral evaluation is:

∫ tj+1

tj

(tn − τ)−αdτ = h1−α (n− j)1−α − (n− j −1)1−α

1−α
(2.78)

Thus, the approximated operator becomes:

L1Dα
t0y(tn) = 1

Γ(1−α)

n−1∑
j=0

h1−α (n− j)1−α − (n− j −1)1−α

1−α
· y(tj+1)−y(tj)

h
(2.79)

Simplifying:

Γ(1−α) ·Γ(1−α) = Γ(2−α) (2.80)

The L1 Approximation(0 < α ≤ 1):

L1Dα
t0y(tn) = 1

Γ(1−α)

wn,0y(t0)+
n∑

j=1
wn−jy(tj)

 (2.81)

where:
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wn,0 = (n−1)1−α −n1−α

Γ(2−α) (2.82)

wn =


1

Γ(2−α) if n = 0,

(n+1)1−α−2n1−α+(n−1)1−α

Γ(2−α) if n ≥ 1.

(2.83)

Special case α = 1:

wn,0 = 1, w0 = 1, w1 = −1, wn = 0 for n ≥ 2 (2.84)

L1D1
t0y(tn) = yn −yn−1

h
(Standard difference quotient). (2.85)

Application to solve FDEs:

CDα
t0y(t) = f(t,y(t)) (2.86)


CDα

t0y(t) = f(t,y(t)),

y(t0) = y0.

(2.87)

The solution becomes:

yn = −wn,0y0 −
n−1∑
j=1

wn−jyj +hαf(tn,yn) (2.88)

• L2 Algorithm (1 < α ≤ 2)

Starting from the definition of Caputo’s derivative for 1 < α ≤ 2:

CDα
t0y(t) = 1

Γ(2−α)

∫ t

t0
(t− τ)1−αy′′(τ)dτ (2.89)

• On a grid tn = t0 +nh, write the integral piecewise:
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CDα
t0y(tn) = 1

Γ(2−α)

n−1∑
j=0

∫ tj+1

tj

(tn − τ)1−αy′′(τ)dτ (2.90)

• On each interval [tj , tj+1], approximate y′′(τ) as:

y′′(τ) = y(tj+1)−2y(tj)+y(tj−1)
h2 +O(h) as h → 0 (2.91)

Substitute and evaluate the integral exactly:

∫ tj+1

tj

(tn − τ)1−αdτ = h2−α (n− j)2−α − (n− j −1)2−α

2−α
(2.92)

The L2 Approximation:

CDα
t0y(tn) = 1

hαΓ(3−α)

v̄n,0y(t0)+ ṽn,0y(t1)+
n∑

j=2
vn−jy(tj)

 (2.93)

General Formulation of Approximations (for α > 0, m−1 < α ≤ m):

CDα
t0y(tn) ≈ 1

hα

m−1∑
j=0

wn,jy(tj)+
n∑

j=m

wn−jy(tj)
 (2.94)

2.9.3 GL for Integrals

Methods based on integral formulations are powerful tools for solvingFDEs. These

approaches reformulate FDEs into equivalent integral equations, leveraging the close re-

lationship between fractional derivatives and integrals. This reformulation allows for the

use of established numerical techniques, such as Volterra integral equations (VIEs), to

address the challenges posed by the nonlocal nature of fractional calculus.

The integral formulation provides a flexible framework for numerical approximations,

enabling techniques like product-integration rules, predictor-corrector methods, and frac-

tional linear multistep methods. These methods are well-suited for handling the memory

effects inherent in fractional systems, making them widely applicable in physics, engi-

neering, and biology. By transforming FDEs into integral forms, these methods ensure
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stability and convergence while maintaining computational efficiency.

Reformulation in integral form:


cDα

t0y(t) = f(t,y(t))

y(t0) = y0
0 < α < 1 (for simplicity) (2.95)

Volterra integral equation formulation:

y(t) = y0 + 1
Γ(α)

∫ t

t0
(t− τ)α−1f(τ,y(τ))dτ (2.96)

Reformulation in integral form for α > 0 and m−1 < α ≤ m:

• Volterra integral equation (VIE) formulation:

y(t) = Tm−1(t)+ 1
Γ(α)

∫ t

t0
(t− τ)α−1f(τ,y(τ))dτ, Tm−1(t) =

m−1∑
k=0

(t− t0)k

k! y
(k)
0

(2.97)

The GL definition of the fractional integral is given by:

Jα
t0f(t) = lim

h→0
hα

N∑
n=0

(−1)n

(
−α

n

)
f(t−nh), N =

⌊
t− t0

h

⌋
(2.98)

where

(−1)n

(
−α

n

)
= (−1)n Γ(−α +1)

n!Γ(−α −n+1) = Γ(α +n)
n!Γ(α) . (2.99)

Fixing the step size h > 0, we have:

yn = Tm−1(tn)+hα
n∑

j=0
(−1)j

(
−α

j

)
f(tn−j ,yn−j). (2.100)

2.9.4 Product-Integration Rules

Young’s method, initially proposed in 1954 for Volterra integral equations (VIEs),

garnered attention for its effectiveness in solving integral equations[79]. Its applicability



Chapter 2. Foundations of Fractional Calculus and Differential Equation Theory 49

expanded significantly when Diethelm et al. adapted it for FDEs in 1999[80]. This work

introduced a predictor-corrector scheme that enhanced the robustness and efficiency of

the method for solving FDEs, leading to its widespread use in fractional calculus. The

method has been further generalized into four different solution approaches, each im-

proving accuracy and computational efficiency in solving fractional differential equations.

These methods include the explicit rectangular rule, implicit rectangular rule, implicit

trapezoidal rule, and product-integration rules using higher-degree interpolants.

The main idea is as follows:

(1) On a grid tn = t0 +nh, write the VIE in a piecewise manner:

y(tn) = Tm−1(tn)+ 1
Γ(α)

n−1∑
j=0

∫ tj+1

tj

(tn − τ)α−1f(τ,y(τ))dτ (2.101)

(2) Approximate f(τ,y(τ)) on [tj , tj+1] using a k-degree interpolant polynomial.

(3) Evaluate the integral exactly.

1. Product-Integration Rules: Explicit rectangular rule

y(tn) = Tm−1(tn)+ 1
Γ(α)

n−1∑
j=0

∫ tj+1

tj

(tn − τ)α−1f(tj ,yj)dτ (2.102)

For the 0-degree polynomial f(τ,y(τ)) ≈ f(tj ,yj) on τ ∈ [tj , tj+1], the explicit inte-

gral becomes:

1
Γ(α)

∫ tj+1

tj

(tn − τ)α−1f(tj ,yj)dτ = (tn − tj)α − (tn − tj+1)α

Γ(α +1) f(tj ,yj). (2.103)

This leads to:

yn = Tm−1(tn)+hα
n−1∑
j=0

b
(α)
n−j−1f(tj ,yj), (2.104)
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where

b(α)
n = (n+1)α −nα

Γ(α +1) .

2. Product-Integration: Implicit rectangular rule.

For the implicit rule, we approximate f(τ,y(τ)) by f(tj+1,yj+1) on τ ∈ [tj , tj+1],

yielding:

yn = Tm−1(tn)+hα
n∑

j=1
b
(α)
n−jf(tj ,yj), (2.105)

3. Product-Integration: Implicit trapezoidal rule

Using a 1-degree interpolant polynomial:

f(τ,y(τ)) ≈ τ − tj+1
tj − tj+1

f(tj ,yj)+ τ − tj

tj+1 − tj
f(tj+1,yj+1) τ ∈ [tj , tj+1], (2.106)

the integral is computed as shown in the following equations.

The final result is:

y(tn) = Tm−1(tn)+hα

ã(α)
n f(t0,y0)+

n∑
j=1

a
(α)
n−jf(tj ,yj)

 , (2.107)

where:

ã(α)
n = (n−1)α+1 −nα+1(n−α −1)

Γ(α +2) , a(α)
n =


1

Γ(α+2) if n = 0,

(n−1)α+1−2nα+1+(n+1)α+1

Γ(α+2) if n = 1,2, . . .

2.9.4.1 Convergence order of Product-Integration rules

The error in the approximation can be expressed as:

y(tn)−yn = O(hP ). (2.108)
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Theorem 3 If f(t,y(t)) ∈ Ck+1 [t0,T ], then

y (tn)−yn = O(hk+1). (2.109)

(1) Explicit Rectangular Rule:

|y(tn)−yn| = O(hα). (2.110)

(2) Implicit Rectangular Rule:

|y(tn)−yn| = O(hα+1). (2.111)

(3) Implicit Trapezoidal Rule:

|y(tn)−yn| = O(hα+1). (2.112)

2.9.4.2 Generalization of Product-Integration rules

The generalization of these rules entails employing a mix of higher-degree interpolants

and advanced integral approximations, enhancing accuracy and convergence.

To circumvent solving the nonlinear equations in Equation (2.107) for the assessment

of yn, a predictor-corrector (PC) method is occasionally favored. This method involves

initially estimating yn using the explicit PI rectangular rule (2.104), followed by a correc-

tion through the implicit PI trapezoidal rule (2.107) as outlined:


yp

n = Tm−1[y; t0](tn)+hα∑n−1
j=0 b

(α)
n−j−1f(tj ,yj),

yn = Tm−1[y; t0](tn)+hα
(

ã
(α)
n f0 +∑n−1

j=1 a
(α)
n−jf(tj ,yj)+a

(α)
0 f(tn,yn

P )
)

,
(2.113)

where yn
P represents the predicted value and yn denotes the corrected value.

The PC approach for FDEs has been well examined (see, for example, [81–84]. To
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enhance the approximation, numerous corrective iterations, denoted as m, may be em-

ployed:


yn

P = Tm−1[y; t0](tn)+hα∑n−1
j=0 b

(α)
n−j−1f(tj ,yj),

yn = Tm−1[y; t0](tn)+hα
(

ã
(α)
n f0 +∑n−1

j=1 a
(α)
n−jf(tj ,yj)+a

(α)
0 f(tn,yn

P )
)

, µ = 1,2, . . .

(2.114)

Each repetition is anticipated to enhance the order of convergence from the first-

order convergence of the predictor technique until the convergence order of the corrector

method is attained. Generally, only a single or a limited number of correction iterations

are required. The explicit PI rectangle rule (2.104) is derived for m = 0, whereas the

typical predictor-corrector approach (2.113) necessitates m = 1.

2.9.5 Fractional Linear Multistep Methods

One of the most efficient classes of numerical schemes for solving FDEss is the family

of Fractional Linear Multistep Methods (FLMMs). These methods:

• Were developed by Lubich between 1986 and 1988 [85, 86].

• Represent an extension of classical Linear Multistep Methods (LMMs) for ordinary

and integral differential equations (IDEs) to the fractional-order case.

• Are based on convolution quadrature techniques, allowing for stable and accurate

approximations of fractional derivatives.

The standard IDE:  y′(t) = f(t,y(t))

y(t0) = y0.
(2.115)

Standard LMM for IDEs:

k∑
j=0

ρjyn−j = h
k∑

j=0
σjf(tn−j ,yn−j), n ≥ k. (2.116)
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First and second characteristic polynomials:

ρ(ξ) =
k∑

j=0
ρjξ

k−j , σ(ξ) =
k∑

j=0
σjξ

k−j (2.117)

Generating function of the Linear Multistep Methods (LMM):

δ(ξ) = ρ(1/ξ)
σ(1/ξ) (2.118)

When applied to IDE:

y′(t) = f(t,y(t)) ⇔ y(t) = y0 +
∫ t

t0
f(τ,y(τ))dτ (2.119)

Laplace transform:

G(τ) = f(τ,y(τ))
∫ t

t0
G(τ)dτ ÷ s−1Ĝ(s) (2.120)

LMM in the form of convolution quadrature:

yn = y0 +h
k−1∑
j=0

wn,jf(tj ,yj)+h
n∑

j=0
wn−jf(tj ,yj),

∞∑
j=0

wnξn =
(

δ(ξ)
h

)−1
(2.121)

When applied to FDEs (0 < α < 1):

cDα
t0(t) = f(t,y(t)) ⇔ y(t) = y0 + 1

Γ(α)

∫ t

t0
(t− τ)α−1f(τ,y(τ))dτ (2.122)

Laplace transform:

G(τ) = f(τ,y(τ)) 1
Γ(α)

∫ t

t0
(t− τ)α−1G(τ)dτ ÷ s−αG(s) (2.123)

Convolution quadrature for fractional-order problems:

yn = y0 +hα
s∑

j=0
wn,jf(tj ,yj)+hα

n∑
j=0

wn−jf(tj ,yj),
∞∑

j=0
wnξn = (δ(ξ))−α (2.124)
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yn = y0 +hα
s∑

j=0
wn,jf(tj ,yj)︸                      ︷︷                      ︸

Starting term

+hα
n∑

j=0
wn−jf(tj ,yj)︸                       ︷︷                       ︸

Convolution term

(2.125)

Convolution term:

hα
n∑

j=0
wn−jf(tj ,yj) is a discretization of 1

Γ(α)

∫ t

t0
(t− τ)α−1f(τ,y(τ))dτ (2.126)

n∑
j=0

wnξn = (δ(ξ))−α (2.127)

δ(ξ) = ρ(1/ξ)
σ(1/ξ) (2.128)

Where ρ and σ are the characteristic polynomials of the LMM.

