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Introduction

Distributions (also known as generalized functions) extend the classical notion of functions to

describe objects that may not have pointwise values but still possess well-defined derivatives

of all orders.

Distributions are considered a great mathematical achievement of the twentieth century.

They were introduced by Laurent Schwartz in the 1940s to rigorously model singular objects

such as the Dirac delta (named after Paul Dirac, 1902–1984) and the Heaviside function

(named after Oliver Heaviside, 1850–1925).

Consider the Dirac delta as an example. Physicists originally defined it as follows

δ(x) =

+∞ for x = 0,

0 for x 6= 0,
with

∫ +∞

−∞
δ(x) dx = 1. (1)

However, this informal definition leads to mathematical contradictions. For instance, the

square of this function is not well-defined, contradicting the properties of ordinary functions.

Moreover, since δ(x) is zero everywhere except at the origin, it vanishes almost everywhere.

According to Lebesgue integration theory, its integral should therefore be zero, contradicting

(1). This δ(x) cannot be a function.

Dirac’s intuitive definition relied on physical reasoning but lacked mathematical rigor. Lau-

rent Schwartz resolved this issue by introducing distributions as continuous linear functionals

on the space of smooth, compactly supported functions (infinitely differentiable functions

with compact support). The Dirac delta is thus defined not as a pointwise function, but as

a distribution acting on test functions ϕ via 〈δ0, ϕ〉 = ϕ(0). This framework allows distribu-

tions to generalize functions and provides a consistent way to handle differentiation, even for

singular objects.

Distributions are crucial in physics and engineering, where discontinuous phenomena (e.g.,

impulses, shocks) naturally lead to differential equations whose solutions are distributions
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rather than ordinary functions. The core idea of distribution theory is to define these gener-

alized objects by their action on test functions, enabling a unified treatment of differentiation

and integration in contexts where classical methods fail.

The manuscript is structured into three chapters:

Chapter 1 introduces the test functions and examines their properties.

Chapter 2 presents the notion of distributions. It covers their definition, convergence

and some operations (addition, multiplication by smooth functions, translation, and deriva-

tives...). Finally, we present the homogeneous, even, and odd distributions.

Chapter 3 is devoted to the support of distributions, the convolution product and applica-

tion to differential equations.

This course is intended for Master’s students in mathematics L.M.D ”Mathematical Analysis

and Applications”. It provides them with the fundamental definitions and concepts necessary

to become familiar with the calculus of distributions, such as the notions of differentiation,

limits of sequences, and other operations on distributions. Through carefully selected exam-

ples, students will be able to appreciate the distinction between the classical behaviour of

ordinary functions and the generalized behaviour of distributions.
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Chapter 1
Spaces of test functions

In this chapter, we introduce one such class of functions: the class of test functions. These

functions play several distinct and equally important roles. Their importance is particularly

linked to the fact that the space of test functions contains ”enough functions” for it to be

dense in many function spaces.

1.1 Notations

Throughout this course we will take Ω is a non-empty open subset of Rn and that the

underlying field K is either R or C.

1. For x = (x1, x2, . . . , xn) ∈ Rn or Cn, we denote by ‖x‖ the Euclidean norm of x, i.e.,

‖x‖ :=

√√√√ n∑
i=1

x2
i .

2. For ε > 0 and x0 ∈ Rn (or Cn), we denote by B(x0, ε) the open Euclidean ball around

x0 with radius ε, i.e.,

B(x0, ε) := {x : ‖x− x0‖ < ε},

and we denote by B(x0, ε) the closed Euclidean ball around x0 with radius ε, i.e,

B(x0, ε) = {x : ‖x− x0‖ ≤ ε}.

3. Let α = (α1, . . . , αn) ∈ Nn be a multi-index of length (or order) |α| =
∑n

i=1 αi. For

multi-indices α, β, we define:

(i) α + β := (α1 + β1, . . . , αn + βn).
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Chapter 1. Spaces of test functions

(ii) β ≤ α ⇐⇒ βi ≤ αi ∀i = 1, . . . , n.

(iii) α− β := (α1 − β1, . . . , αn − βn), if β ≤ α.

(iv) For x ∈ Rn, xα := xα1
1 · · ·xαnn .

(v) α! :=
n∏
i=1

αi! = α1! · · ·αn!.

(vi)
(
α
β

)
:=

n∏
i=1

(
αi
βi

)
=

n∏
i=1

αi!
(αi−βi)!βi! = α!

(α−β)!β!
.

(vii) For all x, y ∈ Rn, we have

(x+ y)α =
∑
β≤α

(
α

β

)
xα−βyβ.

For u : Ω→ K, we write

∂αu :=
∂|α|u

∂xα1
1 · · · ∂xαnn

.

If α = ei = (0, 0, . . . , 1, . . . , 0) (where αj = δij, the Kronecker delta), we write

∂αu = ∂iu =
∂u

∂xi
.

In particular, if α = (0, · · · , 0), ∂αu = u.

For functions of a single variable we also use the following shorter notation for the αth

order derivative u(α) =
dαu

dxα
where in this case α ∈ N.

Example 1.1. (i) If x = (x1, x2) ∈ R2 and α = (2, 3) ∈ N2 we write

xα = x2
1x

3
2.

(ii) If x = (x1, x2, x3) ∈ R3 and α = (1, 3, 0) ∈ N3 we write

xα = x1x
3
2.

(iii) Let P be a polynomial of degree at most m ∈ N

P (x) =
∑
|α|≤m

cαx
α ∀x ∈ Rn,

with α ∈ Nn, cα ∈ C and xα = xα1
1 · · · xαnn .
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Chapter 1. Spaces of test functions

(iv) Let u : R2 → R, u(x1, x2) = 2x2
1x

3
2 and α = (2, 1) ∈ N2 with |α| = 3, we have

∂αu(x1, x2) =
∂3u(x1, x2)

∂x2
1∂x2

=
∂2

∂x2
1

(
∂

∂x2

(2x2
1x

3
2)

)
=

∂2

∂x2
1

(
6x2

1x
2
2

)
= 12x2

2.

1.2 Lebesgue’s spaces

We denote by Lp(Ω) with p ∈ [1,∞) the Lebesgue space

Lp(Ω) =

{
u : Ω→ R; u is measurable,

∫
Ω

|u(x)|pdx <∞
}
.

It is a Banach space with respect to the norm

‖u‖Lp(Ω) =

(∫
Ω

|u(x)|pdx
) 1

p

.

For p = 2, it is a Hilbert space with the inner product

(u, v) =

∫
Ω

u(x)v(x)dx.

For p =∞, we set

L∞(Ω) = {u : Ω→ R; u is measurable, ess supx∈Ω |u(x)| <∞} .

It is a Banach space with respect to the norm

‖u‖L∞(Ω) = ess supx∈Ω |u(x)|.

Finally, we define the space of locally integrable functions

L1
loc(Ω) =

{
u : Ω→ R; u is measurable,

∫
K

|u(x)|dx <∞∀K ⊂ Ω compact

}
.

Example 1.2. 1. The function 1
x
∈ L1

loc(0,∞), but 1
x
/∈ L1(0,∞) and 1

x
/∈ L1(−1, 1).

Indeed, for any compact K ⊂ (0,∞), there exists a, b > 0 such that K ⊂ [a, b]. Then∫
K

∣∣∣∣1x
∣∣∣∣ dx ≤ ∫ b

a

1

x
dx = ln(b)− ln(a) <∞.
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Chapter 1. Spaces of test functions

Thus, 1
x
∈ L1

loc(0,∞). However

∫ ∞
0

∣∣∣∣1x
∣∣∣∣ dx =

∫ 1

0

1

x
dx+

∫ ∞
1

1

x
dx =∞.

So 1
x
/∈ L1(0,∞).

Consider the compact K = [−1
2
, 1

2
] ⊂ (−1, 1). Then

∫ 1
2

− 1
2

∣∣∣∣1x
∣∣∣∣ dx = 2

∫ 1
2

0

1

x
dx =∞.

So 1
x
/∈ L1

loc(−1, 1), and in particular 1
x
/∈ L1(−1, 1).

2. The function f(x) = ln |x| ∈ L1
loc(R). Indeed, the function x 7→ ln |x| is continuous on

R∗ and has a primitive on R∗+ and R∗−. Therefore, it is integrable on every compact set

contained in either of the two intervals R∗+ and R∗−. The remaining case is when the

compact set K of R contains 0. We have∫
K

| ln |x|| dx ≤
∫ a

−a
| ln |x|| dx = lim

ε→0+

∫
a≥|x|>ε

| ln |x|| dx, with 0 < ε < a < 1.

Then ∫
a≥|x|>ε

| ln |x|| dx = 2(a− a ln(a) + ε ln(ε)− ε),

and ∫
|x|<a
| ln(|x|)| dx = lim

ε→0+

∫
r≥|x|>ε

| ln |x|| dx = 2(a− a ln(a)).

Thus f ∈∈ L1
loc(R).

Theorem 1.1. (Lebesgue’s dominated convergence theorem) If (uj)j∈N is a sequence

of Lebesgue integrable functions on Ω that converge almost everywhere to a limit function u

on Ω and if there exists a Lebesgue integrable function v on Ω such that

|uj(x)| ≤ v(x) almost everywhere on Ω,

and for all j ∈ N then u is Lebesgue integrable on Ω and

lim
j→+∞

∫
Ω

uj(x) dx =

∫
Ω

lim
j→+∞

uj(x) dx =

∫
Ω

u(x) dx.

Definition 1.1. (Convolution Product) Let f, g ∈ L1(Rn). The convolution product of f

and g, denoted by f ∗ g, is the function defined by

(f ∗ g)(x) =

∫
Rn
f(y)g(x− y) dy.
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Chapter 1. Spaces of test functions

Proposition 1.1. The convolution product is commutative and associative.

1.3 Function spaces Ck(Ω) (0 ≤ k ≤ ∞)

Definition 1.2. We write C(Ω,K) or C(Ω) for the set of continuous functions Ω→ K. We

will also write C0(Ω) = C(Ω) and

‖u‖C(Ω) = sup
x∈Ω
|u(x)|, u ∈ C(Ω).

For k ∈ N we write Ck(Ω,K) or Ck(Ω) for the k-times continuously differentiable functions

from Ω to K, and

Ck(Ω) =
{
u ∈ Ck−1(Ω),

∂u

∂xi
∈ Ck−1(Ω), i = 1, · · · , n

}
, k ≥ 1.

In general, we will write Ck instead of Ck(Ω).

C∞(Ω,K) or C∞(Ω) is the set of ∞-times continuously differentiable functions from Ω to K

i.e.,

C∞(Ω) = ∩k∈NC
k(Ω).

A function u : Ω→ K is called smooth if it is in C∞(Ω) and we denote by E(Ω) = C∞(Ω).

Example 1.3. The funtion

u(x) =

{
x if x ≥ 0,

0 if x ≤ 0,

is continuos, but not differentiable at x = 0, so it is of class C0(R).

The function u(x) = ex and all polynomials are C∞(R).

Proposition 1.2. If u, v ∈ Ck(Ω) and λ ∈ K then u+ v, λu, u v and
1

u
(if u(x) 6= 0, for all

x ∈ Ω) belong to Ck(Ω).

Theorem 1.2. If u ∈ C(Ω) then u ∈ L1
loc(Ω).

Proof. We show that if u is a continuous function then it is locally integrable. Indeed,

1. u is measurable function because it is continuous.

2. We have u is continuous on Ω, so it is also continuous on any compact K of Ω and since

a continuous function on a compact set is bounded. Hence

∃C > 0, |u(x)| ≤ C, ∀x ∈ K,
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Chapter 1. Spaces of test functions

and since the compact K has finite measure (denoted mes(K) <∞), we have∫
K

|u(x)| dx ≤ C mes(K) <∞.

Now, the Leibniz formula expresses the derivative on α−th order of the product of two

functions.

Theorem 1.3. (Leibniz’s rule) If k ∈ N, u, v ∈ Ck(Ω) and α ∈ Nn with |α| ≤ k, then

∂α(u v) =
∑
β≤α

(
α

β

)
∂βu ∂α−βv.

In one dimension (n = 1), the first derivative is described by the well known formula

(u v)′ = u′ v + u v′.

For α ∈ N, we can write the general formula for the derivative of α−th order of the product

of functions (u v) as follows

(u v)(α) =
α∑
β=0

(
α

β

)
u(β) v(α−β).