Starting term:

hα
s∑

j=0
wn,jf(tj ,yj) to couple with the singular behavior at t0 (2.129)

Coefficients obtained by imposing exact rule for f(t,y(t)) = (t− t0)ν , ν ∈ Ap:

s∑
j=0

wn,jj
ν = −

n∑
j=0

wn−jj
ν + Γ(ν +1)

Γ(1+ν +α)nν+α, ν ∈ Ap (2.130)

Where:

Ap = {γ ∈ R | γ = i+ jα, i, j ∈ N,γ < p−1} , s = |Ap|−1 (2.131)

2.10 Conclusion

This chapter explored the foundations of fractional calculus and its application to

FDEs. We began by introducing the key definitions (e.g., RL and Caputo derivatives),

highlighting their properties and mathematical relationships. The chapter then focused

on numerical methods for solving FDEs, such as product-integration and fractional linear
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multistep methods. These methods were analyzed in terms of their convergence behav-

ior and computational strategies, including predictor-corrector schemes and convolution

quadrature.

Altogether, this chapter provides a theoretical base for modeling complex systems

— such as non-stationary biomedical signals — using fractional calculus, which will be

applied in the following chapters.



Chapter 3

Mathematical Modeling of ECG Sig-

nals
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3.1 Introduction

Mathematical modeling of ECG signals is a fundamental approach to quantitatively

represent the heart’s electrical activity and its manifestation on the body surface. The

ECG signal is inherently complex, non-stationary, and subject to physiological variabil-

ity and noise, which complicates its analysis and interpretation. Mathematical models

provide a rigorous framework to capture these complexities, enabling improved diagnos-

tics, signal synthesis, and a deeper understanding of cardiac electrophysiology. Various

mathematical methods have been developed to model ECG signals, ranging from detailed

biophysical simulations to simplified dynamical and statistical models. This chapter pro-

vides an overview of these mathematical modeling methods, emphasizing their strengths

and limitations. Particular focus is given to IDE and FDEs based models, which balance

physiological relevance and computational efficiency. Subsequently, the chapter discusses

optimization methods used to estimate model parameters accurately, highlighting genetic

algorithms and grey wolf optimization due to their effectiveness in ECG parameter fitting

[87]. This chapter lays the groundwork for the next chapter, which delves into ECG mod-

eling using IDEs, by establishing the theoretical and practical context of mathematical

ECG modeling.

3.2 Overview of Mathematical Models for ECG Sig-

nals

Mathematical modeling of ECG signals encompasses a variety of approaches, each

designed to capture different aspects of the complex cardiac electrical activity. These

methods can be broadly classified into four main categories:

1. Biophysical PDE-Based Models : The bidomain and monodomain models rep-

resent the classical and most physiologically detailed approaches to ECG modeling.

They simulate the electrical potentials inside and outside cardiac cells using coupled

partial differential equations (PDEs) that incorporate tissue anisotropy, cellular het-

erogeneity, and the interaction between the heart and torso. These models enable
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realistic simulation of 12-lead ECGs with accurate waveform morphology and lead-

specific polarity, reflecting the biophysical processes at the cellular and tissue levels.

For example, Potse et al. [88] demonstrated how bidomain models can reproduce

detailed ECG features by solving coupled PDEs with ionic membrane dynamics and

torso conductivity. However, these models are computationally intensive and require

significant numerical resources, which limits their use in real-time applications or

large-scale simulations.

2. Polynomial and Curve-Based Models: To reduce computational complexity,

polynomial approximations such as Bézier-Bernstein curves and Gaussian functions

have been employed to model individual ECG wave components (P, QRS, T waves)

with fewer parameters. These approaches provide smooth and flexible waveform

approximations that facilitate efficient synthesis and feature extraction. Soontorn-

vorn and Fujioka [89] used smoothing Bézier-Bernstein curves to optimally model

ECG waveforms, achieving good accuracy in waveform reconstruction. While these

models improve computational efficiency, they often lack direct physiological inter-

pretability and do not explicitly model the underlying cardiac electrophysiology.

3. Fourier and Transform-Based Models :Fourier series and related transform

methods represent ECG signals as sums of harmonic components, capturing their

periodic and quasi-periodic characteristics with relatively low complexity. These

methods are widely used for signal compression, noise filtering, and feature ex-

traction. For instance, Sassi et al.[90] applied autoregressive (AR) spectral models

to estimate dominant atrial cycle lengths during atrial fibrillation, demonstrating

improved performance over traditional FFT-based spectral approaches. However,

Fourier-based methods may struggle to capture the non-stationary and transient

features of ECG signals, which are crucial for accurate diagnosis and modeling of

arrhythmias.

4. Statistical and Data-Driven Models: Statistical approaches model ECG sig-

nals by extracting features that characterize variability and noise, improving ro-

bustness in real-world applications. Markov-chain Monte Carlo (MCMC) methods

have been used to adaptively select ECG signal representations and track varying

morphologies, as shown by Roonizi and Sassi [91]. Moreover, Markov models have
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been applied to detect ECG instability preceding cardiac arrest, achieving high clas-

sification accuracy (ROC AUC of 82%) in clinical datasets . Autoregressive models

also serve as effective tools for spectral parameter estimation and feature extraction,

particularly in pathological conditions such as atrial fibrillation.

5. Simplified Gaussian-Based Models: Models using sums of Gaussian functions

represent ECG morphology simply and efficiently, often combined with hybrid op-

timization techniques for parameter fitting

This overview highlights the diversity of mathematical methods available for ECG

modeling, ranging from detailed biophysical simulations to efficient statistical and

transform-based techniques. While each approach has its merits, the choice of model

depends on the balance between physiological accuracy, computational feasibility,

and the specific application requirements. The following sections focus on IDE

and FDEs models, which offer a promising compromise by combining physiological

relevance with computational efficiency and flexibility.

3.3 Focus on IDE and FDE Modeling Methods

Mathematical modeling of ECG signals using IDE and FDEs has gained significant

attention due to their ability to capture the essential dynamics of cardiac electrical activity

while maintaining computational tractability.

3.3.1 IDE Models

IDE-based models represent the ECG waveform as trajectories of a dynamical system

in a low-dimensional state space. Typically, these models decompose the ECG signal

into its characteristic components—P wave, QRS complex, and T wave—each modeled

by localized functions such as Gaussian terms positioned at specific angular locations on

a limit cycle. The system of coupled IDEs governs the evolution of the state variables,

with parameters controlling the amplitude, width, and timing of each wave, as well as

heart rate variability through angular velocity around the limit cycle.

One of the most influential models in the field of synthetic ECG signal generation

is the dynamical model developed by McSharry et al.[24]. This approach introduced a
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physiologically inspired and mathematically rigorous framework based on a system of IDE,

enabling the simulation of realistic ECG waveforms. The model is especially valuable for

testing biomedical signal processing algorithms, validating clinical diagnostic tools, and

studying heart rate variability (HRV) under both healthy and pathological conditions.

The McSharry model is a two-stage synthetic ECG generator composed of:

• Stage 1: Heart Rate Variability Modeling:The model begins by generating

a time series of RR intervals that captures important temporal characteristics of

cardiac dynamics, including the average heart rate and physiological variability

such as respiratory sinus arrhythmia and Mayer waves. This is accomplished using

a power spectrum composed of low- and high-frequency components to emulate

autonomic modulation of heart rate.

• Stage 2: ECG Waveform Synthesis via IDEs A synthetic ECG signal is then

generated from a 3D dynamical system governed by three coupled IDEs. The

trajectory moves in a circular path on the (x, y)-plane—representing the cardiac

phase—while the z-component captures the ECG morphology. Distinct waves (P,

Q, R, S, T) are modeled as Gaussian functions, modulating the z-direction as the

trajectory passes through fixed angular positions on the unit circle.

The dynamical model of McSharry is given by:


ẋ1 = αx1 −wx2,

ẋ2 = αx2 +wx1,

ẋ3 =∑
i∈{P,Q,R,S,T } ai∆θi exp

(
−∆θ2

i

2b2
i

)
− (x3 − z0).

(3.1)

Here:

• α = 1−
√

x2 +y2 ensures the trajectory evolves on a unit circle.

• w is the angular velocity determining the heart rate.

• θ represents the angle around the circle.
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• ∆θi = (θ − θi) mod 2π is the angular difference for the ith Gaussian kernel.

• ai, bi, and ϕi are the amplitude, width, and location of the ith wave (P, QRS, T)

respectively.

w represents the angular velocity as it traverses the cycle limit. The baseline wander

was introduced by linking the baseline value in equation (3.1) to the respiratory frequency

by utilizing:

z0(t) = Asin(2πf2t), (3.2)

Where A = 0.15 mV , f2 = 0.25.

McSharry et al. used to generate healthy ECG signals the typical parameters as shown

in Table 3.1.

Table 3.1: Parameters of the ECG model used in Equation 3.1.

Index (i) P Q R S T

Time (s) -0.2 -0.05 0 0.05 0.3
θi −π

3 − π
12 0 π

12
π
2

ai 1.2 -5.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4

The model is numerically integrated using standard methods such as the fourth-order

Runge-Kutta algorithm or Euler’s method. The z-component of the solution, z(t), directly

represents the synthetic ECG waveform.

A critical feature of this model is its ability to adjust the R-R interval by varying the

trajectory’s angular velocity (denoted as ω), allowing for the simulation of both regular

and irregular rhythms. This combination of Gaussian wave modelling and a dynamic car-

diac rhythm framework makes the McSharry model a foundational tool for ECG analysis,

advancing research and developing sophisticated processing methods.

Several researchers have expanded on IDE-based modelling approaches:

• Dabanloo et al.[11] improved the Zeeman model to include respiratory sinus ar-

rhythmia, Mayer waves, and low-frequency heart rate variability.
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• Li and Ma [92] introduced a method using piecewise curves to model the P wave,

QRS complex, and T wave separately before combining them into a full heartbeat.

While this approach adds precision, it also increases complexity due to the many

parameters involved.

• Sameni et al. [12] proposed a 3D dynamic model using a single dipole to describe

the heart’s motion and rotation. While it addressed some challenges in multi-lead

modelling, it struggled to capture low-frequency components, such as the P wave,

accurately.

• Clifford et al.[13] extended Sameni’s model with first-order Markov chains to

simulate transitions between normal and pathological heartbeats.

• Roonizi et al. [14] explored signal decomposition methods, showing that B-splines

provided the best local control for ECG modelling compared to other basis functions

like sinusoidal or Bézier curves.

• Gidea et al.[15] developed a chaos-based model to replicate the heart’s self-regulatory

mechanisms.

• Quiroz-Juárez et al. [16] used three nonlinear oscillators to generate ECG data

for healthy and rhythm-disturbed conditions.

Various studies have used Van der Pol oscillators to model ECG-like waveforms because

they can generate self-sustained oscillations with adjustable amplitude and frequency.

These properties make them well-suited to mimic the heart’s rhythmic, quasi-periodic

behaviour. Initially developed for electrical circuit analysis, Van der Pol oscillators have

also proven effective in modelling biological signals, including cardiac rhythms.

• Kaplan et al. [20] applied a "filtered" Van der Pol oscillator to biological signal

modelling, showing how filtering techniques can better shape oscillator outputs to

resemble ECG waveforms

• Gois and Savi [21] studied heart rhythm dynamics using a system of three cou-

pled Van der Pol oscillators. This model simulated interactions between oscillators,

representing key cardiac features such as the coordination between atrial and ven-

tricular contractions.
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• Ryzhii and Ryzhii [23] introduced a heterogeneous coupled oscillator model

combining multiple Van der Pol oscillators with varying parameters. This design

improved the ability to simulate ECG signals under different heart conditions, in-

cluding complex waveforms seen in arrhythmias.

The Van der Pol oscillator’s adaptability in capturing the nonlinear dynamics of car-

diac signals makes it a valuable tool for ECG modelling. However, achieving high phys-

iological accuracy for specific features, such as the P and T waves, remains challenging.

Despite these limitations, Van der Pol-based models have played a crucial role in ad-

vancing the understanding and simulation of ECG signals, aiding research and practical

applications in cardiology.

3.3.2 FDEs Models

FDEs Models FDE models extend classical IDEs by incorporating fractional calculus,

introducing memory and hereditary effects into system dynamics. This is particularly

advantageous for modeling the non-stationary and fractal-like characteristics of ECG sig-

nals, which exhibit long-range temporal correlations and complex pathological alterations.

FDE-based models provide enhanced accuracy and interpretability in capturing subtle

temporal dependencies that integer-order models may overlook. Although still emerging,

FDE methods represent a promising frontier in ECG modeling.

While traditional IDE have been widely used to model ECG signals, they face signifi-

cant challenges in capturing cardiac electrical activity’s complex and nonlinear dynamics.