Example 1.4. Let α = (1, 1) ∈ N2. We have

∂α(u v) = ∂(1,1)(u v) =
∂2(u v)

∂x1∂x2

=
∂

∂x1

(∂(u v)

∂x2

)
=

∂

∂x1

(
u
∂v

∂x2

+ v
∂u

∂x2

)
= u

∂2v

∂x1∂x2

+
∂u

∂x1

∂v

∂x2

+ v
∂2u

∂x1∂x2

+
∂v

∂x1

∂u

∂x2

.

Using Leibniz’s rule, we obtain

∂α(u v) =
∑
β≤α

(
α

β

)
∂βu ∂α−βv

=
1∑

β1=0

1∑
β2=0

(
α1

β1

)(
α2

β2

)
∂(β1,β2)u ∂(α1−β1,α2−β2)v,
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Chapter 1. Spaces of test functions

then

∂α(u v) =
1∑

β1=0

[(
1

β1

)(
1

0

)
∂(β1,0)u ∂(1−β1,1)v +

(
1

β1

)(
1

1

)
∂(β1,1)u ∂(1−β1,0)v

]

=
1∑

β1=0

[
1!

β1!(1− β1)!
∂(β1,0)u ∂(1−β1,1)v +

1!

β1!(1− β1)!
∂(β1,1)u ∂(1−β1,0)v

]
= ∂(0,0)u ∂(1,1)v + ∂(0,1)u ∂(1,0)v + ∂(1,0)u ∂(0,1)v + ∂(1,1)u ∂(0,0)v

= u
∂2v

∂x1∂x2

+
∂u

∂x2

∂v

∂x1

+
∂u

∂x1

∂v

∂x2

+ v
∂2u

∂x1∂x2

.

Definition 1.3. (Convergence in Ck(Ω)) Let (uj)j∈N be a sequence and u ∈ Ck(Ω) (in

E(Ω). resp).

uj
j→+∞−−−−→ u in Ck(Ω) ⇐⇒ ∀K ⊂ Ω compact,∀α ∈ Nn, |α| ≤ k,

∂αuj → ∂αu uniformly on K,

(i.e. ‖∂αuj − ∂αu‖C(K) = ‖∂αuj − ∂αu‖∞ = supx∈K |∂αuj(x)− ∂αu(x)| → 0).

(resp. uj
j→+∞−−−−→ u in E(Ω) ⇐⇒ ∀K ⊂ Ω compact, ∀α ∈ Nn, ∂αuj → ∂αu uniformly on K).

1.4 Function spaces Ck
c (Ω) (0 ≤ k ≤ ∞)

Definition 1.4. (Support) Let u ∈ C(Ω). We define the support of u as

supp(u) := {x ∈ Ω | u(x) 6= 0}.

Example 1.5. Define u : R→ R by

u(x) =

1− |x| if |x| < 1,

0 if |x| ≥ 1.

Then supp(u) = [−1, 1].

Proposition 1.3. (Properties of the support) Let u, v ∈ C(Ω), we have

1. u = 0 ⇐⇒ supp(u) = ∅.

2. supp(u) is closed in Ω.

3. supp(uv) ⊂ supp(u) ∩ supp(v).

4. (supp(u))c is the largest open subset of Ω where u vanishes.
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Chapter 1. Spaces of test functions

5. For all α ∈ Nn, supp(∂αu) ⊂ supp(u).

Definition 1.5. For k ∈ N ∪ {∞}, we define

Ck
c (Ω) = {u ∈ Ck(Ω), supp(u) is compact},

(i.e., zero outside a compact set).

The space of test functions on Ω is C∞c (Ω) = D(Ω).

If K is a compact set of Ω, Ck
c (K) denotes the set of elements u of Ck

c (Ω) such that

supp(u) ⊂ K. We denote by

C∞c (K) = D(K).

Example 1.6. Consider the function

h(x) =

e
1
t if t < 0,

0 if t ≥ 0.

It is clear that supp(h) = R− and that h ∈ C∞(R \ {0}). On the other hand, we can show

that

h(m)(t) = Pm

(
1

t

)
e

1
t ,

where Pm is a sequence of polynomials. We deduce that

lim
x→0−

h(m)(t) = 0 for all m ∈ N,

and therefore h ∈ C∞(R). From the function h, we can construct a function ψ ∈ D(R).

Indeed, we consider

ψ(x) =

e
− b−a

(b−x)(x−a) , if x ∈]a, b[,

0, otherwise.

We observe that ψ(x) = h(a− x)h(x− b) for all x ∈ R, then, ψ ∈ C∞(R). Since supp(ψ) =

[a, b] we deduce that ψ ∈ D(R).

We can also construct a function ρ ∈ D(Rn). Let

ρ(x) =

e
−1

(1−‖x‖2) , ‖x‖ < 1,

0, otherwise.

Smoothness of ρ follows from the chain rule, noting that ρ(x) = h(‖x‖2 − 1) where h is as

defined above and supp(ρ) = B(0, 1) then ρ ∈ D(Rn).

Proposition 1.4. 1. If ϕ ∈ D(Ω), then ∂ϕ
∂xi
∈ D(Ω), ∀i = 1, · · · , n.

2. If ϕ, ψ ∈ D(Ω) and a, b ∈ K. Then, aϕ+bψ ∈ D(Ω). Therefore, D(Ω) is a linear space.

12



Chapter 1. Spaces of test functions

Proof.

1. It is immediate, as ∂ϕ
∂xi

is C∞(Ω) because of the definition of ϕ. Moreover, if x /∈ supp(ϕ),

since the complementary of the support is an open set, there exists a neighbourhood of

x in which ϕ = 0. Thus, in that neighbourhood, ∂ϕ
∂xi

= 0 and ∂ϕ
∂xi

(x) = 0, which implies

that x /∈ supp( ∂ϕ
∂xi

). In other words, supp( ∂ϕ
∂xi

) ⊆ supp(ϕ), since supp(ϕ) is compact

then supp( ∂ϕ
∂xi

) is compact. Then ∂ϕ
∂xi
∈ D(Ω), ∀i = 1, · · · , n.

2. Let A = supp(ϕ) and B = supp(ψ). Then,

aϕ(x) + bψ(x) = 0, ∀x /∈ A ∪B.

This, together with the fact of A∪B being closed, implies that supp(aϕ+bψ) ⊆ A∪B.

Moreover, as A and B are bounded, supp (aϕ+ bψ) is bounded too. Also, the fact that

both ϕ and ψ are in C∞(Ω) implies aϕ + bψ ∈ C∞(Ω). Finally, being working with

functions with values in a field, every property for a linear space holds trivially.

Proposition 1.5. Let ϕ ∈ D(Rn), τ ∈ R, a ∈ R \ {0}, and g ∈ C∞(Rn). Then the functions

ϕ(x+ τ), ϕ(−x), ϕ(ax) and g ϕ ∈ D(Rn).

Before defining distributions corresponding to test functions, we must first discuss a notion

of convergence in D(Ω).

Definition 1.6. (Convergence in D(Ω)) Let (ϕj)j∈N be a sequence in D(Ω) and ϕ ∈ D(Ω).

We say ϕj → ϕ in D(Ω) if

1. There exists a compact set K ⊂ Ω such that supp(ϕ), supp(ϕj) ⊂ K, ∀j ∈ N.

2. For each multi-index α ∈ Nn

sup
K
|∂α(ϕj − ϕ)| → 0,

(ie, ∂αϕj → ∂αϕ uniformly on K).

Example 1.7. 1. Let φ ∈ D(R). Let us define, for j ∈ N,

∀x ∈ R, ϕj(x) = φ

(
x+

1

j + 1

)
− φ(x).

13



Chapter 1. Spaces of test functions

Then ϕj → 0 in D(R). Indeed, if supp(φ) ⊂ [−a, a], a > 0, then for all j, we have

supp(ϕj) ⊂ [−a− 1, a+ 1]. Moreover, by the mean value theorem, for all α ∈ N,∣∣∣∣φ(α)

(
x+

1

j + 1

)
− φ(α)(x)

∣∣∣∣ ≤ 1

j + 1
‖φ(α+1)‖∞ → 0

as j → +∞.

2. The sequence ϕj(x) = 1
j
ρ(x) with ρ is defined in Example 1.6 belongs to D(Rn) and

converges to zero in D(Rn) as j → +∞.

The sequence ϕj(x) = ρ(x
j
) ∈ D(Rn) does not converge in D(Rn) when j → +∞ because

there cannot exist a compact K outside of which all the ϕj(x) vanish.

Remark 1.1. 1. We have D(Ω) ⊂ E(Ω). If (ϕj)j∈N is a sequence in D(Ω) tends to ϕ

in D(Ω), then ϕj → ϕ in E(Ω). The inclusion map i : D(Ω) → E(Ω) is continuous

(D(Ω) ↪→ E(Ω)). Moreover, D(Ω) is dense in E(Ω).

2. Convergence in D(Ω) differs from convergence in E(Ω). Indeed, let ϕ ∈ D(Rn) with

ϕ(0) 6= 0. We consider the sequence of functions ϕj(x) = ϕ
(
x
j

)
. We show that the

sequence ϕj converge to ϕ(0) in E(Rn). Let K be a compact subset of Rn such that

K ⊂ B(0, ε). Then, if x ∈ K, we have x
j
∈ B(0, ε)

(i) If α = 0, then

|ϕj(x)− ϕ(0)| =
∣∣∣∣ϕ(xj

)
− ϕ(0)

∣∣∣∣→ 0,

uniformly on K as j → +∞ (by uniform continuity of ϕ on the compact set

B(0, ε))).

(ii) If |α| ≥ 1, then ∂αϕ(0) = 0 and

∂α(ϕj(x)) =

(
1

j

)|α|
∂αϕ

(
x

j

)
.

It follows that

|∂α(ϕj(x))− ∂α(ϕ(0))| =

(
1

j

)|α| ∣∣∣∣∂αϕ(xj
)∣∣∣∣

≤
(

1

j

)|α|
‖∂αϕ‖C(B(0,ε)))),

then

lim
j→+∞

‖∂αϕj − ∂α(ϕ(0))‖C(K) = 0.

So, the sequence (ϕj)j converges to ϕ(0) in E(Rn). However, ϕ(0) 6∈ D(Rn).

14



Chapter 1. Spaces of test functions

We take another example. Let ψ ∈ D(R) with ψ 6= 0. We consider the sequence

ϕj(x) =
1

j
ψ(x− j), j = 1, 2, · · ·

This converges to 0 in E(R). For any compact K et α ∈ N, we have

sup
x∈K
|ϕ(α)
j (x)| → 0 as j → +∞.

Moreover, supp(ϕj) ∩K = ∅ for j sufficiently large, i.e., the support of ϕj eventually

leaves any compact set. The sequence (ϕj)j does not converge in D(R). We have

sup
x∈R
|ϕ(α)
j (x)| → 0 as j → +∞,

but there is no compact set which contains the support of ϕj for all j.

Definition 1.7. (Regularizing sequences) A sequence (ρj)j≥1 ⊂ D(Rn) is called a molli-

fier (or regularizing sequence) in D(Rn) if it satisfies the following properties

(i) For all j ≥ 1: ρj ≥ 0.

(ii)

∫
Rn
ρj(x) dx = 1.

(iii) supp(ρj) ⊂ B(0, εj) with lim
j→∞

εj = 0.

Construct a regularizing sequence

Let ψ ∈ D(Rn) be non-negative and not identically zero. Then there exists a > 0 such that

supp(ψ) ⊂ B(0, a). We put

φ(x) =
ψ(x)∫

Rn
ψ(x)dx

.

Note that

∫
Rn
φ(x) dx = 1 and φ(x) ≥ 0 for all x. Define

ϕj(x) =
1

rnj
φ

(
x

rj

)
,

where lim
j→+∞

rj = 0 and rj > 0 for all j ∈ N. We have

(i) ∀j ∈ N, ϕj ≥ 0,

15
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(ii)

∫
Rn
ϕj(x) dx =

1

rnj

∫
Rn
φ

(
x

rj

)
dx,

using the substitution y = x
rj

, we get dx = rnj dy, so

∫
Rn
ϕj(x) dx =

1

rnj

∫
Rn
φ(y)rnj dy =

∫
Rn
φ(y) dy = 1.

(iii) Since supp(φ) ⊂ B(0, a), we have supp(ϕj) ⊂ B(0, rja), and lim
j→+∞

rj = 0.

It is enough to put εj = rja in the definition we deduce that the sequence (ϕj) is a regularizing

sequence.

Theorem 1.4. (Exhaustive sequences) Let Ω be an open set in Rn. There exists an

exhaustive sequence of compact sets Kj covering Ω. That is, a sequence satisfying

1. ∀j ∈ N, Kj ⊂ Ω.

2. ∀j ∈ N, Kj ⊂
◦
Kj+1 (and we write generally Kj ⊂⊂ Kj+1).

3. Ω =
⋃
j∈N Kj.

The adjective ”exhaustive” meaning ”complete” was used to emphasize that the sequence of

compact sets (Kj)j covers the entire open set Ω.

Theorem 1.5. (Partition of unity) Let K be a compact subset of Ω, and let Ωi, i =

1, 2, . . . , k, be a finite covering of K, i.e.,

K ⊂
k⋃
i=1

Ωi,

then there exist functions ϕi ∈ D(Ωi) such that 0 ≤ ϕi ≤ 1 for i = 1, 2, . . . , k, and

k∑
i=1

ϕi = 1 in a neighborhood of K.

Let us now consider two open sets Ω1,Ω2 in Rn1 and Rn2 . We denote by D(Ω1)⊗D(Ω2) the

subspace of D(Ω1 × Ω2) consisting of functions that are finite linear combinations of terms

of the form u(x1)v(x2) where u ∈ D(Ω1) and v ∈ D(Ω2).

Proposition 1.6. The space D(Ω1)⊗D(Ω2) is dense in D(Ω1 × Ω2).

Proof. Let ϕ ∈ D(Ω1 × Ω2). Suppose that supp(ϕ) is contained in K = K1 ×K2 where Ki

is a compact subset of Ωi, i = 1, 2. There exists a sequence (Pj)j∈N of polynomials of (x1, x2)

16
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such that, for every α in Nn1+n2 , (∂αPj) converges uniformly on K to ∂αϕ. Let θi ∈ D(Ωi),

with θi = 1 on Ki, i = 1, 2. Define

ϕj(x1, x2) = θ1(x1)θ2(x2)Pj(x1, x2) =
∑

|α1+α2|≤mj

aj,α1,α2θ1(x1)xα1
1 θ2(x2)xα2

2 ,

where aj,α1,α2 ∈ C. Then ϕj belongs to D(Ω1) ⊗ D(Ω2) and for every α ∈ Nn1+n2 , (∂αϕj)

converges uniformly to ∂αϕ on K1 × K2. Moreover, since supp(ϕj) ⊂ supp(θ1) × supp(θ2),

which is a fixed compact set, the sequence (ϕj) converges to ϕ in D(Ω1 × Ω2).

Now, we consider the following theorem underlies many of the important applications of

convolutions on Rn. If h is any function on Rn and ε > 0, we set

hε(x) = ε−nh(ε−1x).

We observe that if h ∈ L1(Rn) then

∫
Rn
hε is independent of ε

∫
Rn
hε(x) dx =

∫
Rn
h(ε−1x)ε−n dx =

∫
Rn
h(y) dy.

Theorem 1.6. Suppose h ∈ L1(Rn) and

∫
Rn
h(x) dx = A.

(i) If f ∈ Lp(Rn)(1 ≤ p <∞), then f ∗ hε → Af in the Lp(Rn) norm as ε→ 0.

(ii) If f is bounded and uniformly continuous, then f ∗ hε → Af uniformly as ε→ 0.

(iii) If f ∈ L∞(Rn) and f is continuous on an open set U , then f ∗ hε → Af uniformly on

compact subsets of U as ε→ 0.

Theorem 1.7. Let f ∈ Ck
c (Rn) and g ∈ L1

loc(R
n) (k ∈ N). Then

f ∗ g ∈ Ck(Rn) and ∂α(f ∗ g) = (∂αf) ∗ g for |α| ≤ k.

In particular, if f ∈ D(Rn) and g ∈ L1
loc(R

n), then f ∗ g ∈ C∞(Rn).

Theorem 1.8. 1. D(Rn) is dense in Lp(Rn) for all 1 ≤ p < +∞.

2. D(Ω) is dense in Ck(Ω) for all k ∈ N and in Lp(Ω) for all 1 ≤ p < +∞.

Now, we consider the following application of the density theorem 1.8

Lemma 1.1. (Dubois-Reymond) Let u ∈ L1
loc(Ω). We assume that for all ϕ ∈ D(Ω),∫

Ω

u(x)ϕ(x) dx = 0.

17
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Then u = 0 almost everywhere.

Proof. We write that Ω is a countable union of open sets ωn ⊂ Ω such that ωn is a compact

subset of Ω. It suffices to take

ωn =

{
x ∈ Ω : |x| ≤ n and d(x,Ωc) >

1

n

}
.

It is therefore sufficient to show that u = 0 a.e (ie, almost everywhere) on an open set ω ⊂ Ω

such that ω is a compact subset of Ω.

Let g = u|ω ∈ L1(ω). Let ε > 0. By Theorem 1.8, there exists ψε ∈ D(ω) such that

‖g − ψε‖L1(ω) ≤ ε.

For all ϕ ∈ D(ω), since

∫
ω

g ϕ dx =

∫
Ω

uϕdx we have

∫
ω

ψεϕdx =

∫
ω

gϕ dx+

∫
ω

(ψε − g)ϕdx = 0 +

∫
ω

(ψε − g)ϕdx.

Hence ∣∣∣∣ ∫
ω

ψεϕdx

∣∣∣∣ ≤ ∫
ω

|ψε − g||ϕ| dx ≤ ε‖ϕ‖∞.

Let δ > 0. Take ϕ as follows

ϕ =
ψε√

δ2 + |ψε|2
∈ D(ω).

We have |ϕ| ≤ 1 and

ψεϕ =
|ψε|2√
δ2 + |ψε|2

.

Then,

∀δ ≥ 0,

∫
ω

|ψε|2√
δ2 + |ψε|2

dx ≤ ε.

By applying the dominated convergence theorem, we can pass to the limit when δ → 0 to

obtain ∫
ω

|ψε| dx ≤ ε.

Therefore,

‖g‖L1(ω) ≤ ‖g − ψε‖L1(ω) + ‖ψε‖L1(ω) ≤ ε+ ε = 2ε.

Thus g = 0 a.e on ω, and by countable additivity, u is null almost everywhere on Ω.

18



Chapter 1. Spaces of test functions

Exercises

Exercise 1.1. Determine whether the following statements are true or false. Justify

your answers.

1. It is always possible to construct a test function ψ ∈ D(−1, 1) such that ψ′(x) ≥ 0

for all x ∈ (−1, 1).

2. The functions ϕ(x) = e−x
2

and 1Q are test functions.

3. Let f : R → R be a function defined by f(x) = xϕ(x) with ϕ ∈ D(R). Then

f ∈ D(R).

4. If ϕ ∈ D(Ω), then ∂αϕ ∈ D(Ω) for all α ∈ Nn.

Exercise 1.2. Let ϕ : R→ R be a function defined by

ϕ(x) =

exp
(
− 1

1−|x|2

)
if |x| < 1,

0 if |x| ≥ 1.

1. Verify that ϕ ∈ D(R).

2. We set ψ(x) =

∫ x

−∞
ϕ(y) dy. Is ψ ∈ C∞(R)? Determine its support.

3. Let C =
1∫

R
ϕ(x) dx

and define ϕj by

ϕj(x) = Cjϕ(jx) for all j ∈ N \ {0}.

Show that ϕj is a regularizing sequence.

Exercise 1.3. I) Let ψ ∈ C∞(R) and (ϕj)j∈N be a sequence in D(R) that converges

to ϕ in D(R). Show that

ψϕj
j→+∞−−−−→ ψϕ,

and

ϕ
(α)
j

j→+∞−−−−→ ϕ(α), ∀α ∈ N,

in D(R).
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II) Let ϕ ∈ D(R). For t ∈ R \ {0}, we define

ϕt(x) =
ϕ(x+ t)− ϕ(x)

t
.

1. Show that ϕt ∈ D(R) for t 6= 0.

2. Show that ϕt converges in D(R) as t → 0 to a function that we will deter-

mine.

Exercise 1.4. Let ϕ ∈ D(R). Study the convergence in D(R) of the following sequences

ψj(x) =
1

j
ϕ(x), ηj(x) =

1

j
ϕ(jx).

Exercise 1.5. Let ϕ ∈ D(R) such that

0 ≤ ϕ(x) ≤ 1, and supp(ϕ) ⊂]1, 2[.

Define ϕj(x) = e−jϕ(jx), j ≥ 1. Show that ϕj ∈ D(R) for all j ≥ 1 and study its

convergence in D(R).
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Solutions of the exercises

Exercise 1.1

1. False. The condition ψ′ ≥ 0 means that ψ is increasing. Note that ψ(−1) = ψ(1) = 0

this is only verified if ψ = 0.

2. The functions ϕ(x) = e−x
2

is a test function (false) because supp(ϕ) = R which is not

compact.

The function 1Q is a test function (false). Indeed, the indicator function of the rational

numbers Q is defined by

1Q(x) =

1 if x ∈ Q,

0 if x /∈ Q.

We have

supp(1Q) = {x ∈ R : 1Q(x) 6= 0} = Q = R.

Then 1Q is not a test function.

We can say that 1Q is not a test function on R because it is not continuous.

3. True. We set g(x) = x then f = g ϕ. we have g ∈ C∞(R) and ϕ ∈ C∞(R) so

g ϕ ∈ C∞(R). Since

supp(g ϕ) ⊂ supp(g) ∩ supp(ϕ),

we obtain supp(g ϕ) ⊂ supp(ϕ) and since supp(ϕ) is compact we deduce that the

support of g ϕ is also compact then g ϕ ∈ D(R).

4. True. Since ϕ ∈ C∞(Ω) then ∂αϕ ∈ C∞(Ω). Moreover, from the observation that for

all α ∈ Nn, supp(∂αϕ) ⊂ supp(ϕ). Since supp(ϕ) is compact, supp(∂αϕ) must be as

well, and thus ∂αϕ ∈ D(Ω) for all α ∈ Nn.

Exercise 1.2

1. ϕ ∈ C∞(R) because it is composed of two functions of class C∞(R) and supp(ϕ) =

[−1, 1] is compact, we deduce that ϕ ∈ D(R) (see details in example 1.6).

2. We have ψ′ = ϕ ∈ C∞(R) then ψ ∈ C∞(R).

Now, we determine the support of ψ, We distinguish the following cases

(a) If x < −1 we have ϕ(x) = 0 then ψ(x) = 0.

(b) If −1 < x < 1,

ψ(x) =

∫ x

−∞
ϕ(y)dy =

∫ x

−1

ϕ(y)dy > 0.
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(c) If x ≥ 1,

ψ(x) =

∫ x

−∞
ϕ(y) dy =

∫ x

−1

ϕ(y) dy =

∫ 1

−1

ϕ(y) dy +

∫ x

1

ϕ(y) dy =

∫ 1

−1

ϕ(y) dy > 0.

We deduce that supp(ψ) = [−1,+∞[ which is not compact so ψ is not a test

function.

3. Let C =
1∫

R
ϕ(x) dx

and define ϕj by

ϕj(x) = Cjϕ(jx) for all j ∈ N \ {0}.

Show that ϕj is a regularizing sequence.

Recall that a sequence (ϕj) is called a mollifier (or regularizing sequence) if ϕj ∈ D(R)

and for all j ∈ N \ {0}, we have

ϕj ≥ 0,

∫
R
ϕj(x) dx = 1, supp(ϕj) ⊂ [−εj, εj],

with limj→+∞ εj = 0. Since ϕ ∈ D(R), it follows that (ϕj) ⊂ D(R). Let j ∈ N \ {0}.
We have ϕ ≥ 0, and thus ϕj ≥ 0. We set y = jx and by using the definition of C, we

obtain ∫
R
ϕj(x) dx = Cj

∫
R
ϕ(jx) dx = C

∫
R
ϕ(y) dy = 1.

The support of ϕ is [−1, 1]. Since jx ∈ [−1, 1] then x ∈ [−1
j
, 1
j
], the support of ϕj is

[−1
j
, 1
j
], and we clearly have limj→+∞

1
j

= 0. Therefore, the sequence (ϕj) is a mollifier

(or regularizing sequence).

Exercise 1.3

I) Since ϕj → ϕ in D(R), there exists a compact set K ⊂ R such that

supp(ϕj), supp(ϕ) ⊂ K.

We have

supp(ψϕj) ⊂ supp(ψ) ∩ supp(ϕj) ⊂ supp(ϕj) ⊂ K,

and

supp(ψϕ) ⊂ supp(ψ) ∩ supp(ϕ) ⊂ supp(ϕ) ⊂ K.

We need to show that for α ∈ N, the sequence of derivatives (ψϕj)
(α) converges uni-
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formly to (ψϕ)(α). By the Leibniz rule for derivatives of products we get

(ψϕj)
(α) =

α∑
β=0

(
α

β

)
ψ(α−β)ϕ

(β)
j ,

and

(ψϕ)(α) =
α∑
β=0

(
α

β

)
ψ(α−β)ϕ(β).