One fundamental limitation is the local nature of integer derivatives, which restricts their

ability to represent long-term memory effects inherent in biological systems. IDEs have

a fixed order, making them less flexible in modelling transitions between dynamic behav-

iors. As a result, while IDE-based models are mathematically straightforward, they may

need more accuracy to fully represent the intricate dynamics of ECG signals and cardiac

electrical phenomena.

FDEs offer a more advanced and adaptable approach to overcome these limitations. Un-

like IDEs, FDEs involve derivatives of non-integer order, allowing them to incorporate

memory effects and model complex system dynamics with greater precision. This flexi-

bility enables FDEs better to capture the time-dependent and nonlinear characteristics
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of ECG signals.

FDEs have been successfully applied across various scientific fields, demonstrating

their effectiveness in modelling real-world systems:

• Mathematical Epidemiology : Researchers have used FDEs to study diseases

like bovine babesiosis, analyzing their dynamics with fractional-order models to

capture long-term effects and variability [27].

• Mathematical Biology : FDEs have been applied to epidemic models, incorpo-

rating memory effects to more accurately study disease spread and global dynamics

[28].

• Biochemical Kinetics : Hybrid proportional fractional derivatives have been em-

ployed to forecast enzymatic reactions, providing insights into the dynamics of

enzyme-substrate interactions and reaction rates [29, 31].

• Mathematical Oncology and Epidemiology : Fractional-order models have

been used to explore the chaotic dynamics of HIV-1 and AIDS-associated cancer

cells, highlighting their utility in representing complex biological processes [30].

3.3.2.1 Applications of FDEs in ECG Modeling

In the specific domain of ECG signal modelling, FDEs have shown promise in improv-

ing the accuracy and flexibility of models:

• One of the pioneering approaches in this area is the work of Das and Maharatna [25],

who proposed a novel fractional dynamical model based on filtered, coupled Van der

Pol (VdP) oscillators. Their framework utilizes incommensurate fractional-order

differential equations, which incorporate memory effects and nonlinear dynamics

to more faithfully reproduce the temporal and morphological characteristics of real

ECG signals—particularly the QRS complex.

The model consists of two coupled Van der Pol oscillators, each described by a

set of three FDEs. The oscillators are coupled with a time delay to simulate the
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interaction between the left and right cardiac pacemakers. A first-order low-pass

filter is applied to each oscillator’s output to produce ECG-like signals. Crucially,

the use of fractional derivatives allows the system to emulate the long-term memory

and hereditary properties intrinsic to cardiac tissue.

The complete system is described by the following equations:



Dq1x1(t) = y1(t)+ ε [x2(t− τ)−x1(t)]

Dq2y1(t) = µ1
[
1−x1(t)2

]
y1(t)−x1(t)

Dq3z1(t) = −αz1(t)+βx1(t)

Dq4x2(t) = y2(t)+ ε [x1(t− τ)−x2(t)]

Dq5y2(t) = µ2
[
1−x2(t)2

]
y2(t)−x2(t)

Dq6z2(t) = −αz2(t)+βx2(t)

(3.3)

Where:

– Dqi denotes the Caputo fractional derivative of order qi ∈ (0,1],

– xi(t), yi(t), and zi(t) are the state variables of the i-th oscillator, where i = 1,2.

– µ1,µ2 govern the nonlinearity in each Van der Pol oscillator.

– ε is the coupling strength between the oscillators.

– τ is a time delay representing inter-ventricular conduction latency.

– α and β define the low-pass filtering characteristics.

The ECG-like output is derived from the filtered oscillator signals, typically using:

ECG(t) = z1(t)+ z2(t) (3.4)

or alternatively,

ECG(t) = z1(t) (3.5)
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This model captures essential ECG features, including the QRS complex, and with

appropriate tuning of the fractional orders and parameters, it can also approximate

the full P-QRS-T waveform. Moreover, it is capable of generating both normal and

pathological rhythms.

The key characteristics of this model include:

– Fractional-Order Dynamics: The incommensurate nature (q1 , q2 , · · · ,

q6) allows modeling of distinct memory behaviors in different cardiac compo-

nents.

– Nonlinearity: Each oscillator contains the Van der Pol term µi(1 − x2
i )yi,

generating self-sustained oscillations mimicking pacemaker activity.

– Delay Coupling: The delay τ introduces synchronization and phase shift,

enhancing physiological realism.

– Filtering: The variables zi(t) serve as smoothed outputs, closely resembling

realistic ECG morphologies.

The model parameters and fractional orders can be optimized using metaheuristic

algorithms such as genetic algorithms (GA) or particle swarm optimization (PSO)

to fit actual ECG data or simulate specific pathologies.

This model offers:

1. High flexibility in reproducing diverse ECG morphologies,

2. A physiologically inspired structure incorporating memory and nonlinearity,

3. A platform for in silico investigations of arrhythmias and other cardiovascular

abnormalities.

The Das and Maharatna model[25] represents a significant advancement in synthetic

ECG modeling, providing a robust foundation for future research in simulation-

based diagnostics, algorithm validation, and non-invasive monitoring.



Chapter 3. Mathematical Modeling of ECG Signals 66

• Templos-Hernández et al. developed a six-equation fractional-order model

for cardiac rhythm analysis, aiming for a more comprehensive representation of

ECG waveforms. However, the model struggled with accuracy, particularly when

simulating complex pathological patterns [26].

The exploration of FDEs in ECG signal modeling demonstrates their considerable po-

tential for advancing the field. In comparison to traditional IDE-based approaches—such

as the widely cited model by McSharry et al. [24] —FDEs provide a more sophisticated

framework for capturing the intrinsic memory effects and nonlinear dynamics of cardiac

electrophysiology. Although the McSharry model has served as a foundational tool for

generating synthetic ECG signals with high physiological fidelity, it exhibits limitations in

accurately simulating pathological conditions and in reproducing less prominent waveform

components such as the P and T waves.

The progression from IDE-based to FDE-based modeling reflects a significant method-

ological advancement, offering improved representational power for cardiac signal vari-

ability and long-term dependencies. By incorporating fractional-order dynamics, FDE

models enhance the realism of synthetic ECG signals and expand their applicability to

more complex physiological and pathological scenarios. Nevertheless, the current genera-

tion of FDE-based models still requires further refinement to fully address the challenges

of modeling diverse pathological morphologies and achieving high precision in waveform

morphology.

Therefore, continued research is essential to optimize these models by integrating

more comprehensive physiological constraints, adaptive parameterization, and validation

against real-world clinical data. These improvements will be critical for developing ro-

bust and clinically meaningful tools for ECG signal analysis, biomedical research, and

diagnostic applications.

3.4 The Role of Optimization Methods in Parameter

Estimation

Accurate parameter estimation is essential for the success of mathematical ECG mod-

els, as the choice of parameters directly affects the fidelity of waveform reconstruction



Chapter 3. Mathematical Modeling of ECG Signals 67

and the model’s ability to simulate a wide range of cardiac conditions. Precise parameter

tuning ensures that the models can reliably reproduce the morphological and temporal

features of ECG signals, which is critical for applications such as noise reduction, feature

extraction, arrhythmia detection, and classification.

Optimization methods for ECG model parameter estimation broadly include classical

gradient-based algorithms, heuristic approaches, and metaheuristic techniques. Given the

nonlinear, multimodal, and often high-dimensional nature of the parameter space, heuris-

tic and metaheuristic methods are generally preferred. These methods excel at avoiding

local minima and navigating complex optimization landscapes, which are common chal-

lenges in ECG modeling.

This section focuses on two advanced metaheuristic optimization algorithms— GA

and GWO—which have shown promising results in ECG parameter estimation tasks.

GA, inspired by the principles of natural selection and evolution, iteratively evolve a

population of candidate solutions through selection, crossover, and mutation operations

to explore the search space effectively. GWO, a nature-inspired algorithm modeled after

the social hierarchy and cooperative hunting strategies of grey wolves, balances exploration

and exploitation to efficiently converge on optimal solutions.

By leveraging these powerful optimization techniques, ECG modeling can achieve

enhanced accuracy and robustness, enabling better fitting of model parameters to real

ECG data. This not only improves the quality of synthetic ECG generation but also

strengthens downstream applications such as disease diagnosis and personalized cardiac

monitoring

3.4.1 GA and Its Application in Parameter Estimation

3.4.1.1 Overview of GA

GAs are optimization methods inspired by natural selection in biology. They are

handy for solving complex problems where traditional methods struggle. GAs work by

simulating evolution: they start with a group of potential solutions (called a population)

and improve them over time using operators like selection, crossover, and mutation. This

iterative process helps discover better solutions with each generation [93]
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3.4.1.2 Role of GA in coefficient Estimation

Estimating coefficients is an essential task in many areas of science and engineering.

The goal is to find parameter values that best describe a system or fit observed data.

Traditional techniques, such as gradient-based methods, often fail when dealing with

non-linear, noisy, or high-dimensional data. GAs overcome these challenges by exploring

a broad solution space, reducing the likelihood of getting stuck in local optima [94]

3.4.1.3 Chromosome Representation and Fitness Function

In GAs for coefficient estimation, a chromosome represents the parameters to be es-

timated. GAs can be used in parameter optimization problems by encoding a set of

parameters in the chromosome of the population. Each chromosome represents a possible

set of parameters of the system to be optimized, expressed as:

chromosome = [x1,x2,x3, . . . ,xk] (3.6)

The chromosome with the highest fitness, as determined by the GA, provides the op-

timum set of parameters.

The structure of a chromosome depends on the type of encoding used. Binary, real, "gray,"

and other encoding methods have been applied, with binary encoding being closer to Hol-

land’s theory and more extensively studied. In binary encoding, each real parameter is

mapped to a binary number (substring). Since this approach maps a continuous variable

to a discrete one, the length of the binary string is determined based on the desired pre-

cision.

The fitness function evaluates how well the parameters fit the data. Standard metrics in-

clude the MSE between real and synthetic ECG signals to assess how closely the model’s

predictions align with the observed values [95].

3.4.1.4 Genetic Operators in coefficient Estimation

GAs use several operators to refine solutions. These steps are repeated across gen-

erations until the algorithm converges to an optimal or near-optimal solution(see the
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following flowchart):

1. Population: A set of potential solutions, each represented as a chromosome.

2. Selection: Choosing the best solutions to create the next generation based on their

fitness.

3. Crossover: Combining two solutions to create offspring with characteristics from

both parents.

4. Mutation: Introducing small random changes to maintain diversity and explore

new solutions.

5. Fitness Function: Evaluating each solution’s performance based on the problem’s

objective [96]

These steps are repeated across generations until the algorithm converges to an optimal

or near-optimal solution (see the following flowchart).

3.4.1.5 Application of GAs in Parameter Estimation

GAs are widely used in parameter estimation for their ability to handle complex,

non-linear, and high-dimensional problems. Key applications include:

1. Engineering Optimization: GAs optimize structural dimensions or material

properties to meet safety and durability requirements while minimizing costs. This

is particularly useful in systems with complex constraints [93]

2. Machine Learning: GAs fine-tune hyperparameters in models like neural net-

works, such as learning rates or the number of layers, to improve performance (Gol-

berg, 1989)[97]

3. Medical Diagnostics: For example, GAs optimize models for classifying ECG

signals to detect ischemic beats, enhancing accuracy and robustness.

4. Cardiovascular Disease Prediction: With neural networks, GAs improve disease

prediction accuracy based on patient data [98].

5. Multi-Objective Optimization: GAs balance conflicting objectives, such as cost
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Figure 3.1: Flowchart of the Genetic Algorithm Cycle.

and reliability, in network models and similar systems [96].

3.4.1.6 Advantages of GAs in Coefficient Estimation

GAs offer several benefits:

• Global Search: They explore a vast solution space and avoid local optima.

• Flexibility: GAs can handle continuous, discrete, and mixed parameters.
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• Robustness: They perform well even with noisy or incomplete data.

• Multi-Objective Optimization: GAs can balance conflicting goals effectively

[96].

GAs are powerful for estimating coefficients, particularly in complex and challenging

problems. By mimicking evolution, they explore solutions effectively and adapt to various

applications, including engineering, machine learning, and medical diagnostics. Contin-

ued advancements in GAs will expand their potential for tackling even more demanding

optimization tasks.

3.4.2 Grey Wolf Optimizer and Its Application in Parameter

Estimation

3.4.2.1 Overview of the GWO

The GWO is a bio-inspired metaheuristic algorithm developed by Mirjalili et al, draw-

ing inspiration from grey wolves’ social structure and hunting tactics. The algorithm cat-

egorizes solutions into a hierarchical framework comprising alpha (α), beta (β), delta (δ),

and omega (ω) wolves. This organization governs how wolves interact and navigate the

solution space. The GWO algorithm is widely recognized for its simplicity, robustness,

and capability to solve various optimization problems effectively [99, 100].