Since ϕj → ϕ in D(R), for each β, ϕ
(β)
j → ϕ(β) uniformly on R. Since ψ ∈ C∞(R), so

each derivative ψ(α−β) is continuous so it is bounded on the compact set K. Therefore,

ψ(α−β)ϕ
(β)
j → ψ(α−β)ϕ(β) uniformly on K.

Since the sum is finite, thus

(ψϕj)
(α) → (ψϕ)(α) uniformly on K.

Then

ψϕj
j→+∞−−−−→ ψϕ,

in D(R).

Fix α ∈ N, then for all j, β ∈ N we have supp(ϕ
(α)
j ) ⊂ supp(ϕj) ⊂ K and ϕ

(α)
j =

dαϕj
dxα

.

So

(ϕ
(α)
j )(β) =

dβϕ
(α)
j

dxβ
=
dα+βϕj
dxα+β

= ϕ
(α+β)
j ,

converges uniformly to (ϕ(α))(β) = ϕ(α+β) and since α ∈ N was chosen arbitrarily, this

holds for all α ∈ N and thus

ϕ
(α)
j

j→+∞−−−−→ ϕ(α), ∀α ∈ N,

in D(R).

II) 1. We need to show that ϕt ∈ D(R). Indeed, since ϕ ∈ C∞(R), the function x 7→
ϕ(x+ t) is also in C∞(R) (as a composition of functions in C∞(R)). Therefore, ϕt

is a linear combination of functions in C∞(R) and is itself C∞(R).

Let supp(ϕ) ⊂ [−M,M ] for some M > 0. Then supp(ϕt) ⊂ [−M − |t|,M + |t|]
which is compact. Therefore, ϕt ∈ D(R).

2. Recall the Taylor-Lagrange’s inequality: Let f : I → R and a, b ∈ I. Suppose that

f is n times differentiable on the closed interval [a, b], and n+1 times differentiable
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on the open interval ]a, b[. Then there exists c ∈ [a, b] such that

f(b)−
n∑
k=0

(b− a)k

k!
f (k)(a) =

f (n+1)(c)(b− a)n+1

(n+ 1)!
.

We can deduce Taylor-Lagrange’s inequality : under the same hypotheses, if there

exists C ∈ R+ such that |f (n+1)(y)| ≤ C for all y ∈ [a, b], then∣∣∣∣∣f(b)−
n∑
k=0

(b− a)k

k!
f (k)(a)

∣∣∣∣∣ ≤ C(b− a)n+1

(n+ 1)!
.

Now, if ϕt converges in D(R) as t→ 0 to a function ψ, then it converges uniformly

and hence pointwise to ψ. We must therefore have ψ = ϕ′. Let M ≥ 0 such that

supp(ϕ) ⊂ [−M,M ]. Since we are interested in the case t → 0, we can restrict

ourselves to t ∈ [−1, 1]. For all t ∈ [−1, 1], we have supp(ϕt) ⊂ [−M − 1,M + 1],

so the support condition is satisfied.

Let α ∈ N. For all x ∈ R and all t ∈ [−1, 1],

∣∣∣ϕ(α)
t (x)− (ϕ′)(α)(x)

∣∣∣ =
1

|t|
∣∣ϕ(α)(x+ t)− ϕ(α)(x)− tϕ(α+1)(x)

∣∣ ≤ 1

|t|
t2

2

∥∥ϕ(α+2)
∥∥
∞ ,

where we applied Taylor-Lagrange’s inequality between x and x+t to the function

ϕ(α) ∈ D(R). Therefore,∥∥∥ϕ(α)
t − ϕ(α+1)

∥∥∥
∞
≤ |t|

∥∥ϕ(α+2)
∥∥
∞ −→t→0

0.

Finally, we obtain ϕt −→
t→0

ϕ′ in D(R).

Exercise 1.4 Let ϕ ∈ D(R) with supp(ϕ) ⊂ K = [−a, a], where a > 0.

Convergence of the sequence (ψj) in D(R)

Study the pointwise convergence of ψj. Let x be fixed in R. We have

lim
j→+∞

ψj(x) = lim
j→+∞

1

j
ϕ(x) = 0.

Then ψj converges pointwise to the function ψ(x) = 0.

We note that supp(ψj) = supp(ϕ). We have

(i) supp(ψj) ⊂ K.

(ii) supp(ψ) = ∅ ⊂ K .
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(iii) Let α ∈ N, we have

lim
j→+∞

sup
x∈K
|ψ(α)
j (x)− ψ(α)(x)| = lim

j→+∞

1

j
sup
x∈K
|ϕ(α)(x)| = 0.

Thus ψj → 0 in D(R).

Convergence of the sequence (ηj) in D(R)

Study the pointwise convergence. Let M = supy∈R |ϕ(y)|. For fixed x ∈ R we have

0 ≤ lim
j→+∞

|ηj(x)| ≤ lim
j→+∞

M

j
= 0.

So, ηj converges pointwise to the function η = 0. We have

(i) supp(ηj) ⊂ [−a
j
, a
j
] ⊂ K.

(ii) supp(η) = ∅ ⊂ K .

(iii) Let α ∈ N, we have

lim
j→+∞

sup
x∈K
|η(α)
j (x)− η(α)(x)| = lim

j→+∞
jα−1 sup

x∈K
|ϕ(α)(jx)| = +∞, ∀α > 1.

Therefore, we conclude that ηj does not converge in D(R).

Exercise 1.5 The function ϕj ∈ C∞(R) (as a composition of the two functions ϕ and

x 7→ jx, both infinitely differentiable on R). Moreover, since supp(ϕ) ⊂ [1, 2], we have

supp(ϕj) = {x ∈ R | ϕj(x) 6= 0}

= {x ∈ R | ϕ(jx) 6= 0}

⊂ {x ∈ R | jx ∈ suppϕ}

⊂ {x ∈ R | jx ∈]1, 2[}

=

[
1

j
,
2

j

]
,

and thus ϕj ∈ D(R).

It is easy to see that for all α ∈ N, we have

ϕ
(α)
j (x) = e−jjαϕ(α)(jx).

Let us show that ϕj → 0 in D(R). We have

supp(ϕj) ⊂
[

1

j
,
2

j

]
⊂ [1, 2] = K, ∀j ∈ N.
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Moreover, ∥∥∥ϕ(α)
j − 0

∥∥∥
C(K)

=
∥∥∥ϕ(α)

j

∥∥∥
C([ 1j ,

2
j ])

= sup
x∈[ 1j ,

2
j ]

∣∣∣ϕ(α)
j (x)

∣∣∣
= e−jjα sup

x∈[ 1j ,
2
j ]

∣∣ϕ(α)(jx)
∣∣

≤ e−jjα sup
y∈[1,2]

∣∣ϕ(α)(y)
∣∣

≤ e−jjα sup
y∈K

∣∣ϕ(α)(y)
∣∣ −→
j→+∞

0.

Since this holds for all α ∈ N and all supports are contained in the fixed compact set K = [1, 2]

we conclude that ϕj → 0 in D(R).
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Additional exercises

Exercise 1.6. Let f, g ∈ L1(Rn). Show that f ∗ g ∈ L1(Rn) and

‖f ∗ g‖L1(Rn) ≤ ‖f‖L1(Rn)‖g‖L1(Rn).

Exercise 1.7. Let f ∈ L1(R). Consider the mapping

Sf :
R → R

x 7→
∫ 1

0

f(x− y). dy

1. Show that if f is continuous with compact support, then Sf is continuous.

2. Let (fj)j∈N be a sequence of continuous functions with compact support that con-

verges to f in L1(R).

(i) Show that (Sfj)j∈N converges to Sf uniformly on R.

(ii) Deduce that Sf is continuous on R.

Exercise 1.8. Let ψ ∈ D(R). Determine a necessary and sufficient condition on ψ

for there to exist ϕ ∈ D(R) such that

ϕ′ + ϕ = ψ.

Exercise 1.9. I) Show that if φ ∈ D(Rn) and x ∈ R then τxφ ∈ D(Rn) where τx is the

translation operator defined by

τxφ(y) = φ(y − x), ∀y ∈ Rn.

II) Suppose ϕ ∈ E(Rn). Let (xj)j≥1 ⊂ Rn be a sequence with xj → 0. Show that

τxjϕ→ ϕ, as j →∞,

in E(Rn).

Exercise 1.10. Let ψ ∈ D(R). Determine a necessary and sufficient condition on ψ

for there to exist ϕ ∈ D(R) such that ϕ′ = ψ.
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Chapter 1. Spaces of test functions

Exercise 1.11. Let ϕ ∈ D(Rn), h ∈ Rn \ {0} . For t ∈ R \ {0}, we define

ϕt(x) =
ϕ(x+ th)− ϕ(x)

t
.

1. Show that ϕt ∈ D(Rn) for t 6= 0.

2. Show that ϕt converges in D(Rn) as t→ 0 to a function that we will determine.

Exercise 1.12. Let (ϕj) be a sequence of functions in D(R) defined by

ϕj(t) =


1
2j

exp

(
− 1

1− |t|
2

j2

)
if |t| < j,

0 otherwise

1. Show that, for each α ∈ N, the sequence of functions (ϕ
(α)
j ) converges uniformly

on every compact set to a function ϕ ∈ D(R) that should be specified.

2. Do we have convergence in D(R)?
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Chapter 2
Distributions

The theory of distributions is a field of mathematics that extends the concept of functions to

include objects called distributions. It is particularly useful in the analysis and solution of

differential equations, where classical functions may not suffice. The theory of distributions

enables the definition of derivatives for functions that are not necessarily differentiable in the

classical sense.

2.1 Definitions and examples

Definition 2.1. A distribution T ∈ D′(Ω) is a linear functional on the space of test functions

T : D(Ω)→ K, which is continuous,

ϕj → ϕ in D(Ω)⇒ T (ϕj)→ T (ϕ) in K. (2.1)

Remark 2.1. (i) We often write 〈T, ϕ〉 instead of T (ϕ).

(ii) By the linearity of T , the condition (2.1) is equivalent to

ϕj → 0 in D(Ω)⇒ T (ϕj)→ 0 in K.

Theorem 2.1. Let T : D(Ω)→ K be a linear map. The following are equivalent

1. T ∈ D′(Ω).

2. For each compact K ⊂ Ω, there exists a constant C > 0 and m ∈ N such that

|〈T, ϕ〉| ≤ C
∑
|α|≤m

sup
x∈K
|∂αϕ(x)|, for all ϕ ∈ D(K). (2.2)
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Chapter 2. Distributions

Proof. (1 ⇒ 2) By contradiction: Assume that we have T ∈ D′(Ω) but there exists K ⊂ Ω

such that for all m ∈ N

|〈T, ϕm〉| > m
∑
|α|≤m

‖∂αϕm‖C(K).

for some ϕm ∈ D(K) with ‖∂αϕm‖C(K) = sup
x∈K
|∂αϕ(x)| and ϕm 6= 0 .

Thus

0 < ‖ϕm‖C(K) ≤
∑
|α|≤m

‖∂αϕm‖C(K).

Let

ψm(x) =
ϕm(x)

m
∑
|α|≤m ‖∂αϕm‖C(K)

for x ∈ Ω.

Then ψm ∈ D(K) and for any β ∈ Nn and |β| ≤ m we have

‖∂βψm‖C(K) ≤
‖∂βϕm‖C(K)

m
∑
|α|≤m ‖∂αϕm‖C(K)

≤ 1

m
.

Hence ψm → 0 in D(Ω) as m→∞). On the other hand, we obtain

|〈T, ψm〉| =
|〈T, ϕm〉|

m
∑
|α|≤m ‖∂αϕm‖C(K)

> 1,

therefore (〈T, ψm〉)m does not tend to zero in K. This contradicts the fact that T ∈ D′(Ω).

(2 ⇒ 1) Let ϕj → 0 in D(Ω) with supp(ϕj) ⊂ K for all j. Choose C > 0 and m ∈ N

according to (2.2). Then we have

|〈T, ϕj〉| ≤ C
∑
|α|≤m

‖∂αϕj‖C(K) → 0 j →∞,

hence T ∈ D′(Ω).

Let’s look the important examples

Example 2.1. 1. The Dirac distribution at a point x0 ∈ Ω

〈δx0 , ϕ〉 = ϕ(x0) ∀ϕ ∈ D(Ω).