3.4.2.2 Mechanisms of the GWO Algorithm

The GWO algorithm operates based on three fundamental mechanisms, which are

mathematically modelled to balance exploration and exploitation:

1. Encircling Prey:

Wolves position themselves around the prey, modelled as:

X(t+1) = Xp(t)−A · |C ·Xp(t)−X(t)| (3.7)

Here:

• X(t): Position of a wolf at iteration t,
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• Xp(t): Position of the prey (optimal solution),

• A and C: Vectors controlling exploration and exploitation dynamics.

2. Hunting: The alpha, beta, and delta wolves guide the pack in locating prey. Wolves

adjust their positions by considering the weighted influence of these top three wolves,

ensuring a balanced search.

3. Attacking and Searching: The transition from exploration to exploitation is gov-

erned by the convergence parameter |A|, which decreases over iterations, enabling

wolves to fine-tune their positions as they approach the prey.

3.4.2.3 Flowchart of the GWO Algorithm

The following flowchart provides:

• A visual representation of the GWO’s operational steps.

• Illustrating how wolves update their positions through encircling.

• Hunting.

• Attacking mechanisms to find the optimal solution.

3.4.2.4 Applications of GWO in Parameter Estimation

GWO has demonstrated exceptional performance in parameter estimation across var-

ious domains. Some notable applications include:

1. Surface Wave Parameter Estimation: Song et al.[101] used GWO for parame-

ter estimation in surface wave models, achieving high accuracy and computational

efficiency in geophysical studies [101].

2. ECG Signal Denoising: Deepak and Vijayakumar applied GWO to optimize

thresholds for denoising ECG signals, enhancing diagnostic accuracy by preserving

signal integrity [102].

3. Overhead Transmission Line Systems: Shaikh et al. employed GWO for pa-

rameter calculation in transmission line systems, demonstrating its ability to im-

prove system performance [103].
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Start

Initialize Population

Update Positions (Encircling)

Guide by Alpha, Beta, Delta (Hunting)

Evaluate Fitness Function

Convergence or Max Iterations?

Return Best Solution

End

Yes

No

Figure 3.2: Improved Flowchart of the Grey Wolf Optimizer Algorithm with Fitness
Evaluation.

4. Time Series Classification: Nsour et al. developed a hybrid GWO approach

for time series classification, which improved accuracy and computational efficiency

[104].

5. Engineering Optimization: GWO has been effectively applied in structural de-

sign, manufacturing systems, and energy management, showcasing its versatility
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[105].

3.4.2.5 Advantages of GWO in Parameter Estimation

The GWO algorithm offers several benefits:

• Global Search Capability: Effectively avoids local optima by exploring a vast

solution space [99].

• Simple Implementation: Minimal parameter tuning makes it computationally

efficient [105].

• Flexibility: Suitable for optimization problems, including continuous, discrete,

and mixed-variable types [100].

• Balancing Exploration and Exploitation: Dynamically adjusts control param-

eters to balance local and global search processes effectively [101].

3.4.2.6 Emerging Trends and Future Directions for GWO Applications

Ongoing research seeks to enhance GWO’s efficiency and expand its applicability.

Variants and hybrid models integrating GWO with techniques like Particle Swarm Op-

timization and genetic algorithms show promise for addressing multi-objective and high-

dimensional problems. Future advancements aim to optimize its computational scalability

and performance in fields such as artificial intelligence, bioinformatics, and renewable en-

ergy systems [105].

3.5 Conclusion

This chapter has presented a comprehensive overview of mathematical methods for

ECG signal modeling, emphasizing the spectrum from detailed PDE-based biophysical

models to efficient polynomial and transform-based approaches. It highlighted the partic-

ular importance of IDE and FDE models for their ability to balance physiological realism

with computational tractability and to capture complex ECG dynamics.

Furthermore, the chapter underscored the critical role of optimization algorithms, es-

pecially GAs and GWO, in accurately estimating model parameters to ensure faithful
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ECG signal representation. Building on this foundation, the next chapter will focus in

detail on ECG modeling using integer differential equations (IDEs), exploring their for-

mulation, parameterization, and applications in simulating both normal and pathological

cardiac rhythms.

The chapter also discusses parameter optimization, a critical step in refining ECG

models for precise simulations and analyses. Techniques such as the GA and GWO

were highlighted for their efficacy in estimating parameters that enhance model accuracy.

These optimization methods leverage nature-inspired principles to overcome challenges

associated with traditional optimization techniques.

This chapter establishes a strong foundation for employing advanced mathematical

and computational techniques in ECG modelling. It provides the theoretical and practical

basis for subsequent discussions on applying these models in modelling ECG signals.



Chapter 4

Integer-Order Differential Equation Mod-

els for ECG Signal Generation
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4.1 Introduction

The modeling of ECG signals has historically relied on systems of integer- order dif-

ferential equations due to their analytical tractability and intuitive correspondence with

physical systems. Among these, the McSharry model stands out as a benchmark, en-

abling the synthesis of realistic ECG signals via a limit-cycle oscillator approach. Despite

their successes, integer-order models often lack the flexibility to account for complex,

long-memory physiological behaviors.

In this chapter, we present and analyze two incremental yet significant contributions

to ECG signal modeling based on IDEs. Both are derived from and expand upon the

McSharry model, focusing on improving fidelity and physiological realism. The first con-

tribution modifies the original IDE structure by introducing a novel Hopf bifurcation to

enhance the system’s; dynamic behavior. The second refines parameter estimation us-

ing optimization techniques, ensuring that synthetic signals align more closely with real

clinical data.

These works serve a dual purpose: they establish a solid mathematical and phys-

iological foundation for modeling the heart’s; electrical activity and highlight the inher-

ent limitations of integer-order formulations. These limitations—particularly in handling

memory effects and capturing long-term dependencies—justify the transition in the next

chapter to FDEs, which offer a more flexible and accurate framework for ECG modeling.

4.2 Generation of ECG synthetic signal using cou-

pled integer differential equations and Hopf bi-

furcation

This section introduces a modeling technique for generating a synthetic ECG signal

that exhibits realistic PQRST morphology and specified heart rate dynamics, encompass-

ing numerous cardiac arrhythmias. The suggested model employs three interconnected

IDEs, with the first two equations reliant on Hopf bifurcation. The fourth-order Runge—

Kutta method is used to calculate the numerical solution for the model. This section
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proposes a modification of the McSharry et al. model by introducing a novel Hopf bifur-

cation mechanism in the first two differential equations, leading to a new formulation for

synthetic ECG generation. The proposed approach enables the creation of diverse syn-

thetic ECG signals that can offer clinically relevant insights into human cardiac dynamics.

4.2.0.1 The proposed model

We propose substituting the initial two equations of the McSharry model [24] (Equa-

tion 3.1) with a pair of nonlinear differential equations that exhibit a Hopf bifurcation, as

described in [106]. The new equations are presented in Equation 4.1.

 ẋ1 = −
(
−g +x2

1 +x2
2
)

x1 −wx2,

ẋ2 = −
(
−g +x2

1 +x2
2
)

x2 −wx1,
(4.1)

Theoretical Foundation: A Hopf bifurcation is a critical point in the parameter space

of a nonlinear dynamical system where a stable fixed point becomes unstable and gives

rise to a stable limit cycle (or vice versa). This bifurcation typically occurs when a pair

of complex conjugate eigenvalues of the system’s Jacobian cross the imaginary axis as a

parameter (here, g) is varied.

In the context of our model, the terms (−g +x2
1 +x2

2) act as a control for the stability

of the origin. When g > 0, the origin is an unstable spiral, and a stable limit cycle

emerges—a hallmark of a supercritical Hopf bifurcation. This behavior closely resembles

the rhythmic oscillations of the heart and thus serves as a mathematically grounded

framework for modeling the pseudo-periodic nature of ECG signals.

By choosing g = −1, we set the system near a subcritical regime where small pertur-

bations can lead to sustained oscillations. The angular velocity w determines the speed

of rotation around the origin in the phase space.

Full Model Description We extend the Hopf-based system by integrating a third

equation that synthesizes the morphological components of the ECG (P, QRS, T waves),

similar to the original McSharry formulation. The full model is defined in Equation 4.2
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[5]:


ẋ1 = −

(
−g +x2

1 +x2
2
)

x1 −wx2,

ẋ2 = −
(
−g +x2

1 +x2
2
)

x2 −wx1,

ẋ3 =∑
i∈{P,Q,R,S,T } ai∆θi exp

(
−∆θ2

i

2b2
i

)
− (x3 − z0).

(4.2)

We fix the bifurcation parameter as g = −1. The parameter w represents the angular

frequency governing the circular trajectory of (x1,x2), akin to the trajectory around the

unit circle in the phase space.

Numerical Integration The system of ordinary differential equations in Equation 4.2

is solved using the classical fourth-order Runge-Kutta method, which is known for its

balance of accuracy and computational efficiency. The general form is:

d−→x
dt

= −→
f (t,−→x ), −→x (t0) = −→x0, (4.3)

where −→x =


x1

x2

x3

 and

−→
f (t,−→x ) =


−(x1 +x2)− (x2

1 +x2
2)x1

−(x1 +x2)− (x2
1 +x2

2)x2∑
i∈{P,Q,R,S,T }

ai ∆θi exp
(

−(∆θi)2

2b2
i

)
− (x3 − z0)

 (4.4)

The Runge-Kutta update formula is:

−→x n+1 = −→x n + h

6
(−→
k1 +2−→

k2 +2−→
k3 +−→

k4
)

, (4.5)

with time step h = 1
fs

, where fs is the sampling frequency.

The Runge-Kutta coefficients are computed as:
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−→
k1 = −→

f (tn,−→x n), (4.6)
−→
k2 = −→

f

(
tn + h

2 ,−→x n + h

2
−→
k1

)
, (4.7)

−→
k3 = −→

f

(
tn + h

2 ,−→x n + h

2
−→
k2

)
, (4.8)

−→
k4 = −→

f (tn +h,−→x n +h
−→
k3). (4.9)

Morphological or pathological ECG parameters

IDE-based mathematical model

Initialize Runge-Kutta parameters:
initial time t0, value x0, step size h, Tspan,
interval limits t, n, sfint, ti, ai, bi

Compute intermediate Runge-Kutta terms at each step

Evaluate main Runge-Kutta equation (4th order)

Is tn+1 ≥ end time?

Continue or plot signal?

Plot ECG signal

Figure 4.1: Flowchart for ECG signal generation using the 4th-order Runge-Kutta
method.
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4.2.1 Results and discussion

4.2.1.1 Results

To solve equation 4.2, the fourth-order Runge–Kutta technique is employed with a

fixed step size of ∆t = 1
fs

= 0.0039s and an initial condition of x0 = [1,0,0.04].

We utilized healthy and unhealthy ECG signals to assess our model’s capacity to

produce realistic synthetic ECG signals from the MIT database [107]. We compared the

signals generated by our model with those acquired from the MIT database.

Consequently, visual analysis is employed to propose appropriate values for the parameters

of our mathematical model for each type of arrhythmia.Figures 4.2, 4.3, and 4.4 illustrates

the standard ECG signal produced by our model. Figure 2. b illustrates the standard ECG

signal obtained from the MIT database [107].Tables 4.1–4.8 delineate the discrepancies

between the model constructed with parameter values and those derived from the MIT-

BIH database.

Table 4.1: Parameter values of the proposed model for generating a sinus bradycardia
ECG signal.

Index (i) P Q R S T
Time (s) -0.2 -0.05 0 0.05 0.3

θi −π
3 − π

12 0 π
12

π
2

ai 1.2 -5.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
w 15π

10

Table 4.2: Parameter values of the proposed model for generating a junctional bradycardia
ECG signal.

Index (i) P Q R S T
Time (s) -0.2 -0.05 0 0.05 0.3

θi −4π
5 − π

12 0 π
12

π
2

ai 1.2 1.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
w 4π

3

4.2.1.2 Discussion

In all examined scenarios, we note that the proposed model facilitates the generation

of high-quality ECGs for cardiac arrhythmias that closely resemble those sourced from
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Table 4.3: Parameter values for the proposed model to generate a tachycardia ECG signal.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3

θi −π
3 − π

12 0 π
12

π
2

ai 1.2 1.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
w 4π

Table 4.4: parameters values for the proposed model for producing flutter ECG signal.

Index (i) P Q R S T
Time (secs) 1.2 1 -10 -7.5 0.075

θi −π
3 − π

12 0 π
12

π
2

ai 5.0 15.0 30.0 15 5.0
bi 0.25 0.1 0.1 0.1 0.4

Table 4.5: parameters values for the proposed model for producing atrial extrasystole
ECG signal.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3

θi −3π
4 − π

12 0 π
12

π
2

ai -1.2 -5.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4

Table 4.6: parameters values for the proposed model for producing ventricular
extrasystole ECG signal.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3

θi −π
4 − π

12 0 π
12

π
2

ai 0.5 1.0 -30.0 0.2 1
bi 0.25 0.1 0.1 0.1 0.4

Table 4.7: parameters values for the proposed model for producing left branch ECG
signal.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3

θi −π
3 − π

12 0 π
12

π
2

ai -1.2 0.0 -30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4
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Table 4.8: Parameters values for the proposed model for producing right branch ECG
signal.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3

θi −π
3 − π

12 0 −0.4π 0.4π
ai 1.2 -5.0 30.0 0 -0.3
bi 0.25 0.1 0.1 0.1 0.4

the MIT database by employing appropriate parameters. For instance, in figure 4.2b,

our model facilitates the development of sinus bradycardia with a heart rate below 50

bpm. However, in figure 4.3a, the model may produce sinus tachycardia with a heart

rate exceeding 100 bpm. In figure 4.3a, we can regulate the presence or absence of the

P wave or the superimposed P wave in conjunction with the QRS complex (junctional

bradycardia).Figure 4.3b illustrates the flutter ECG signal when the frequency exceeds or

exceeds 300 BPM (w > 10π). The suggested model produces atrial extrasystole, depicted

in 4.3c, where a negative P-wave is formed. Figure4.4a illustrates ventricular extrasystole,

whereas figure4.4b and figure4.4c depicts the left bundle branch block and Right bundle

branch block.
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(a) Normal ECG

(b) Sinus Bradycardia

(c) Junctional Bradycardia

Figure 4.2: Comparison between synthetic and real ECG signals . Each subfigure shows:
(a) a synthetic ECG signal generated by our model, and (b) a real ECG signal from the
MIT-BIH database [5].
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(a) Tachycardia

(b) Flutter

(c) Atrial Extrasystole

Figure 4.3: Comparison between synthetic and real ECG signals. Each subfigure shows:
(a) a synthetic ECG signal generated by our model, and (b) a real ECG signal from the
MIT-BIH database [5].
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(a) Ventricular Extrasystole

(b) Left Branch Block

(c) Right Branch Block

Figure 4.4: Comparison between synthetic and real ECG signals . Each subfigure shows:
(a) a synthetic ECG signal generated by our model, and (b) a real ECG signal from the
MIT-BIH database [5].
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The integration of Hopf bifurcation into the first two equations of the McSharry model

introduces a significant enhancement to the dynamic behavior of the ECG generator. By

promoting autonomous oscillatory behavior, this modification increases the physiological

plausibility of the synthetic ECG signals, particularly in capturing the inherent rhythm of

cardiac cycles. However, while the model succeeds in generating more realistic trajectories,

its reliance on integer-order dynamics constrains its ability to reflect long-term memory

effects and subtle signal variations present in real ECG data. These limitations emphasize

the need for more flexible mathematical tools, such as fractional derivatives, to further

improve the model’s fidelity—setting the stage for the developments presented in the next

chapter.

4.3 Optimization of Parameters of coupled ordinary

differential equations for ECG Signal Generation

using Grey Wolf Optimizer

Estimating parameters for ECG signal generation is complex due to several factors.

The dynamic nature of cardiac electrical activity requires precise characterization of var-

ious physiological parameters, such as heart rate, waveform amplitude, and duration.

Furthermore, individual variations in anatomy and physiology introduce additional chal-

lenges, as these parameters can differ significantly between patients. Noise and artifacts

in actual ECG recordings often obscure the underlying signals, complicating the identifi-

cation of accurate patterns. Additionally, the non-linear interactions within the cardiac

electrical system further increase the complexity, requiring advanced modelling techniques.

To overcome these challenges, effective optimization strategies and innovative parameter

estimation methods are essential for generating clinically relevant ECG signals. Several

studies have investigated optimization approaches for parameter estimation in ECG sig-

nal production [108–111]. This research seeks to improve the generation of ECG signals

by optimizing the parameters of coupled ordinary differential equations (IDEs) and ex-

ploring phenomena like Hopf bifurcation. The focus is on enhancing the accuracy of

synthetic ECG waveforms that reflect clinical observations. The GWO, a metaheuristic

optimization technique inspired by grey wolves’ hierarchical social structure and hunt-
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ing behaviour, addresses this challenge. The GWO is particularly adept at navigating

complex, multidimensional parameter spaces, allowing for effective alignment of simu-

lated ECG signals with actual clinical data. Optimizing the coefficients in the coupled

IDEs improves the fidelity of the generated signals, enabling them to capture both normal

and arrhythmic cardiac behaviours. The study utilizes GWO to optimize the coefficients

governing heart dynamics, aiming to align the simulated ECG waveforms with clinically

observed data accurately. Ultimately, the goal is to enhance the reliability of ECG signal

simulations, improving their utility in medical research and clinical applications.

4.3.1 Method

4.3.1.1 Model of McSharry et al. by using a novel Hopf bifurcation

The McSharry model for ECG generation [24] thoroughly depicts cardiac dynamics,

integrating critical physiological elements that affect ECG waveforms. In our prior pub-

lication, [5], we altered the McSharry model by incorporating a fresh Hopf bifurcation

in the initial two equations, thus establishing a new model for generating synthetic ECG

signals. We employed the Hopf bifurcation in the initial two equations to produce a limit

cycle with periodic orbits, commonly known as "self-oscillations," originating from a stable

fixed point. The proposed model is defined in Equation (4.2).

4.3.1.2 Implicit rectangular method to solve the IDE

The implicit rectangle approach is a commonly employed integration technique for

integer differential equations. This study uses it to numerically solve equation 4.4.

Implicit rectangular formula:

xn = Tm−1[x,t0](tn)+hα(ã(α)
n g(t0,x0)

n−1∑
j=0

a
(α)
n−1g(tj ,xj)) (4.10)

ã(α)
n = (n−1)α+1 −nα(n−α −1)

Γ(α +2) , a(α)
n =


1

Γ(α+2) n = 0
(n−1)α+1−2nα+1+(n+1)α+1

Γ(α+2) n = 1,2, ...
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with xn = Tm−1[x,t0](tn) is the Taylor polynomial of degree m-1 for the function x(t)

centered at t0 ,that is: Tm−1[x; t0](t) =∑m−1
k=0

(t−t0)k

k! y(k)(t0)

4.3.1.3 Estimating and Optimizing Model Parameters with the GWO

The GWO is a nature-inspired optimization algorithm based on grey wolves’ social

structure and hunting behaviors in their natural habitat. Formulated by Mirjalili et al.[99],

GWO is a heuristic method for addressing intricate optimization challenges.

The GWO algorithm emulates grey wolves’ social interactions and hunting techniques.

It is categorized into alpha, beta, delta, and omega, which rank from highest to lowest

within the pack. The method functions in a population-based framework, with each wolf

symbolizing a potential solution to the optimization problem.

The GWO algorithm advances over iterations; each termed a "hunt." During each hunt,

the alpha, beta, and delta wolves direct the remainder of the pack toward potential ideal

solutions. This guidance is accomplished by a series of mathematical calculations that

modify the position of each wolf inside the search space.

GWO employs three fundamental formulas for position updates:

• Adjusting the location of the alpha wolf, which affects the entire pack.

• Modifying the roles of the beta and delta wolves, which direct a pack segment

• Modifying the locations of the omega wolves, which investigates the search space

more comprehensively

Factors like the exploration rate, alpha, beta, and delta coefficients, and the current

iteration count determine the location updates. The method seeks to enhance solution

quality progressively through successive iterations.

The unknown characteristics of the ECG signal in our study are ascertained by minimizing

the error function delineated in 4.11. The ECG data denotes the sampled ECG signal

obtained from a continuous ECG signal recorded in a clinical environment with unspecified

parameters. In contrast, the ECG generated refers to the signal produced by simulating

equation 4.4. Both ECG data and ECG-generated signals are captured at the same

frequency.
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Mean Absolute Error (MAE) = 1
n

n∑
i=1

∣∣∣ECGData,i −ECGGenerated,i

∣∣∣ (4.11)

With n number of samples.

The GWO’s fundamental objective is to investigate and ascertain the unknown pa-

rameters (ai, bi,andji) to minimize the MAE value.

Figure 4.5 illustrates the flowchart representing the optimization of model parameters

with the Grey Wolf Optimiser. The procedure comprises three primary stages:

• Step 1 produces an initial fake ECG signal by configuring parameters for IDE sys-

tems, subsequently generating synthetic ECG signals by implicit rectangular meth-

ods for resolution.

• Step 2 retrieves ECG recordings from the MIT-BIH Arrhythmia database.This

entails normalizing each heartbeat in authentic and synthetic ECG signals to a

range of 0 to 1, then implementing a filter on the ECG signal.

• Step 3 utilizes the GWO to identify the optimal parameter configuration for the

model. This entails initializing the GWO optimizer population, constructing the

cost function with designated parameters, and executing the optimizer to identify

the optimal parameter set that minimizes the MAE.

4.3.2 Results and discussion

We acquired both healthy and pathological ECG data from the MIT-BIH database to

evaluate the model’s ability to generate realistic synthetic ECG signals [107]. Specifically,

we selected 150 ECG segments, including Normal Heart Beats (NHB), Right Bundle

Branch Block Beats (RBBB), and Premature Ventricular Contractions (PVC), as detailed

in Table 4.9.

As detailed in TABLE 4.10, the GWO method has been configured to employ 30 search

agents, perform 500 iterations, and manage 15 variables. The variables include a1 to a5,

b1 to b5, θ1 to θ5 parameters, each denoting distinct characteristics of the ECG signal,
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Table 4.9: The records and the type of beat used to evaluate the method.

Record 106 124 114
Type of Beat Normal Heart Beat

(NHB)
Right Bundle Branch

Block (RBBB)
Premature
Ventricular

Contraction (PVC)

including the P-wave (a1, b1), Q-wave (a2, b2), R-wave (a3, b3), S-wave (a4, θ4), and

T-wave (a5, θ5).

Table 4.10: The Grey Wolf Optimizer (GWO) settings.

Set of parameters The number of
variables

Number of
wolves

Max iterations

15 30 100

The implicit rectangular approach is employed to solve equation 4.4 using the param-

eters listed in TABLE 4.11.

Table 4.11: Parameters of the Implicit Rectangular Method.

Set of Parameters Step Size Tolerance Max
Iterations

X0 (Initial
Values)

0.00277 10−6 100 [1; 0; 0.035]

The model produces synthetic normal heartbeats in its preliminary phase, as illus-

trated in Figure 4.6. This picture clearly illustrates the ECG signal generated by our

model using the implicit rectangle technique, showcasing distinct PQRST waves.

Figure 4.6: Normal ECG signal generated by our model[6].
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Initial original data of ECG signal parameters

Our model of Integer Differential Equation (IDE)

Initial condition parameters: t0, x0, h, tolerance, max iteration

Solve equation (4.2) using rule (4.10)

tn+1 > final time of Tspan

Generate a synthetic ECG signal

Load ECG signal from MIT/BIH

Filter and normalize ECG signals to [0,1]

Set initial parameters of GWO

Calculate fitness value δ of each parameter

Set t = t+1

t < TUpdate parameters of GWO

The best parameters

Yes

No

Yes

No

Figure 4.5: ECG synthetic (morphological and pathological) flow chart using the Grey
Wolf Optimizer .
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Employing the algorithm illustrated in the flowchart(figure 4.5) and the parameters

specified in Tables 4.10 and 4.11, we obtain optimized parameters for each beat type, as

detailed in Table 4.12.

Table 4.12 delineates a series of parameters (a1 to a5, b1 to b5, and θ1 to θ5) for three

distinct categories of heartbeats: NHB, RBBB, and PVC. Each parameter is shown with

its mean value and standard deviation, offering insight into the variability linked to the

estimations.

For NHB, the mean value of a1 is 1.6592, with a standard deviation of ±0.3245, suggesting

that the estimated value of a1 typically varies within this interval. Likewise, the other

parameters (a2 to a5 and b1 to b5) are accompanied by their corresponding mean and

standard deviation values.

In all examined instances, implementing the suggested algorithm utilizing the GWO

for estimating ECG parameters has exhibited commendable performance, yielding a low

error rate, as illustrated in figure 4.7.

Figure 4.7 depicts various heartbeat types obtained from the MIT database, the recon-

structed signals produced by our model, and the corresponding errors.

In the scenario of NHB, the MAE was 0.0144, and MSE was 5.1620×10−4. In the case

of RBBB, we recorded a MAE of 0.0141 and a MSE of 3.7996×10−4. For PVC, the MAE

was 0.0223, and the MSE was 0.0011.

This achievement can be ascribed to the GWO’s capacity to effectively explore and con-

verge on optimal solutions inside intricate, non-linear parameter spaces. Utilizing the

GWO’s intrinsic capabilities, we successfully optimized the model parameters with excep-

tional precision, resulting in precise reconstructions of the ECG signal.
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(a) NHB: MAE = 0.0144, MSE = 5.1620×10−4.

(b) RBBB: MAE = 0.0141, MSE = 3.7996×10−4.

(c) PVC: MAE = 0.0223, MSE = 1.1×10−3.