Linearity of δx0: For all λ, γ ∈ K and all ϕ, φ ∈ D(Ω), we have

〈δx0 , λϕ+ γφ〉 = λϕ(x0) + γφ(x0) = λ〈δx0 , ϕ〉+ γ〈δx0 , φ〉,

Moreover, for ϕ ∈ D(K), we have

|〈δx0 , ϕ〉| = |ϕ(x0)| ≤ ‖ϕ‖C(K),
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where ‖ϕ‖C(K) = sup
x∈K
|ϕ(x)| then δx0 ∈ D′(Ω) (the estimate (2.2) holds with m = 0 and

C = 1).

2. Let f ∈ L1
loc(Ω) and define Tf : D(Ω)→ K by

〈Tf , ϕ〉 =

∫
Ω

f(x)ϕ(x) dx, ∀ϕ ∈ D(Ω).

Clearly Tf is linear; we show that it also satisfies (2.2): Let K ⊂ Ω be a compact set

and ϕ ∈ D(K), then

|〈Tf , ϕ〉| =

∣∣∣∣∫
K

f(x)ϕ(x) dx

∣∣∣∣
≤ ‖ϕ‖C(K)

∫
K

|f(x)| dx

= ‖f‖L1(K)‖ϕ‖C(K).

Thus we obtain (2.2) with m = 0 and C = ‖f‖L1(K).

3. The Heaviside Function: Let H denote (the L∞-class of) a function on R with

H(x) =

1 if x > 0,

0 if x < 0.

We define a linear functional on D(R), also denoted by H, by setting

〈H,ϕ〉 =

∫
R
H(x)ϕ(x) dx =

∫ +∞

0

ϕ(x) dx, ∀ϕ ∈ D(R).

If K ⊂ R, we have

|〈H,ϕ〉| ≤ mes(K)‖ϕ‖L∞(K),

which proves (2.2) with m = 0 and C = mes(K). Hence H ∈ D′(R).

In the plane, we call the Heaviside function the function H defined by

H(x, y) =

1 if x > 0, y > 0,

0 otherwise.

We define a linear functional on D(R2) as follows

〈H,ϕ〉 =

∫
R2

H(x, y)ϕ(x, y) dx dy =

∫ +∞

0

∫ +∞

0

ϕ(x, y) dx dy, ∀ϕ ∈ D(R2).

We have H ∈ D′(R2).
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In general, the Heaviside function H : Rn → R is defined by

H(x) =

1 if x1 > 0, x2 > 0, · · ·xn > 0,

0 otherwise.

We define a linear functional on D(Rn) by

〈H,ϕ〉 =

∫
Rn
H(x)ϕ(x) dx1 · · · dxn =

∫ +∞

0

· · ·
∫ +∞

0

ϕ(x) dx1 · · · dxn, ∀ϕ ∈ D(Rn).

4. In general, we cannot define a distribution through the expression

〈T, ϕ〉 =

∫
R
f(x)ϕ(x) dx,

if the function is not locally integrable. This is the case for f(x) = 1
x
, as it is not

integrable around the origin in R. However, we can define an associated distribution in

the following way. Let T : D(R)→ R be defined by

〈T, ϕ〉 = lim
ε→0

∫
|x|≥ε

ϕ(x)

x
dx. (2.3)

This expression defines a distribution and it is called the Cauchy principal value of 1
x
.

We denote it as

T = PV

(
1

x

)
.

To prove that it is a distribution, we must ensure that the limit exists. For this, a

change of variable allows us to write∫
|x|≥ε

ϕ(x)

x
dx =

∫ −ε
−∞

ϕ(x)

x
dx+

∫ ∞
ε

ϕ(x)

x
dx

=

∫ ∞
ε

ϕ(x)− ϕ(−x)

x
dx.

Now, know that ϕ has compact support, we can find a constant a > 0 such that the

support of ϕ is contained in [−a, a]. Thus, the limit (2.3) becomes

lim
ε→0

∫ a

ε

ϕ(x)− ϕ(−x)

x
dx.

Using the characteristic function χ, we have

〈
PV

(
1

x

)
, ϕ

〉
= lim

n→+∞

∫ ∞
0

χ[ 1
n
,a](x)

ϕ(x)− ϕ(−x)

x
dx.
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For any test function ϕ ∈ C∞(R), we know from the mean value theorem that for all x > 0,

there exists t ∈ (−x, x) such that

ϕ(x)− ϕ(−x) = 2xϕ′(t).

Moreover, ϕ ∈ D(R) implies that ϕ′ ∈ D(R), so it is bounded, and thus

|ϕ(x)− ϕ(−x)|
x

≤ 2‖ϕ′‖∞.

Thus, we can write ∣∣∣∣χ[ 1
n
,a](x)

ϕ(x)− ϕ(−x)

x

∣∣∣∣ ≤ 2‖ϕ′‖∞χ[0,a](x),

and the integral remains bounded by an integrable function on R. By the dominated conver-

gence theorem, we have〈
PV

(
1

x

)
, ϕ

〉
=

∫ ∞
0

lim
n→∞

χ[ 1
n
,a](x)

ϕ(x)− ϕ(−x)

x
dx

=

∫ a

0

ϕ(x)− ϕ(−x)

x
dx. (2.4)

Finally, the integral is finite because the singularity at x = 0 represents a removable discon-

tinuity. Indeed, we have

lim
x→0

ϕ(x)− ϕ(−x)

x
= 2ϕ′(0).

After seeing the functionl is well defined, linearity is obtained using expression (2.4) and the

linearity of integral. To verify continuity, consider a sequence (ϕj)j converging to ϕ in D(R).

This means that their supports are contained in a compact subset K ⊂ R, and thus for some

sufficiently large a > 0, K ⊂ [−a, a]. Therfore,〈
PV

(
1

x

)
, ϕj − ϕ

〉
=

∫ a

0

ϕj(x)− ϕ(x)− (ϕj(−x)− ϕ(−x))

x
dx, ∀j ∈ N.

Again, using the same reasoning, we have

ϕj(x)− ϕ(x)− (ϕj(−x)− ϕ(−x))

x
≤ 2‖ϕ′j − ϕ′‖∞.

Since ϕ′j → ϕ′ uniformly, there exists a constant M > 0 such that

‖ϕ′j − ϕ′‖∞ ≤M, ∀j ∈ N.
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Thus, by the dominated convergence theorem, we conclude that

lim
j→∞

〈
PV

(
1

x

)
, ϕj − ϕ

〉
= 0.

This proves that PV( 1
x
) is continuous. Then PV( 1

x
) ∈ D′(R).

Definition 2.2. (Regular Distribution) A distribution T ∈ D′(Ω) is called regular, if

there exists f ∈ L1
loc(Ω) such that

〈T, ϕ〉 =

∫
Ω

f(x)ϕ(x) dx = 〈Tf , ϕ〉 ∀ϕ ∈ D(Ω).

The lemma of Dubois-Reymond 1.1 allows us to identify Tf with the function f in a unique

way. The map f 7→ Tf is an injection of L1
loc(Ω) into D′(Ω).

Conventionally, one abuses notation by identifying Tf with f, provided no confusion can

arise, and thus the pairing between Tf and ϕ is often written

〈f, ϕ〉 = 〈Tf , ϕ〉, ∀ϕ ∈ D(Ω).

Remark 2.2. The Dirac distribution δx0 is not a regular distribution. Suppose the contrary,

that is, there exists a function f ∈ L1
loc(Ω) with δx0 = Tf .

Choose ϕ ∈ D(Rn) with supp(ϕ) ⊂ B(0, 1), ϕ(0) = 1, and define ϕj(x) = ϕ(j(x − x0))

(j ∈ N∗). Then supp(ϕj) ⊂ B(x0,
1
j
), ϕj(x0) = 1, and we have

1 = |〈δx0 , ϕj〉| ≤
∫
B(x0,

1
j

)

|f(x)||ϕj(x)| dx

≤
∫
B(x0,

1
j

)

|f(x)||ϕ(j(x− x0))| dx

≤ ‖ϕ‖L∞
∫
B(x0,

1
j

)

|f(x)| dx.

Now, the function |f(x)|1B(x0,1)(x) is integrable (since f ∈ L1
loc) and dominates |f(x)|1

B(x0,
1
j

)
(x),

which tends to 0 almost everywhere. By Lebesgues dominated convergence theorem we obtain∫
B(x0,

1
j

)

|f(x)| dx→ 0 (j →∞).

Therefore, 1 ≤ 0, a contradiction.

Definition 2.3. (Distributions of finite order) A distribution T ∈ D′(Ω) is said to be of
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finite order, if in the estimate (2.2), the integer m may be chosen uniformly for all K, i.e.,

∃m ∈ N, ∀K ⊂ Ω, ∃C > 0 : |〈T, ϕ〉| ≤ C
∑
|α|≤m

‖∂αϕ‖C(K) ∀ϕ ∈ D(K).

The least such m ∈ N satisfying the above is called the order of the distribution.

Example 2.2. 1. A regular distribution and δx0 are of order 0 (see Example 2.1).

2. There exist distributions that are not of finite order. Let T be the linear form on D(R)

defined by

∀ϕ ∈ D(R), 〈T, ϕ〉 =
+∞∑
j=0

ϕ(j)(j).

Then T is a distribution on R of infinite order. Let [−a, a] ⊂ R and ϕ ∈ D(R), with

supp(ϕ) ⊂ [−a, a]. Let p0 = E(a) + 1, where E(a) is the integer part of a. We have

|〈T, ϕ〉| =

∣∣∣∣∣
+∞∑
j=0

ϕ(j)(j)

∣∣∣∣∣ =

∣∣∣∣∣
p0∑
j=0

ϕ(j)(j)

∣∣∣∣∣ ≤
p0∑
j=0

∣∣ϕ(j)(j)
∣∣ ≤ p0∑

j=0

‖ϕ(j)(j)‖∞.

Thus T ∈ D′(R). By contradiction, we assume that T is of finite order m. Let

ψ0 ∈ D(]− 1
2
, 1

2
[[), equal to 1 on [−1

4
, 1

4
] and positive. Let λ > 1. Define

ψ(x) =
xm+1

(m+ 1)!
ψ0(x), for x ∈ R,

and ϕ(x) = ψ(λ(x − (m + 1))). Consider the compact set K = [m + 1
2
,m + 3

2
] ⊂ R.

Since λ > 1, ϕ is supported in K and is C∞.

By Leibniz’s formula, ψ(m+1)(0) = ψ0(0) = 1. Furthermore, since supp(ϕ) ⊂ K, we

have

〈T, ϕ〉 = ϕ(m+1)(m+ 1) = λm+1ψ(m+1)(0) = λm+1.

For j ≤ m,

∀x ∈ R,
∣∣ϕ(j)(x)

∣∣ ≤ λj sup
x∈R

∣∣ψ(j)(x)
∣∣ ≤ λm‖ψ(j)‖∞.

Now, T is assumed to be of order m, so for K = [m+ 1
2
,m+ 3

2
], there exists C > 0

|〈T, ϕ〉| ≤ C

m∑
j=0

‖ϕ(j)‖∞,

hence

λm+1 ≤ C
m∑
j=0

λj‖ψ(j)‖∞ ≤ C

(
m∑
j=0

‖ψ(j)‖∞

)
λm.
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This leads to a contradiction as λ→ +∞, since

λ ≤ C

m∑
j=0

‖ψ(j)‖∞ <∞,

is impossible. Thus T cannot be of finite order.

2.2 Convergence in the sense of distributions.

The notion of convergence of distributions is also called weak convergence in the following

sense

Definition 2.4. (Sequential convergence in D′(Ω)) Let (Tj) be a sequence in D′(Ω) and

T ∈ D′(Ω). We say that (Tj) converges to T in D′(Ω), denoted Tj → T as j → +∞, if

lim
j→+∞

〈Tj, ϕ〉 = 〈T, ϕ〉 ∀ϕ ∈ D(Ω).

Example 2.3. 1. Let (Tj) be a sequence of distributions defined by

〈Tj, ϕ〉 =

∫
|x|> 1

j

ϕ(x)

x
dx, ∀ϕ ∈ D(R).

It is clear that Tj ∈ D′(R) since Tj = Tfj where

fj(x) =

 1
x

if |x| > 1
j
,

0 if |x| ≤ 1
j
,

is a locally integrable function on R.

The sequence (Tj)n∈N∗ converges in D′(R). Indeed, let ϕ ∈ D(R) and supp(ϕ) ⊂
[−a, a], a > 0. Then

〈Tj, ϕ〉 =

∫
1
j
<|x|<a

ϕ(x)

x
dx

=

∫ − 1
j

−a

ϕ(x)

x
dx+

∫ a

1
j

ϕ(x)

x
dx

=

∫ a

1
j

ϕ(x)− ϕ(−x)

x
dx→ 〈PV

(1

x

)
, ϕ〉 as j → +∞.
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2. Convergence of regular distributions: we consider fj ∈ C(R) given by

fj(x) = eijx x ∈ R, j ∈ N.