Figure 4.7: Displays various heartbeat types obtained from the MIT database, alongside
their corresponding reconstructed signals generated by our model, as well as the

respective errors[6].
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The use of the GWO to fine-tune the parameters of the IDE-based ECG model demon-

strates a clear advancement in modeling accuracy and adaptability. By optimizing wave-

form features on a beat-by-beat basis, the approach enhances the alignment between syn-

thetic and real signals across a range of cardiac morphologies. Despite this success, the

method remains bound by the structural rigidity of integer-order differential equations,

limiting its capacity to model the nuanced, memory-driven behaviors of the cardiovascular

system. This observation reinforces the rationale for exploring fractional-order systems,

which inherently capture such dynamics and are introduced as the primary focus of the

following chapter.

4.4 Conclusion

This chapter has presented two complementary advancements in the modeling of ECG

signals within the classical framework of integer-order differential equations. First, we in-

troduced a modified version of the McSharry model, incorporating a Hopf bifurcation into

the first two equations to generate realistic, self-sustained oscillatory dynamics. This ap-

proach improved the physiological relevance of the signal by better simulating the PQRST

waveform and capturing rhythmic cardiac behavior, including arrhythmic conditions. The

use of numerical solvers like the implicit rectangular method further enhanced the stability

and accuracy of the simulation.

In the second part of the chapter, we applied an advanced parameter optimization

strategy using the GWO. This bio-inspired algorithm effectively explored the complex

parameter space of the IDE-based model, enabling the generation of ECG signals that

align closely with real clinical data across various pathological and morphological pat-

terns. The optimization not only enhanced the modeling accuracy but also demonstrated

the model’s adaptability when fitted on a beat-by-beat basis, a crucial requirement in

computational cardiology and ECG-based diagnostics.

Despite these notable improvements, both contributions revealed intrinsic limitations

of integer-order systems, particularly in their inability to capture long-range dependencies,

memory effects, and fine-grained signal irregularities often seen in real physiological data.

These limitations are not merely technical but stem from the foundational nature of
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integer-order calculus, which assumes local interactions and lacks the flexibility to model

systems with memory or hereditary properties.

Consequently, the developments in this chapter serve a dual purpose: they establish

the strength of classical IDE-based approaches in providing interpretable and stable ECG

models, while also exposing the boundaries of their applicability in high-fidelity biomedi-

cal signal modeling. These insights strongly justify the transition to FDEs, which inher-

ently accommodate memory effects and offer greater flexibility in tuning signal dynamics.

Chapter 5 will build upon the groundwork laid here, introducing a novel ECG modeling

framework based on fractional calculus to further improve accuracy, generalizability, and

physiological realism in synthetic signal generation.



Chapter 5

ECG Modeling Using Fractional Dif-

ferential Equations (FDEs)
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5.1 Introduction

The preceding chapter explored two enhanced models based on classical IDEs, demon-

strating notable improvements in ECG signal generation through structural modification

and parameter optimization. However, these models remain fundamentally limited in

their capacity to capture memory-dependent dynamics and the complex temporal vari-

ability observed in real ECG signals. Such limitations are inherent to the local nature of

integer-order systems.

To overcome these constraints, this chapter introduces an extended modeling frame-

work based on FDEs. The proposed approach selectively integrates fractional derivatives

into the McSharry model—specifically within the equation responsible for generating the

PQRST waveform—while preserving the limit cycle behavior of the original integer-order

system. This hybrid structure maintains physiological consistency while significantly en-

hancing modeling flexibility and accuracy.

In this work, the numerical solution of the FDE-based model is carried out using

the Predictor-Corrector (PC) method. Parameter estimation is performed via GA opti-

mization to ensure close alignment between simulated and real ECG data. The model

is evaluated across a diverse set of heartbeats from the MIT/BIH Arrhythmia Database.

This chapter aims to:

1. Implement and validate a fractional-order extension of the McSharry model.

2. Analyze the influence of the fractional derivative on the generated ECG morphology.

3. Assess the modeling quality and compression performance of the proposed FDE

model.

4. Compare the results with those of the optimized IDE-based models .

By building upon the foundation established in previous chapters, this work demon-

strates the added value of fractional modeling in capturing the nuanced dynamics of

cardiac activity. The findings confirm that the FDE approach provides a more precise

and adaptable framework for synthetic ECG generation, with implications for improved

diagnostics, simulation, and compression in biomedical signal processing.
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5.2 Dynamical Model for the Generation of Synthetic

ECG Signals

5.2.1 Fractional Order McSharry Model

Inspired by the McSharry model, we propose to extend this model by substituting

the integer order in each equation’s derivative in equation (3.1) with a fractional order α,

where 0 < α < 1.

Equation 5.1 describes the new model, where Dαi
t0 is the fractional differentiator oper-

ator for i = 1,2,3, and 0 < αi < 1 are real positive numbers.



Dα1
t0 x1(t) = αx1 −wx2.

Dα2
t0 x2(t) = αx2 +wx1.

Dα3
t0 x3(t) =∑

i∈{P,Q,R,S,T } ai∆θi exp
(

−∆θ2
i

2b2
i

)
− (x3 − z0).

(5.1)

Formula 5.2 can be obtained by rewriting each equation in the system 5.1 using

Volterra Integral Equations (VIES). This transformation offers a solution to the system

delineated in :



x1(tn) = x1(t0)+ 1
Γ(α1)

∫ t
t0(t− τ)α1−1(α1x1 −wx2)

x2(tn) = x2(t0)+ 1
Γ(α2)

∫ t
t0(t− τ)α2−1(α2x2 +wx1).

x3(tn) = x3(t0)+∑
i∈{P,Q,R,S,T } ai∆θi exp

(
−∆θ2

i

2b2
i

)
− (x3 − z0).

(5.2)

While equations 5.1 and 5.2 accurately depict a fractional model technically, the trans-

formation of the initial two equations of McSharry’s model into fractional differential equa-

tions is devoid of physical relevance. These equations illustrate a point moving over a unit

circle, whereas their fractional equivalents fail to adhere to this physical understanding.

To resolve this issue, we suggest that the fractional order be applied exclusively to the
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third equation, which generates the PQRST waveform, while the integer order in the first

two equations is maintained. This method preserves the connection between the first two

derivative equations in the integer-order dynamical model and the RR interval.

The first two equations can be simplified by presuming that the fractional orders α1

and α2 are sufficiently close to 1 (i.e., α1 = α2 ≈ 1. To preserve their original physical

meaning, terms that involve Γ(1) and (tn − τ)0 are substituted. The following equation

is obtained as a result of this simplification: Γ(1) = 1 and (tn − τ)0 = 1 [7].



x1(tn) = x1(t0)+
∫ t
t0(α1x1 −wx2)dτ

x2(tn) = x2(t0)+
∫ t
t0(α2x2 +wx1)dτ

x3(tn) = x3(t0)+ 1
Γ(α3)

∫ tn
t0 (tn − τ)α3−1

(∑
i∈{P,Q,R,S,T } ai∆̇θi exp

(
−∆θ2

i

2b2
i

)
− (x3 − z0)

)
dτ

(5.3)

With 0 < α3 < 1

To resolve the system outlined in 5.3 and produce the synthetic ECG, we employed

the PC approach specified by Eq. (2.113). In the subsequent content, we will employ the

annotations IDE and FDE to refer to the McSharry and fractional models, respectively.

5.3 Simulation results

The initial stage involves examining the impact of integrating the fractional derivative

into the third equation of the IDE model, as delineated in equation 5.3, to assess the

efficacy of the suggested modeling technique in generating ECG-like waveforms. Conse-

quently, we initiated our approach by employing parameters identical to those of the IDE

model, except for incorporating fractional differentiation into the third equation. The

specifications of the new model are enumerated in table 5.1
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Table 5.1: Establish parameters for the FDE model.

Index (i) P Q R S T
Time (secs) -0.2 -0.05 0 0.05 0.3
θi(radians) −π

3 − π
12 0 π

12
π
2

ai 1.2 -5.0 30.0 -7.5 0.75
bi 0.25 0.1 0.1 0.1 0.4

Alpha(α) [α] ∈ [0.1,0.99]

5.3.1 Evaluation of Numerical Techniques for Addressing Frac-

tional Differential Equations in ECG Beat Simulation

Among the numerical strategies evaluated for solving FDEs in the modeling of ECG

beats, the PC method was selected due to its balanced combination of the advantages

offered by both explicit and implicit schemes, while mitigating their respective draw-

backs. Table 5.2 summarizes the comparative results obtained from four methods: PI

Explicit Rectangular, PI Implicit Trapezoidal, PI Implicit Rectangular, and PI Predictor-

Corrector.

Table 5.2: Execution Times (in Seconds), Error, and EOC for Solving Fractional Differ-
ential Equations for Modeling Normal Heartbeats with ECG Size = 185 at Time T = 10,
Step-Size h = 0.00277, and Number of ECG Beats = 100.

Type of Beat PI Predictor-Corrector PI Implicit Trapezoidal PI Implicit Rectangular PI Explicit Rectangular
EOC Times MSE (×10−4) EOC Times MSE (×10−4) EOC Times MSE (×10−4) EOC Times MSE (×10−4)

NHB (185) 0.2561 40.6575 3.6029 0.2547 46.0705 3.5612 0.3393 47.1166 6.4122 0.3194 35.0562 5.7280
JHB (145) 0.1847 41.8134 2.4656 0.1849 48.0676 2.4637 0.2422 51.7048 4.1933 0.2546 33.3974 4.5534
RBBB (235) 0.2874 44.5919 3.6165 0.2885 50.4163 3.6480 0.3120 50.6119 4.2634 0.3588 42.5907 5.7102
LBBB (236) 0.2904 43.8975 3.7563 0.2882 48.9701 3.7018 0.3374 49.9086 5.0391 0.2836 32.8772 3.5592
PVC (183) 0.5233 42.4403 0.0010 0.5080 47.4339 0.0011 0.8760 49.6288 0.0013 0.7045 32.3130 0.0020

The table compares four methods for solving FDEs used in modeling different ECG

beats. It evaluates their performance based on execution time, MSE, and estimated order

of convergence (EOC):

1. Execution Time: The PI Explicit rectangular method is consistently the fastest

across all types of ECG beats, with times ranging from 32.3130 to 42.5907 seconds.

2. Mean Squared Error (MSE): The PI Implicit trapezoidal method shows lower

MSE values (scaled by 10−4) across all beat types, indicating higher accuracy com-

pared to other methods.

3. Estimated Order of Convergence (EOC): Similarly, the PI Implicit trapezoidal
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method demonstrates lower EOC values, suggesting better convergence rates for the

ECG beat models analyzed.

We found:

• Fastest Method: PI Explicit rectangular method.

• Most Accurate Method: PI Implicit trapezoidal method, offering lower MSE

and EOC values.

• Balanced Choice: PI predictor-corrector method provides a good balance between

accuracy (low MSE) and computational efficiency, making it suitable for modeling

normal heartbeats.

The PC method was selected to solve the FDEs governing our ECG model due to

its proven ability to balance computational efficiency, numerical stability, and solution

accuracy—critical requirements for modeling non-stationary biomedical signals. Unlike

classical integer-order differential equations, FDEs inherently involve memory effects and

non-local operators, which necessitate methods capable of handling the integral history

of the system. The PC approach addresses these challenges through a two-step iterative

process:

1. Computational Efficiency:

By reusing prior step evaluations and approximating fractional derivatives itera-

tively, the method avoids the exponential computational cost of recalculating the

entire history at each time step. This is particularly advantageous for long-duration

ECG simulations, where traditional methods like the GL approximation become

prohibitively expensive.

2. Numerical Stability: The corrector step refines the initial predictor estimate,

mitigating error propagation and ensuring stability even for stiff systems. This is

essential for modeling pathological ECG signals, where abrupt

The solution of the FDEs outlined in equation (5.2) functions similarly to the IDEs in

generating ECG waves. The PC method was employed to solve the FDEs, utilizing the

parameters specified in 5.3.
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Table 5.3: Parameters of the Predictor-Corrector Method.

Set of Parameters α h Tol Mu Itmax mu_tol X0

[0.1,
0.99]

2−10 10−6 1 100 10−6 [1; 0;
0.04]

Where,

• alpha(α) denotes the order of the fractional derivative, with α ∈ [0.1,0.99].

• The variable h represents the step size employed in the integration process.

• Tol is a specified tolerance value used to ascertain the termination of the Newton-

Raphson iterations in internal nonlinear equations.

• Itmax specifies the upper limit on the number of iterations permitted in the Newton-

Raphson method. µ denotes the number of corrector iterations.

• mu tol denotes the tolerance value utilized to assess the convergence of corrector

iterations as mu approaches infinity.

• X0 denotes the matrix of initial conditions.

Figure (5.1) illustrates the ECG produced by the FDEs model for fractional order α

values of 0.6, 0.7, 0.80, and 0.9, respectively.

No change in the RR interval is observed, irrespective of the fractional order α value. Fig-

ure 5.1 illustrates that the amplitudes of the various components of the generated ECG

signal (PQRST waves) diminish as the fractional order α increases. This observation holds

even though the parameter values governing the amplitudes of the different components

in the initial model remain constant, resulting in an overall change in amplitude.