The sequence (fj(x))j∈N converges as j → +∞ iff x ∈ 2πZ, but (fj) converges to 0 in

D′(R). Indeed, let ϕ ∈ D(R) we have

〈fj, ϕ〉 =

∫
R
eijxϕ(x)dx,

by integration by parts we get

〈fj, ϕ〉 = − 1

ij

∫
R
eijxϕ′(x)dx.

Then

|〈fj, ϕ〉| ≤
1

ij

∫
R
|eijx||ϕ′(x)| dx

≤ 1

ij

∫
R
|ϕ′(x)| dx→ 0 as j → +∞.

Remark 2.3. When a sequence of distributions is defined by locally integrable functions, it

is important to distinguish between pointwise (classical) convergence and convergence in the

sense of distributions.

The following theorem characterizes the sequences of functions for which the pointwise con-

vergence coincides with convergence in the sense of distributions.

Theorem 2.2. Let (fj)j be a sequence of functions in L1
loc(Ω) converging to f almost every-

where in Ω, and suppose that |fj| ≤ g with g ∈ L1
loc(Ω). Then

fj −→ f in D′(Ω).

Proof. Let ϕ ∈ D(Ω) and set K = supp(ϕ). Then fj ϕ converges to fϕ almost everywhere

and |fjϕ| ≤ |g||ϕ| for almost every x in K. Using the dominated convergence theorem, we

deduce that

lim
j→+∞

〈Tfj , ϕ〉 = lim
j→+∞

∫
Ω

fj ϕdx = lim
j→+∞

∫
K

fj ϕdx

=

∫
K

fϕ dx =

∫
Ω

f ϕ dx = 〈Tf , ϕ〉,

which completes the proof.
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Example 2.4. (i) To see that almost everywhere convergence of a sequence of locally in-

tegrable functions does not imply convergence in D′(Ω), consider the sequence

fj(x) =

j2 if |x| < 1
j

0 if |x| ≥ 1
j
.

This sequence converges to 0 almost everywhere. But if we choose ϕ ∈ D(R) such that

ϕ = 1 on (−1, 1), it follows that

lim
j→+∞

〈fj, ϕ〉 = lim
j→+∞

∫ 1
j

− 1
j

fj(x)ϕ(x) dx

= lim
j→+∞

∫ 1
j

− 1
j

j2 dx

= lim
j→+∞

2j = +∞.

(ii) Conversely, convergence in the sense of distributions does not imply pointwise conver-

gence, as can be seen by considering the sequence of functions hj(x) = sin(jx). Indeed,

for all ϕ ∈ D(R) we have

lim
j→+∞

〈hj, ϕ〉 = lim
j→+∞

∫
R
hj(x)ϕ(x) dx

= lim
j→+∞

−1

j

∫
R

cos(jx)ϕ′(x) dx = 0.

It is clear that this sequence does not converge pointwise.

(iii) Finally, observe that even when a sequence of functions converges almost everywhere

and converges in the sense of distributions, the two limits may be different. Indeed, we

consider

Fj(x) =


j if |x| < 1

2j

0 if |x| ≥ 1
2j
.

We have

∫
R
Fj(x) dx = 1 and Fj converges to zero almost everywhere in R. On the

other hand, for all ϕ ∈ D(R), we have

〈Fj, φ〉 =

∫ 1
2j

− 1
2j

jϕ(x) dx

= ϕ(0) +

∫ 1
2j

− 1
2j

j (ϕ(x)− ϕ(0)) dx.
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Since

|ϕ(x)− ϕ(0)| =
∣∣∣∣∫ x

0

ϕ′(s)ds

∣∣∣∣ ≤ |x| sup
x∈R
|ϕ′(x)|,

it follows that∣∣∣∣∣
∫ 1

2j

− 1
2j

j(ϕ(x)− ϕ(0)) dx

∣∣∣∣∣ ≤ sup
x∈R
|ϕ′(x)|

∫ 1
2j

− 1
2j

j|x| dx

=
1

4j
sup
x∈R
|ϕ′(x)| → 0 as j → +∞,

hence

lim
j→∞
〈Fj, ϕ〉 = ϕ(0) = 〈δ0, ϕ〉.

In other words, Fj → δ0 in the sense of distributions.

First, we shall use a tilde to denote the reflection of a function in the origin ϕ̃(x) = ϕ(−x).

Theorem 2.3. Let h be a positive function and integrable on Rn such that

∫
Rn
h(x) dx = 1.

Let hε(x) = ε−nh
(
x
ε

)
, ε > 0. Then hε → δ0 in D′(Rn) as ε→ 0.

Proof. If ϕ ∈ D(Rn) by Theorem 1.6 we have

lim
ε→0
〈hε, ϕ〉 = lim

ε→0

∫
Rn
hε(x)ϕ(x) dx

= lim
ε→0

∫
Rn
hε(x)ϕ̃(0− x) dx

= lim
ε→0

hε ∗ ϕ̃(0)

= ϕ̃(0)

= ϕ(0)

= 〈δ0, ϕ〉.

Thus hε → δ0 in D′(Rn) as ε→ 0.

Example 2.5. Let us consider the equality

∫
R

1

1 + x2
dx = π and define the function

h(x) = 1
π(1+x2)

. We will use the previous theorem to construct the sequence of functions

hε(x) =
1

ε

(
1

π
(
1 +

(
x
ε

)2 )
)

=
ε

π(x2 + ε2)
.

This sequence of functions hε(x) converges to the distribution δ0 (the Dirac distribution at

the point 0) in the sense of distributions as ε→ 0.
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Theorem 2.4. Suppose (Tj) ⊂ D′(Ω) and define

〈T, ϕ〉 = lim
j→∞
〈Tj, ϕ〉, ∀ϕ ∈ D(Ω).

Then T is a disribution.

Remark 2.4. 1. In the statement of the Theorem 2.3, we can replace Rn with any open

set Ω containing the origin.

2. The previous result in Theorem 2.4 is quite strong and unusual in the classical frame-

work. To convince ourselves of this, consider, for example, a sequence of continuous

functions (fj)j such that, for every x, fj(x) converges. It is clear that the limit is not

necessarily continuous.

2.3 Operations on distributions

Several operations defined for functions can be extended in the same way for distributions.

2.3.1 Addition and multiplication by a constant

Addition: The sum of two distributions T and S in D′(Ω) is defined by

〈T + S, ϕ〉 = 〈T, ϕ〉+ 〈S, ϕ〉, ∀ϕ ∈ D(Ω),

T +S is indeed a distribution because it defines a linear and continuous functional on D(Ω).

Multiplication by a constant: The multiplication of a distribution by a constant λ ∈ K

is defined by

〈λT, ϕ〉 = 〈T, λϕ〉, ∀ϕ ∈ D(Ω).

It is obvious that this is a distribution (ie. λT ∈ D′(Ω)).

Remark 2.5. It is clear that, from the above, we have just provided the space D′(Ω) with a

vector space structure on K.

2.3.2 Translation

If f is locally integrable in Rn and a ∈ Rn, then the translation by a of f is the function

τaf defined by τaf(x) = f(x − a). The regular distribution associated τaf verifies for all
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ϕ ∈ D(R)

〈τaTf , ϕ〉 = 〈Tτaf , ϕ〉 =

∫
Rn
f(x− a)ϕ(x) dx

=

∫
Rn
f(y)ϕ(y + a) dy = 〈Tf , τ−aϕ〉.

This can be extended to distributions in the following way

Definition 2.5. The translation of T by a ∈ Rn is the distribution τaT : D(Rn)→ K defined

by

τaT (ϕ) = 〈τaT, ϕ〉 = 〈T, τ−aϕ〉 .

Example 2.6. The translation of δx0 by a ∈ Rn is δx0+a (ie. τaδx0 = δx0+a). Indeed, we have

〈τaδx0 , ϕ〉 = 〈δx0 , τ−aϕ〉 = τ−aϕ(x0) = ϕ(x0 + a) = 〈δx0+a, ϕ〉, ∀ϕ ∈ D(Rn).

Remark 2.6. It is possible to define translation on D′(Ω). For a ∈ Rn, consider the open

set

Ω + a = {x+ a, x ∈ Ω}.

For any ϕ ∈ D(Ω + a), observe that τ−aϕ in D(Ω). For T ∈ D′(Ω), we can define τaT ∈
D′(Ω + a) by

〈τaT, ϕ〉 = 〈T, τ−aϕ〉 , ∀ϕ ∈ D(Ω + a).

2.3.3 Multiplication by a C∞−functions

Theorem 2.5. (and definition) Let ψ ∈ C∞(Ω) and T ∈ D′(Ω). The linear form ψT on

D(Ω) defined by

〈ψT, ϕ〉 = 〈T, ψϕ〉, ∀ϕ ∈ D(Ω), (2.5)

is a distribution.

Proof. Let ϕ1, ϕ2 ∈ D(Ω) and λ1, λ2 ∈ K, we have

〈ψT, λ1ϕ1 + λ2ϕ2〉 = 〈T, ψ(λ1ϕ1 + λ2ϕ2)〉

= λ1〈T, ψϕ1〉+ λ2〈T, ψϕ2〉

= λ1〈ψT, ϕ1〉+ λ2〈ψT, ϕ2〉.

then ψT is linear.

Continuitry: we have ϕj → ϕ as j → +∞ in D(Ω) then ψϕj → ψϕ in D(Ω) as j → +∞.
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Since T ∈ D′(Ω) and from the formula (2.5) we obtain

lim
j→+∞

〈ψT, ϕj〉 = lim
j→+∞

〈T, ψϕj〉 = 〈T, ψϕ〉 = 〈ψT, ϕ〉.

Example 2.7. 1. If ψ ∈ C∞(Ω) and if f ∈ L1
loc(Ω), we have ψTf = Tψf .

2. If ψ ∈ C∞(Ω) and x0 ∈ Ω we have ψδx0 = ψ(x0)δx0. In particular on R, xδ0 = 0.

Proposition 2.1. For T, S ∈ D′(Ω) and ψ1, ψ2 ∈ C∞(Ω) we have

(ψ1 + ψ2)T = ψ1T + ψ2T, ψ1ψ2T = ψ1(ψ2T ), ψ1(T + S) = ψ1T + ψ1S.

Proposition 2.2. Let T ∈ D′(R), we have equivalence between

1. xT = 0.

2. T = cδ0, where c ∈ C.

Proof. We have already seen in the above example that 2 implies 1. Let us prove the

converse. For all ϕ ∈ D(R), we have

〈xT, ϕ〉 = 〈T, xϕ〉 = 0.

Thus, T vanishes on all functions of the form xϕ where ϕ ∈ D(R). Equivalently

ψ = xϕ, ϕ ∈ D(R) ⇐⇒ ψ ∈ D(R) and ψ(0) = 0. (2.6)

The implication ⇒ is evident. Conversely, if ψ ∈ D(R), supp(ψ) ⊂ [−a, a], and ψ(0) = 0,

Taylor’s formula allows us to write

ψ(x) = ψ(0) + x

∫ 1

0

ψ′(tx)dt = xϕ(x).

The function ϕ is C∞ and if |x| > a, so we have ψ(x) = 0 hence ϕ(x) = 0. ie. ϕ ∈ D(R).

From (2.6), we deduce that T vanishes on all functions ψ ∈ D(R) such that ψ(0) = 0.

Fix a function χ ∈ D(R), χ = 1 for |x| ≤ 1. Let φ ∈ D(R) be arbitrary. We set ψ = φ−φ(0)χ.

Then ψ(0) = 0, so 〈T, ψ〉 = 0. Consequently,

〈T, φ〉 = φ(0)〈T, χ〉 = cφ(0),

with c = 〈T, χ〉. This proves 2.
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2.3.4 Differentiation in the sense of distributions

One of the strengths of distributions is that we can naturally define their derivatives. This

notion generalizes the usual derivative for those distributions that come from smooth func-

tions. The idea behind the definition below comes from integration by parts: suppose a

distribution f is given by a smooth function, and let ϕ be a test function. Then

〈f ′, ϕ〉 =

∫
Ω

f ′(x)ϕ(x) dx = −
∫

Ω

f(x)ϕ′(x) dx, (2.7)

by integration by parts (the boundary terms vanish).

Definition 2.6. Let T ∈ D′(Ω) and 1 ≤ i ≤ n. We define the partial derivative
∂T

∂xi
= ∂iT

of T by

〈∂iT, ϕ〉 = −〈T, ∂iϕ〉 ∀ϕ ∈ D(Ω). (2.8)

If n = 1, we denote the derivative by T ′ instead of ∂1T .

Remark 2.7. The definition of ∂iT : D(Ω) → K is clearly linear. It is also sequentially

continuous, since ϕj → ϕ (as j → +∞) in D(Ω) implies ∂iϕj → ∂iϕ in D(Ω). Hence

〈∂iT, ϕj〉 = −〈T, ∂iϕj〉
j→+∞−−−−→ −〈T, ∂iϕ〉 = 〈∂iT, ϕ〉.

Thus, we obtain a map ∂i : D′(Ω)→ D′(Ω).

Example 2.8. 1. By the integration by parts formula (2.7), if f is a smooth function,

then its usual derivative and distributional derivative agree.

2. We write the derivative of δ0 with respect to variable xi where i ∈ {1, · · · , n}, we get〈
∂δ0

∂xi
, ϕ

〉
= −

〈
δ0,

∂ϕ

∂xi

〉
= − ∂ϕ

∂xi
(0), ∀ϕ ∈ D(Rn).

In particulier if n = 1, the derivative of δ0 is the distribution given by

〈δ′0, ϕ〉 = −ϕ′(0).

3. Derivative of the Heaviside function: Let H be the Heaviside function on R. Then

〈H ′, ϕ〉 = −〈H,ϕ′〉 = −
∫ +∞

0

ϕ′(x) dx = −
[
ϕ(x)

]+∞
0

= ϕ(0).

Thus, H ′ = δ0, where δ0 is the Dirac delta distribution.
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Since the classical derivative of the Heaviside function is zero almost everywhere (H ′(x) =

0 a.e), this example shows that a function’s distributional derivative does not necessar-

ily coincide with its pointwise derivative defined almost everywhere. Therefore, for

the distributional derivative to be guaranteed to coincide with the pointwise (classical)

derivative, the function must be differentiable at every point in its domain.

4. Consider the discontinuous but locally integrable function

f(x) =

x2 + x if x < 1,

e−5x if x > 1.

Then

〈T ′f , ϕ〉 = −〈Tf , ϕ′〉 = −
∫ 1

−∞
(x2 + x)ϕ′(x) dx−

∫ ∞
1

e−5xϕ′(x) dx ∀ϕ ∈ D(R),

and

−
∫ 1

−∞
(x2 + x)ϕ′(x) dx = −(x2 + x)ϕ(x)

∣∣x=1

x=−∞ +

∫ 1

−∞
(2x+ 1)ϕ(x) dx

= −2ϕ(1) +

∫ 1

−∞
(2x+ 1)ϕ(x) dx

−
∫ ∞

1

e−5xϕ′(x) dx = −e−5xϕ(x)
∣∣x=∞
x=1

+

∫ ∞
1

−5e−5xϕ(x) dx

= e−5ϕ(1)−
∫ ∞

1

5e−5xϕ(x) dx.

It follows that

〈T ′f , ϕ〉 = −2ϕ(1) +

∫ 1

−∞
(2x+ 1)ϕ(x) dx+ e−5ϕ(1)−

∫ ∞
1

5e−5xϕ(x) dx

= [e−5 − 2]ϕ(1) +

∫ ∞
−∞

f ′(x)ϕ(x) dx,

where

f ′(x) =

2x+ 1 if x < 1,

−5e−5x if x > 1.

5. The derivative of ln |x| in the sense of distributions exists and is given by PV
(

1
x

)
.

Indeed, let ϕ ∈ D(R) and a > 0 such that supp(ϕ) ⊂ [−a, a]. Let us denote T the
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distribution associated with the function ln |x|. Then

〈T ′, ϕ〉 = −〈T, ϕ′〉 = −
∫ a

−a
ϕ′(x) ln |x|dx

= − lim
ε→0

(∫ −ε
−a

ϕ′(x) ln(−x)dx+

∫ a

ε

ϕ′(x) ln(x)dx

)
.

But ∫ a

ε

ϕ′(x) ln(x)dx = [ϕ(x) ln(x)]aε −
∫ a

ε

ϕ(x)

x
dx = −ϕ(ε) ln(ε)−

∫ a

ε

ϕ(x)

x
dx,

and∫ −ε
−a

ϕ′(x) ln(−x)dx = [ϕ(x) ln(−x)]−ε−a −
∫ −ε
−a

ϕ(x)

x
dx = ϕ(−ε) ln(ε)−

∫ −ε
−a

ϕ(x)

x
dx.

Now

|ϕ(−ε)− ϕ(ε)
)
| ≤ 2ε sup

R
|ϕ′(x)|,

we conclude that

〈T ′, ϕ〉 = lim
ε→0

(∫ −ε
−a

ϕ(x)

x
dx+

∫ a

ε

ϕ(x)

x
dx

)
=

〈
PV

(
1

x

)
, ϕ

〉
.

Definition 2.7. Let T ∈ D′(Ω). For any multi-index α, the distributional derivative ∂αT ∈
D′(Ω) is defined as

〈∂αT, ϕ〉 = (−1)|α|〈T, ∂αϕ〉, ∀ϕ ∈ D(Ω). (2.9)

Note that the right-hand side of (2.9) is well defined for any multi-index α and which repre-

sents a continuous linear functional in D(Ω) i.e. a distribution on Ω.

Example 2.9. If α = (α1, · · · , αn) ∈ Nn, then

〈∂αδ0, ϕ〉 = (−1)|α|∂αϕ(0), ∀ϕ ∈ D(Rn).

Proposition 2.3. Differentiation in D′(Ω) is an operation that is

(i) linear, i.e.,

∂α(aT + bS) = a∂αT + b∂αS, ∀T, S ∈ D′(Ω) ,∀a, b ∈ K, and ∀α ∈ Nn,

(ii) continuous, i.e., if (Tj)j∈N converges to T in D′(Ω), then (∂αTj)j∈N converges to ∂αT

in D′(Ω), for all α ∈ Nn.
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Proof.

(i) Let T, S ∈ D′(Ω), a, b ∈ K, α ∈ Nn, and ϕ ∈ D(Ω). Then

〈∂α(aT + bS), φ〉 = (−1)|α|〈aT + bS, ∂αφ〉 = (−1)|α| (a〈T, ∂αϕ〉+ b〈S, ∂αϕ〉)

= a(−1)|α|〈T, ∂αϕ〉+ b(−1)|α|〈S, ∂αϕ〉

= 〈a∂αT + b∂αS, ϕ〉.

(ii) By definition of the convergence of (Tj)j∈N to T in D′(Ω), we have

lim
j→+∞

〈Tj, ϕ〉 = 〈T, ϕ〉, ∀ϕ ∈ D(Ω).

Note that if ϕ ∈ D(Ω) then ∂αϕ ∈ D(Ω) for all α ∈ Nn. Therefore

lim
j→+∞

〈Tj, ∂αϕ〉 = 〈T, ∂αϕ〉, ∀ϕ ∈ D(Ω),

or equivalently

lim
j→+∞

〈∂αTj, ϕ〉 = 〈∂αT, ϕ〉, ∀ϕ ∈ D(Ω).

Theorem 2.6. Let T be a distribution. Then, for every i, j ∈ {1, · · · , n},

∂2T

∂xi∂xj
=

∂2T

∂xj∂xi
.

Proof. It is an immediate consequence of the fact that test functions are infinitely smooth,

thus Schwarz’s theorem holds for them.

Jump Formula

Proposition 2.4. Let f be a locally integrable function on R such that df
dx

exists in the

classical sense except at a finite number of points a1 < a2 < · · · < an, where f(a+
i ) and f(a−i )

exist. Then, the derivative in the sense of distributions is given by

T ′f = Tf ′ +
n∑
i=1

(
f(a+

i )− f(a−i )
)
δai , (2.10)

where f(a+
i ), f(a−i ) are the right and left limits of f at ai respectively.
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Proof. Let ϕ ∈ D(R). We have

〈T ′f , ϕ〉 = −〈Tf , ϕ′〉

= −
∫

R
f(x)ϕ′(x) dx

= −
∫ a1

−∞
f(x)ϕ′(x) dx−

n−1∑
i=1

∫ ai+1

ai

f(x)ϕ′(x) dx−
∫ +∞

an

f(x)ϕ′(x) dx.

Using integration by parts, we obtain

〈T ′f , ϕ〉 =
n∑
i=1

(
f(a+

i )− f(a−i )
)
ϕ(ai) +

∫
R
f ′(x)ϕ(x) dx

=

〈
n∑
i=1

(
f(a+

i )− f(a−i )
)
δai + Tf ′ , ϕ

〉
.

.

Example 2.10. We take the example 2.8. By using (2.10) we obtain

〈T ′f , ϕ〉 = 〈Tf ′ , ϕ〉+ 〈[f(1+)− f(1−)]δ1, ϕ〉,

with f(1+) = lim
x→1
>

f(x) = e−5 and f(1−) = lim
x→1
<

f(x) = 2. Then

〈T ′f , ϕ〉 =

∫ ∞
−∞

f ′(x)ϕ(x) dx+ [e−5 − 2]ϕ(1),

where

f ′(x) =

2x+ 1 if x < 1,

−5e−5x if x > 1.

Remark 2.8. The result also holds in the case of a countable number of discontinuity points

(ai)i≥1. In this case, we have

T ′f = Tf ′ +
+∞∑
i=1

(
f(a+

i )− f(a−i )
)
δai .

The derivation of a product ψT

Theorem 2.7. Let ψ ∈ C∞(Ω), T ∈ D′(Ω) and 1 ≤ i ≤ n. Then we have

∂i(ψT ) = (∂iψ)T + ψ∂iT. (2.11)
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Proof. For all ϕ ∈ D(Ω), we have

〈∂i(ψT ), ϕ〉 = −〈ψT, ∂iϕ〉

= −〈T, ψ∂iϕ〉

= −〈T, ∂i(ψϕ)− ϕ∂iψ〉

= −〈T, ∂i(ψϕ)〉+ 〈T, ϕ∂iψ〉

= 〈∂iT, ψϕ〉+ 〈T, ϕ∂iψ〉

= 〈ψ∂iT, ϕ〉+ 〈(∂iψ)T, ϕ〉

= 〈ψ∂iT + (∂iψ)T , ϕ〉.

Example 2.11. By (2.11), we have

∂i(ψδ0) = (∂iψ)δ0 + ψ∂iδ0 =⇒ ψ(0)∂iδ0 = (∂iψ)(0)δ0 + ψ∂iδ0,

(because ψδ0 = ψ(0)δ0). Hence,

ψ∂iδ0 = ψ(0)∂iδ0 − (∂iψ)(0)δ0 in D′(Rn).

For n = 1, we have

ψδ′0 = ψ(0)δ′0 − ψ′(0)δ0 in D′(R).

In particulier,

xδ′0 + δ0 = 0, xmδ′0 = 0, ∀m > 1.

Theorem 2.8. (Leibniz Rule) Let T ∈ D′(Ω) and ψ ∈ C∞(Ω). Then for any α ∈ Nn, the

following formula holds in D′(Ω)

∂α(ψT ) =
∑
β≤α

(
α

β

)
(∂βψ)∂α−βT. (2.12)

2.4 Homogeneous distributions

Definition 2.8. Let T ∈ D′(Rn) and p ∈ R. We say that T is homogeneous of degree p if for

all λ > 0, we have

〈T, ϕλ〉 = λ−n−p〈T, ϕ〉, ∀ϕ ∈ D(Rn),

where ϕλ is the function x 7→ ϕ(λx).
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Example 2.12. 1. The delta Dirac δ0 is homogenous distribution. Indeed, we have

〈δ0, ϕλ〉 = ϕ(0) = 〈δ0, ϕ〉, ∀ϕ ∈ D(Rn).

This shows that δ0 is homogeneous of degree −n.

2. The principal value is homogenous distribution. Indeed,

〈PV
(1

x

)
, ϕλ〉 = lim

ε→0

∫
|x|≥ε

ϕ(λx)

x
dx

= lim
ε→0

∫
|λu|≥ε

ϕ(u)

u
du

= 〈PV
(1

x

)
, ϕ〉.

We deduce that PV
(

1
x

)
is homogeneous of degree −1.

Remark 2.9. (i) If T = Tf is given by a continuous function, this definition coincides

with the classical notion of a homogeneous function of degree p, i.e., f(λx) = λpf(x)

for x ∈ Rn and λ > 0. Indeed, if f is homogeneous in this sense, then for all ϕ ∈ D(Rn),

we have

〈Tf , ϕλ〉 = 〈f, ϕλ〉 =

∫
Rn
f(x)ϕ(λx) dx

= λ−n
∫

Rn
f
(x
λ

)
ϕ(x) dx

= λ−n−p
∫

Rn
f(x)ϕ(x) dx

= λ−n−p〈f, ϕ〉.