Utilizing this amplitude change may enhance the model’s flexibility. This method

offers an effective means to regulate various waveforms as required.
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Figure 5.1: ECG Signal Synthesized with the Fractional Differential Equation Model.[7]

Our findings demonstrate that incorporating the fractional derivative in the third

equation of the IDE model affects the amplitude of the produced ECG. The next step

entails assessing the efficacy of the FDE model relative to the IDE models, concentrating

on modelling quality and compression score. The subsequent stages will be executed

to attain this objective: An optimization technique will be utilized to determine the

ideal parameter set for both models. Thereafter, the obtained signal will be rebuilt, and

multiple distortion metrics will be computed to evaluate the modelling quality of the

two models. We will assess and contrast the Compression Ratio (CR), Percentage Root

Mean Square Difference (PRD), and Quality Score (QS) of the two models. We utilized

a dataset including five hundred ECG beats from the MIT/BIH Arrhythmia database

[112]. We picked five unique entries from the database, each representing a separate

cardiac condition: NHB,JHB, LBBB, RBBB, and PVC. We extracted a slice from each

record comprising the initial one hundred consecutive beats. The study included 500

beats, with 100 beats assigned to each condition, as detailed in table 5.4.

The actual ECG signal underwent smoothing through a Savitzky-Golay filter, char-

acterized by a frame length corresponding to the length of the ECG beats segment, an
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Table 5.4: The records and the type of beat used to evaluate the method.

Record 106 234 207 124 208
Type of

Beat
Normal

Heart Beat
(NHB)

Junctional
Heart Beat

(JHB)

Left Bundle
Branch
Block

(LBBB)

Right
Bundle
Branch
Block

(RBBB)

Premature
Ventricular
Contraction

(PVC)

order of 3, and a frame size of 20 [113, 114].

5.3.2 Estimation and optimisation of model parameters with

GA

Diverse optimization techniques can be employed to determine the ECG signal’s actual

parameters and address the optimization challenge specified by equation (5.3). Genetic

Algorithms were chosen for parameter estimation in both models because of their straight-

forward implementation in MATLAB. The unidentified parameters of the simulated ECG

are computed to minimize the cost function delineated in equation (4.11) .

MSE = 1
N

n∑
i=1

(ECGreal −ECGsimulated)2 (5.4)

The ECGreal signifies the authentic ECG signal, whereas ECGsimulated indicates the

intended simulated signal, with N denoting the total number of samples per ECG beat.

Estimating and optimizing model parameters with a Genetic Algorithm comprises three

primary processes, each succinctly outlined below and depicted in Figure 5.2.

Step 1: Preprocessing of the real ECG signal involves the following sub-steps:

• Load the real ECG segment from the MIT/BIH record.

• Filter the real ECG using the Savitzky-Golay filter.

• Extract individual heartbeats using the onset and offset from the annotation file.

• Normalize the actual ECG between 0 and 1.
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Step 2: Generate and preprocess the synthetic ECG beat

• Establish the Fractional Differential Equations (FDEs) utilizing the initial param-

eter values ai, bi, θi, and αi, together with the RR information detailed in Table

5.1.

• Utilize the Predictor-Corrector approach to resolve the FDE and generate a syn-

thetic ECG signal.

• Standardize the synthetic ECG signal to a range of 0 to 1.

• Compute the MSE cost function with the actual ECG and the synthetic ECG. Con-

struct the cost function (MSE in equation (5.4)) utilizing the parameters specified

for optimization (ai, bi, θi, and αi).

Step 3: Optimization of FDE Model Parameters by Genetic Algorithm

(GA)

This phase uses a GA to identify the ideal parameter set for the FDE model. The

procedure comprises the subsequent sub-steps:

• Establish the settings for the GA population.

• Generate the initial population.

• Enhance FDE Parameters via GA-Based Optimization: Apply a GA to minimize

the MSE and determine the optimal set of parameters—namely ai, bi, θi, and the

fractional orders αi—that best fit the target ECG signal.
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Figure 5.2: Flowchart for Parameter Estimation and Optimization Using Genetic
Algorithms [7].
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Figure (5.2 ) illustrates a flowchart with three nested loops, each fulfilling a specific

function in the ECG analysis procedure. The outermost loop sequentially retrieves ECG

segments from the database. Each segment comprises 100 consecutive cardiac cycles

derived from specific recordings as specified in Table 5.4. This loop concludes upon the

thorough processing of all accessible recordings.

The second loop, nested within the first, enables beat-by-beat processing. It functions

at a maximum of 100 beats (Nmax), deriving each beat from the beginning and offset of

the cardiac cycle. The loop terminates upon the analysis of the designated maximum

number of beats.

The innermost loop focuses on optimizing the parameters of the FDE model using a

GA. The optimization process persists until the generated population is depleted, as signi-

fied by the condition (Gen > Genmax). The GA offers a new set of parameters (ai, bi, θi,αi)

for the Fractional Differential Equation model during each optimization iteration. The pa-

rameters are assessed according to their capacity to provide a model output (ECGSimulated)

that most accurately aligns with the actual ECG signal after the resolution of the frac-

tional equation system. Thus, each repetition requires the resolution of a new system of

fractional equations. The process achieves a steady state upon reaching the maximum

generation number.

Table 5.5: Settings used in the Genetic Algorithm.

Population
Size

Mutation
Rate

Max
Generations

Tolerance Crossover
Fraction

200 0.06 1600 1×10−6 0.8

Table (1.1) in Appendix A comprehensively presents the estimated parameters and

corresponding standard deviations for the FDE and IDE models throughout five heart-

beats. The examination of Table 1.1 reveals that the fractional order α for the third

equation in the FDE model, optimized by the GA, consistently falls between 0.96 and

0.99 across all five types of beats assessed. This range is optimal, as the proposed model

improves upon the original IDE model while preserving its essential characteristics. The

fractional orders, nearing 1, maintain the fundamental dynamics of the original system

while integrating significant improvements in flexibility and precision. This methodology

is validated by analyzing the relationship between our fractional model and its predeces-
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sor. The IDE model, incorporating an integer-order derivative in the third equation, is a

specific example of our more comprehensive fractional model. Allowing a slight deviation

from the integer order permits our model to encapsulate the complex nuances of intricate

cardiac systems that the traditional model may neglect.

5.3.2.1 Assessment of the FDE Model: Modeling Quality

We utilized optimal parameters to recreate signals for the FDE and IDE models to

assess their modelling effectiveness. We assessed the deviation between the original and

reconstructed signals utilizing MSE, MAE, RMSE , NRMSE , and the corelation coeffi-

cient (CORR), with the formulas for these metrics delineated in Appendix B. Table 5.6

delineates the optimization outcomes for various ECG signals, with the FDE model’s re-

sults highlighted in bold font. Both models exhibit comparatively low standard deviation

(SD) values relative to their metric values. The FDE model frequently exhibits reduced

SD values, indicating enhanced robustness.

Table 5.6: Comparison of different metrics across NHB, JHB, RBBB, LBBB, PVC, and
Mean Metric.

Metric NHB JHB RBBB LBBB PVC Mean Metric (Metric ± SD)

MAE 0.0176±0.0033
0.0136 ± 0.0017

0.0195±0.0047
0.0107 ± 0.0023

0.0161±0.0028
0.0136 ± 0.0023

0.0207±0.0062
0.0122 ± 0.0029

0.0264±0.0029
0.0289 ± 0.0035

0.0201±0.0028
0.0150 ± 0.0014

MSE (×10−4) 5.8015±0.4258
3.6082 ± 0.0861

6.5017±2.9558
2.4656 ± 1.1464

4.6502±1.5748
3.6165 ± 1.2287

9.1088±5.4846
3.7563 ± 1.6985

14.0000±3.2207
11.0000 ± 1.1793

8.0100±2.7300
4.8900 ± 1.0700

RMSE 0.0238±0.0040
0.0189 ± 0.0023

0.0249±0.0055
0.0153 ± 0.0036

0.0213±0.0036
0.0187 ± 0.0032

0.0291±0.0082
0.0189 ± 0.0043

0.0375±0.0043
0.0317 ± 0.0018

0.0273±0.0051
0.0207 ± 0.0030

NRMSE 0.0734±0.0120
0.0586 ± 0.0067

0.0953±0.0181
0.0586 ± 0.0130

0.0863±0.0151
0.0759 ± 0.0137

0.0386±0.0113
0.0251 ± 0.0059

0.0505±0.0062
0.0424 ± 0.0025

0.0688±0.0125
0.0521 ± 0.0084

CORR 0.9935±0.0023
0.9958 ± 0.0011

0.9957±0.0011
0.9977 ± 0.0012

0.9948±0.0017
0.9959 ± 0.0015

0.9916±0.0049
0.9966 ± 0.0016

0.9896±0.0026
0.9908 ± 0.0012

0.9934±0.0025
0.9954 ± 0.0013

Using fractional derivatives in the IDE model significantly enhances the representa-

tion of ECG beat dynamics. The enhancement was measured by computing the average

metrics across beat types for both models and establishing the Enhancement Ratio (ER)

as follows:

ER =
(

MetricIDE −MetricFDE
MetricIDE

)
×100. (5.5)

The findings, illustrated in Figure ( 5.3) and , Table (5.7) indicate that the FDE

model consistently surpasses the IDE model in performance. The observed improvements

include:
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• 21.22% in Mean Absolute Error (MAE),

• 48.40% in Mean Squared Error (MSE),

• Approximately 24% in both Root Mean Squared Error (RMSE) and Normalised

Root Mean Squared Error (NRMSE).

The CORR indicates a minimal increase of 0.23% in the FDE model. Both models

demonstrate elevated CORR values, signifying robust positive correlations between the

modeled and actual ECG signals, with the FDE model typically exhibiting marginally

higher correlations.

The findings demonstrate the enhanced accuracy and reliability of the FDE model in

modeling various ECG beat types.

Table 5.7: Enhancement ratios (%) illustrating the superiority of the IDE model compared
to the FDE model.

Metric MAE MSE
(×10−6)

RMSE NRMSE CORR

Enhancement
Ratio (%)

21.22 48.40 24.22 24.27 0.23

Figure 5.3: Average Metric Value Comparison for FDE and IDE Models [7].

5.4.1.1.1.Comparative analysis of current ECG modeling methodologies.

Differences in data sources, evaluation metrics, and methodological variations among
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studies complicate the comparison of methodologies in the ECG signal modeling literature.

This complexity hinders the development of a standardized framework for evaluating

and comparing ECG signal modeling quality. We will compare our FDE model with

existing approaches, including other FDE-based models and those that employ parameter

optimization.

This comparison encompasses research based on fractional differential equations (FDE) [25,

26], as well as studies focused on model parameter optimization [26, 87], as illustrated

in Table 5.8. Although FDE-based investigations are relatively novel, they exhibit lim-

itations in terms of evaluative metrics. For example, the study in [25] employs only

the MAE, reporting a maximum value of 283.53—significantly higher than the results

presented in both the broader literature and our research. Similarly, the work in [26]

evaluates its model solely using the MSE and RMSE, whereas our model demonstrates

improved performance across both metrics.

Our results in the parameter optimization category are compared with the methods

proposed by Awal [87], Awal (2011) [26], and the IDE model [24]. Awal’s (2021) method

and our FDE model exhibit enhanced performance across various metrics compared to

alternative methods. The lowest values for MSE (7.56×10−5 and 1.2177×10−4), RMSE

(0.00869 and 0.0110), and Normalised RMSE (0.00563 and 0.0357) are achieved, alongside

the highest correlation values (0.99907 and 0.9986). The results demonstrate that Awal’s

(2021) method and our FDE model yield more precise fits to the data and effectively

capture ECG signal patterns.

Our model of FDEs exhibits significant advantages. Awal’s (2021) static model utilizes

two Gaussian procedures, focuses on beat-by-beat modelling, and incorporates a sophis-

ticated array of 35 parameters. Conversely, our methodology employs a more concise

parameter set of 16 variables, enhancing computing efficiency. Furthermore, our model

maintains the dynamic attributes of the IDE model by incorporating fluctuations in heart

rate, PQRST cycle shape, and power spectrum elements of the RR tachogram.

5.3.2.2 Assessment of FDEs Model: Compression Efficiency

We assess the efficiency of the suggested modelling technique for compressing ECG

signals by comparing the performance of the FDE model and the IDE model across
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Table 5.8: Mean outcomes of several ECG models employed to mimic normal heartbeat.

Metric Templos-
Hernández

[22]

Awal
(2011) [49]

Awal
(2021) [50]

IDE FDE

MSE 0.08782 0.00779 7.56×10−5 2.3562×
10−4

1.2177×
10−4

RMSE 0.2963 0.08826 0.00869 0.0153 0.0110
NRMSE — 0.02974 0.00563 0.0511 0.0357
CORR — 0.9205 0.99907 0.9971 0.9986

five categories of beats. This analysis employs three metrics: compression ratio (CR),

Percentage Root Mean Square Difference (PRD), and Quality Score (QS). The formulas

for these measurements are in Appendix C for reference.

The compression method is implemented on a beat-by-beat basis. The IDE or FDE

model parameters represent each heartbeat to capture the beat’s morphology rather than

the original sample values. The FDE model has 16 parameters, denoted as Np, while

the IDE model has 15. The parameters facilitate the generation of the simulated ECG

waveform for each heartbeat. The quantity of ECG samples (N) depends on the specific

type of heartbeat being analyzed. It is essential to recognize that although the number

of parameters is consistent across models (FDE or IDE), the values of these parameters

differ for each beat to represent its unique morphology precisely.

We analyzed the optimization of the Compression Ratio (CR) calculation using the

formula (Appendix C) by determining the ideal average bit count (Nb) for encoding each

parameter. The optimization is essential because the model’s parameters have diverse

ranges, requiring a representation format that balances signal quality and compression

efficiency.

The methodology utilized involved creating synthetic ECG beats using the FDE model

with varying decimal precisions for the parameters ai, bi, θi, and αi. We evaluated the

precision of one, two, and three decimal places, examining the impact of truncation via the

PRD metric. Figure 5.4 vividly contrasts genuine ECG beats with their reconstructions

at different precision levels, clearly illustrating the relationship between decimal precision

and reconstruction fidelity.
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Figure 5.4: Initial values and parameter ranges (lower and upper limits) [7].

The analysis demonstrated that employing two decimal places for ai, bi, θi, and αi

effectively preserved modeling quality while enhancing compression efficiency. In light of

these findings, we determined suitable bit resolutions for encoding each model parameter,

as illustrated in Table 5.10, corresponding to the parameter ranges delineated in Table 5.9.

Table 5.9: Parameter Ranges and Initial Values for FDE Model Variables

Variable a1 a2 a3 a4 a5 b1 b2 b3 b4 b5 θ1 θ2 θ3 θ4 θ5 α

LB 1.27 -11.30 18.05 -10.60 0.85 0.11 0.07 0.11 0.08 0.25 -41.19 -8.54 0.7 10.03 93.28 0.95

UB 3.6 -4.8 25.05 -5.1 1.93 0.16 0.1 0.12 0.11 0.31 -33.09 -6.54 2.99 10.63 114.59 0.99

Initial Value 1.2 -5 30 -7.5 0.75 0.25 0.01 0.1 0.1 0.4 -70 -15 0 15 90 0.96

Our reference, the MIT/BIH arrhythmia database, employs 11 bits to encode each

original ECG sample (Ne = 11). capable

Figure 5.5 depicts several types of heartbeats along with their respective reconstructed

signals from the IDE and FDE models. Table 5.11 encapsulates the compression out-

comes for five normal and pathological cardiac beats. The highlighted numbers represent

the FDE model, whereas the other values signify the IDE model. The results in Ta-

ble 5.11 reveal that the FDE model outperforms the IDE model for all analyzed beat
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types, exhibiting enhanced proficiency in compressing, reconstructing, and maintaining

the characteristics of ECG signals.

Table 5.10: Sufficient precision for encoding the FDE model parameters.

Parameters ai[−11.30,25.05] bi[0.07,0.31] θi[−41.19,114.59] α[0.95,0.99]
Total bits 13 8 15 8
Averagenumberofbit(Nb) 11

Table 5.11: Summary of the outcomes for five recordings: CR, PRD, and QS.

Metric NHB JHB RBBB LBBB PVC

CR 11.09
10.40

8.75
8.21

14.09
13.21

14.15
13.27

10.98
10.28

PRD 5.10
3.56

6.33
3.45

5.41
4.51

1.63
1.30

5.04
4.07

QS 2.17
2.92

1.38
2.37

2.60
2.92

8.68
10.20

2.17
2.52

5.4.2.2.1. Evaluation of ECG Compression in Comparison with Existing

Approaches :

Fig 5.6 presents a comparative analysis of CR, PRD, and QS among different ECG

signal compression methodologies, including the FDE model. This comparison provides

insights into their efficiency, accuracy, and overall performance in processing ECG signals

from the MIT-BIH arrhythmia database.
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(a) NHB: FDE, CR = 11.56, PRD = 3.56
IDE, CR = 12.33, PRD = 5.10

(b) RBBB: FDE, CR = 14.68, PRD = 4.51
IDE, CR = 15.66, PRD = 5.51

Figure 5.5: Reconstructed ECG Signals for Various Heartbeat Types Using IDE and
FDE Models: Comparison of Compression Ratio (CR) and Percentage Root Mean

Square Difference (PRD) across NHB, RBBB, PVC, JHB, and LBBB beats [7].
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(c) PVC: FDE, CR = 11.43, PRD = 4.07
IDE, CR = 12.20, PRD = 5.04

(d) JHB: FDE, CR = 9.13, PRD = 3.45
IDE, CR = 9.73, PRD = 6.33

Figure 5.5: (Continued) Reconstructed ECG Signals Using IDE and FDE Models.
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(e) LBBB: FDE, CR = 14.75, PRD = 1.30
IDE, CR = 15.73, PRD = 1.63

Figure 5.5: (Continued) Reconstructed ECG Signals Using IDE and FDE Models.

Figure 5.6 illustrates the CR values as blue bars, reflecting significant variability among

the evaluated methods. The Kovacs [115] method attains the maximum compression ra-

tio (CR) of 20.26, signifying exceptional compression efficiency. At the same time, the

FDE model exhibits a competitive CR of 10.40, exceeding numerous other strategies doc-

umented in the literature. The PRD values, represented by red bars, are consistently low

across all approaches, indicating negligible distortion in the reconstructed signals. The

FDE model and Talbi [116] demonstrate comparatively lower PRD values of 3.56 and 2.77,

respectively, in contrast to other techniques such as Benzid [117] and Kovacs [115]. This

indicates that the FDE model attains superior signal retention while ensuring excellent

compression efficiency. The QS results, represented as yellow bars, exhibit high consis-

tency across most approaches. The FDE model attains a QS of 2.92, almost approaching

Benzid [117]’s 2.96. The elevated QS highlights the superior quality of the reconstructed

ECG signal generated by the FDE model. This comparison illustrates that the FDE

model attains an outstanding balance between compression efficiency and signal fidelity.

It exhibits competitive performance across all metrics—CR, PRD, and QS—when juxta-

posed with other recognized methodologies in the literature. The FDE model’s capacity

to attain elevated compression ratios while preserving little distortion and superior signal

quality underscores its efficacy in ECG signal reconstruction and reduction .
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Figure 5.6: Comparison of the performance of the FDE Model with established ECG
compression techniques.

5.3.2.3 The constraints of the FDE modelling

FDE modelling offers adaptability and precision for intricate systems but also entails

considerable constraints. The fractional operator lacks a well-accepted physical mean-

ing, necessitating that fractional differential equation models be more intuitive than their

integer-order equivalents [118, 119]. This hinders the understanding of modelled phenom-

ena. Furthermore, computational complexity is a considerable challenge. Both classical

IDE and fractional models require numerical solutions because of significant nonlinear-

ity, complicating the understanding of solution behaviour as the fractional order α varies.

Numerical approaches for FDE generally demonstrate increased complexity and process-

ing expense compared to IDE methods. The interpretative difficulties in generalizing

IDE to FDE systems [120] hinder precise physical interpretations of the generalized IDE

model. Notwithstanding these constraints, fractional models provide more flexibility and

precision, producing significant insights into intricate systems, while their physical inter-

pretation may be unclear.
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5.4 Conclusion

In this chapter, we developed and validated a fractional-order extension of the Mc-

Sharry model for ECG signal generation. By introducing a fractional derivative selectively

into the third equation—responsible for shaping the PQRST morphology—while main-

taining the integer-order structure of the first two equations to preserve the circular limit

cycle, the proposed model achieved an improved balance between physiological realism

and mathematical flexibility.

Using the PC method to numerically solve the FDEs, and a GA for parameter op-

timization, the model was evaluated on five types of heartbeats from the MIT/BIH Ar-

rhythmia Database. Results demonstrated a clear enhancement in modeling accuracy,

with the fractional-order model achieving a reduction of over 48% in mean squared error

and improved compression efficiency compared to the classical integer-order version.

Importantly, the fractional derivative acted as a tunable control over waveform ampli-

tude without affecting RR interval timing, allowing for better adaptation across diverse

cardiac morphologies—including pathological beats—while preserving the core dynam-

ics of the McSharry framework. The fractional order remained consistently within the

range [0.96, 0.99], showing that even minor deviations from integer-order dynamics can

significantly enhance modeling fidelity.

This work validates the application of fractional calculus as a meaningful and prac-

tical extension to traditional ECG modeling frameworks. The findings underscore the

limitations of purely integer-order systems in capturing the memory-dependent behavior

of cardiac activity and demonstrate that fractional-order models can provide a more ac-

curate and compact representation of ECG signals. These results lay the foundation for

further exploration of FDE-based modeling in biomedical signal processing, particularly

in areas such as diagnostic decision support, personalized modeling, and efficient signal

compression.
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This thesis focused on improving ECG signal modeling using differential equations.

ECG signals are widely used in medicine to analyze the heart’s activity. Creating accurate

synthetic ECG signals helps in research, training, and testing medical devices.

In the first part of the work, we studied and improved models based on IDEs. First,

we modified the McSharry model by adding a Hopf bifurcation, which made the model

generate more realistic heartbeats with natural oscillations. Then, we applied the GWO

to automatically adjust the model parameters. This optimization improved the match

between simulated ECG signals and real signals from the MIT/BIH database. These two

contributions increased the modeling accuracy, but the IDE models still had limits. They

were not able to represent long-term memory effects, which are important in real ECG

signals.

To solve this problem, we proposed a new model using FDEs . In this model, only

the third equation (which controls the PQRST waveform) was replaced with a fractional

derivative, while the first two equations remained in integer order. This allowed us to

keep the original structure and improve the model’s flexibility. We used the PC method

to solve the equations and the GA to optimize parameters.

We tested the model on five types of heartbeats from the MIT/BIH Arrhythmia

Database. The results showed clear improvements. The fractional-order model reduced

the MSE by 48.4% compared to the integer-order model. It also improved compression

efficiency by 23.2%, while keeping a high correlation with the original signals. The op-

timized fractional order values were between 0.96 and 0.99, showing that only a small

change in the order gave a strong effect.

In conclusion, this thesis showed that fractional-order models can better simulate ECG

signals than classical models. The new approach keeps the advantages of the original

McSharry model and adds more flexibility and accuracy. These results support the use

119
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of fractional calculus in biomedical signal modeling and open new possibilities for ECG

analysis, compression, and clinical applications.
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Appendix A

Estimated parameter values and their

standard deviations

Tables 1.1 and 1.2 present a summary of the estimated parameters and their standard

deviations for five categories of beats within the frameworks of Fractional Differential

Equations (FDE) and Integer Differential Equations (IDE) employing the genetic algo-

rithm.
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Appendix B

Measure of distortion

ECG_real refers to the ECG signal taken from the MIT-BIH database, while ECG_simulated

signifies the synthetic signal generated by the fractional model. N denotes the number of

discrete time points or samples within each ECG beat.

The mean-absolute-error (MAE) is given by:

MAE = 1
n

n∑
i=1

∣∣∣ECGreal,i −ECGsimulated,i

∣∣∣
where n is the quantity of samples.

The mean square error (MSE) is given by:

MSE = 1
n

n∑
i=1

(
ECGreal,i −ECGsimulated,i

)2

Another metric is the root mean square error (RMSE), computed as follows:

RMSE =
√√√√ 1

n

n∑
i=1

(
ECGreal,i −ECGsimulated,i

)2

The Normalized RMSE (NRMSE) is:

NRMSE =

√√√√√∑n
i=1

(
ECGreal,i −ECGsimulated,i

)2

∑n
i=1 ECG2

real,i

The Correlation Coefficient (CORR) is the Pearson correlation coefficient, calculated
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as:

CORR =
∑(

ECGreal,i −µreal
)(

ECGsimulated,i −µsimulated
)

σreal ·σsimulated

Where µreal and µsimulated denote the means, while σreal and σsimulated represent the stan-

dard deviations of the actual and simulated ECG signals, respectively.



Appendix C

Analysis of Compression Ratio (CR)

and Percent Root-Mean-Square Dif-

ference (PRD)

The Compression Ratio (CR)

The compression ratio (CR) is the proportion of the original signal size to the size of

the compressed signal. The CR formula is delineated as follows:

CR = N ·Ne

Nb ·Np

where:

• N represents the quantity of ECG beat samples,

• Ne signifies the number of bits allocated for encoding each ECG sample,

• Np indicates the number of model parameters,

• Nb denotes the number of bits designated for encoding each parameter.
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The Percent Root-Mean-Square Difference (PRD)

The PRD measures the disparity between the original signal ECGreal(n) and the re-

constructed signal ECGsimulated(n) following compression. The PRD formula is as follows:

PRD(%) =

√√√√√∑n
i=1

(
ECGreal,i −ECGsimulated,i

)2

∑n
i=1 ECG2

real,i
×100

The Quality Score (QS)

The Quality Score (QS) quantifies performance as the ratio of the compression ratio

to the Percent Root-Mean-Square Difference (PRD), and is calculated using the following

expression:

QS = CR
PRD
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