Conversely, the reverse implication also holds.

(ii) If T is a homogeneous distribution of degree p ∈ R, then ∂T
∂xi

is homogeneous of degree

p− 1. Indeed, the distribution S = ∂T
∂xi

is homogeneous of degree p− 1 if

〈S, φλ〉 = λ−n−(p−1)〈S, φ〉,

where φλ(x) = φ(λx), and n is the dimension of the space.

Let T be a homogeneous distribution of degree p, i.e., for any test function ϕ and λ > 0

〈T, ϕλ〉 = λ−n−p〈T, ϕ〉.
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By definition of the derivative in the sense of distributions

〈S, φ〉 = −
〈
T,

∂φ

∂xi

〉
.

Let φλ(x) = φ(λx), we have

〈S, φλ〉 = −
〈
T,
∂φλ
∂xi

〉
.

Now, compute the derivative

∂φλ
∂xi

(x) =
∂

∂xi
[φ(λx)] = λ

∂φ(λx)

∂xi
= λ

(
∂φ

∂xi

)
λ

(x).

Thus,

〈S, φλ〉 = −λ
〈
T,

(
∂φ

∂xi

)
λ

〉
.

Since T is homogeneous of degree p, we have

〈T,
(
∂φ

∂xi

)
λ

〉 = λ−n−p
〈
T,

∂φ

∂xi

〉
.

So

〈S, φλ〉 = −λ−n−p+1

〈
T,

∂φ

∂xi

〉
.

By the definition of S

〈S, φ〉 = −
〈
T,

∂φ

∂xi

〉
.

Therefore,

〈S, φλ〉 = λ−n−p+1〈S, φ〉 = λ−n−(p−1)〈S, φ〉.

Hence S = ∂T
∂xi

is homogeneous of degree p− 1.

(iii) If ψ is a homogeneous function of class C∞ of degree p1 and T a homogeneous dis-

tribution of degree p2 then ψT is homogeneous of degree p1 + p2. Indeed, let ψ be a

homogeneous function of degree p1, i.e. ψ(λx) = λp1ψ(x) for λ > 0 and x ∈ Ω.

By definition, for any test function ϕ and λ > 0 we have

〈ψT, ϕλ〉 = 〈T, ψϕλ〉,

where

ψϕλ(x) = ψ(x)ϕ(λx) =
1

λp1
ψ(λx)ϕ(λx) = λ−p1ψλ(x)ϕλ(x).
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Then

〈ψT, ϕλ〉 = 〈T, λ−p1ψλϕλ〉,

since T is homogeneous distribution of degree p2 we get

〈ψT, ϕλ〉 = λ−p1λ−n−p2〈T, ψϕ〉

= λ−n−p1−p2〈T, ψϕ〉

= λ−n−(p1+p2)〈ψT, ϕ〉.

Theorem 2.9. A distribution T ∈ D′(Rn) is homogeneous of degree p ∈ R if and only if

n∑
i=1

xi
∂T

∂xi
= pT.

2.5 Even and odd distributions

If Tf is a regular distribution defined by a locally integrable function f , we have

〈Tf , ϕ〉 =

∫
Rn
f(x)ϕ(x) dx =

∫
Rn
f(−x)ϕ(−x) dx.

Let us define ϕ̃(x) = ϕ(−x). If f is even, it follows that

〈Tf , ϕ〉 =

∫
Rn
f(x)ϕ̃(x) dx = 〈Tf , ϕ̃〉,

and if f is odd, we have

〈Tf , ϕ〉 = −
∫

Rn
f(x)ϕ̃(x) dx = −〈Tf , ϕ̃〉.

The parity of a distribution is defined as follows

Definition 2.9. Let ϕ ∈ D(Rn) and let ϕ̃(x) = ϕ(−x). A distribution T is said to be even if

〈T, ϕ〉 = 〈T, ϕ̃〉,

and it is said to be odd if

〈T, ϕ〉 = −〈T, ϕ̃〉.

Remark 2.10. Any distribution can be decomposed as the sum of an even and an odd distri-

bution, which are called respectively the even part (or the even component) and the odd part
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(or the odd component) of the distribution, and are defined by

〈Teven, ϕ〉 =
〈T, ϕ〉+ 〈T, ϕ̃〉

2
, 〈Todd, ϕ〉 =

〈T, ϕ〉 − 〈T, ϕ̃〉
2

.

It is straightforward to verify that Teven is even, Todd is odd, and T = Teven + Todd. This

decomposition is unique.

Example 2.13. 1. The Dirac distribution δ0 is even because ϕ̃(0) = ϕ(0).

2. The distribution δx0, for x0 6= 0, can be decomposed into the sum of an even distribution

and an odd distribution

δx0 =
δx0 + δ−x0

2
+
δx0 − δ−x0

2
.

3. The principal value is odd distribution. Indeed, we have〈
PV

(
1

x

)
, ϕ

〉
=

∫ ∞
0

ϕ(x)− ϕ(−x)

x
dx

=

∫ ∞
0

ϕ̃(−x)− ϕ̃(x)

x
dx

= −
∫ ∞

0

ϕ̃(x)− ϕ̃(−x)

x
dx

= −
〈

PV

(
1

x

)
, ϕ̃

〉
.

52



Chapter 2. Distributions

Exercises

Exercise 2.1. Are the maps T1, T2, T3 and Fp
(

1
x2

)
(finite part) defined for all ϕ ∈

D(R) by

〈T1, ϕ〉 = 1 +

∫ 1

0

ϕ(t), dt, 〈T2, ϕ〉 = ϕ(0)

∫ +∞

−∞
ϕ(t), dt,

〈T3, ϕ〉 =
∑
k≥1

1

k

(
ϕ

(
1

k

)
− ϕ(0)

)
, 〈T4, ϕ〉 =

n∑
κ=0

ϕ(κ)(0),

and 〈
Fp

(
1

x2

)
, ϕ

〉
= lim

ε→0+

[∫
|x|>ε

ϕ(x)

x2
dx− 2

ϕ(0)

ε

]
,

distributions?

Exercise 2.2. Let PV
(

1
x

)
be the form defined by

〈V P
(

1

x

)
, ϕ〉 = lim

ε→0+

∫
|x|>ε

ϕ(x)

x
dx =

∫ +∞

0

ϕ(x)− ϕ(−x)

x
dx, ∀ϕ ∈ D(R).

Show that PV
(

1
x

)
∈ D′(R) and it is of order 1.

Exercise 2.3. 1. For all j ≥ 1. Calculate the limits of (Tj)j≥1 defined by

Tj = j(δ 1
j
− δ−1

j
) in D′(R)

2. Calculate the limits in D′(R) of the following sequence of functions

hj(x) =
j

1 + (jx)2
.

3. Let fj(x) = j
3
2xe−jx

2

. Show that

〈fj, ϕ〉 =

√
j

2

∫
R
e−jx

2

ϕ′(x) dx, ∀ϕ ∈ D(R).
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Prove that fj converges in D′(R).
(

Note that
∫

R e
−t2 dt =

√
π
)

.

Exercise 2.4. (i) Let g ∈ C1([a, b]). Prove that

lim
γ→+∞

∫ b

a

cos(γx)g(x), dx = 0.

(ii) Let Tj be the distribution associated with sin2(jx). Study the convergence in D′(R)

of the sequence (Tj). (Hint: sin2(x) = 1−cos(2x)
2

).

(iii) Let Sj be a distribution associated with j sin(jx)H. Study the convergence in

D′(R) of the sequence (Sj).

Exercise 2.5. (Translations and differentiation). Let T ∈ D′(R). Show that

1

a
(T − τaT )

D′(R)−−−→ T ′ as a→ 0.

Exercise 2.6. 1. Calculate the derivative of the distribution PV
(

1
x

)
in D′(R).

2. Let f(x) = |x2 − 4x+ 3| be a function on R. This function defines a distribution

denoted by Tf). Calculate (Tf )
′−Tf ′ and (Tf )

′′−Tf ′′ (using the jump formula).

3. Let F : R → R be the function defined by F (x) = 1
2
|x|. - Compute F ′′ in the

sense of distributions.

4. Let T be defined by

∀ϕ ∈ D(R2), 〈T, ϕ〉 =

∫
R
ϕ(x,−x), dx.

- Show that T ∈ D′(R2) and calculate the formula ∂T
∂x
− ∂T

∂y
.

Exercise 2.7. Let ψ ∈ C∞(R) and let F = ψH, where H is the Heaviside function.

Show that for all k ∈ N∗, we have

F (k) = ψ(k)H +
k−1∑
i=0

ψ(k−1−i)(0)δ
(i)
0 in D′(R).
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Exercise 2.8. Some differential equations. Solve the following differential equa-

tions in the space of distributions

T ′ + xT = δ0, T ′ + T = H, xT ′ + T = 0.

Exercise 2.9. I) Prove that

< T ′, ϕλ >= −λ < T, ψλ >, ∀ϕ ∈ D(R),

where ϕλ(x) = ϕ(λx) and ψλ(x) = ϕ′(λx). Deduce that if T is homogeneous of degree

p then T is homogeneous of degree p− 1.

II) Prove that the distribution ∂αδ0 is homogeneous of degree −n− |α| with α ∈ Nn.
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Solutions of the exercises

Exercise 2.1 The maps T1 and T2 do not define distributions because they are not linear.

It is easy to verify that T3 is linear.

Continuity: for every compact set K ⊂ R and every ϕ ∈ D(K), by the mean value theorem

we have for each k ≥ 1∣∣∣∣1k
(
ϕ

(
1

k

)
− ϕ(0)

)∣∣∣∣ ≤ 1

k

(
1

k
− 0

)
sup
x∈K
|ϕ′(x)| ≤ 1

k2
sup
x∈K
|ϕ′(x)|.

Since the series
∑

k≥1
1
k2

converges, it follows that the series

∑
k≥1

1

k

(
ϕ

(
1

k

)
− ϕ(0)

)
,

converges absolutely. Moreover, we have

|〈T3, ϕ〉| ≤ C sup
x∈K
|ϕ′(x)|,

where C =
∑
k≥1

1

k2
. This shows that T3 is a distribution of order at most 1.

It is easy to verify that T4 is linear. Let ϕ ∈ D(R) with supp(ϕ) ⊂ [−a, a], a > 0. We have

|〈T4, ϕ〉| ≤
n∑
κ=0

∣∣ϕ(κ)(0)
∣∣ ≤ n∑

κ=0

sup
x∈[−a,a]

|ϕ(κ)(x)|.

Then T4 is continuous and therefore T4 ∈ D′(R).

Now, we prove that Fp

(
1

x2

)
is a distribution. Indeed, the linearity is clear.

Let ϕ ∈ D(R) with supp(ϕ) ⊂ [−a, a], where a > 0. Define

uε =

∫ −ε
−a

ϕ(x)

x2
dx+

∫ a

ε

ϕ(x)

x2
dx− 2

ϕ(0)

ε
.

Write the Taylor expansion of order 2 for ϕ around zero

ϕ(x) = ϕ(0) + xϕ′(0) +
x2

2
ϕ′′(ξx), ξx ∈ (0, x).

ϕ(x) = ϕ(0) + xϕ′(0) +
x2

2
ϕ′′(ηx), ηx ∈ (x, 0).
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Therefore,

uε =

∫ −ε
−a

ϕ(0)

x2
dx+

∫ −ε
−a

ϕ′(0)

x
dx+

1

2

∫ −ε
−a

ϕ′′(ηx)dx

+

∫ a

ε

ϕ(0)

x2
dx+

∫ a

ε

ϕ′(0)

x
dx+

1

2

∫ a

ε

ϕ′′(ξx)dx− 2
ϕ(0)

ε
.

Since x 7→ 1
x2

is even ∫ −ε
−a

ϕ(0)

x2
dx =

∫ a

ε

ϕ(0)

x2
dx.

Since x 7→ 1
x

is odd ∫ −ε
−a

ϕ′(0)

x
dx = −

∫ a

ε

ϕ′(0)

x
dx.

So, we obtain

uε = 2

∫ a

ε

ϕ(0)

x2
dx+

1

2

∫ −ε
−a

ϕ′′(ηx)dx+
1

2

∫ a

ε

ϕ′′(ξx)dx− 2
ϕ(0)

ε
.

Moreover, we have

2

∫ a

ε

ϕ(0)

x2
dx = 2ϕ(0)

[
−1

x

]a
ε

= 2ϕ(0)

(
−1

a
+

1

ε

)
.

Therefore,

uε = 2ϕ(0)

(
−1

a
+

1

ε

)
+

1

2

∫ −ε
−a

ϕ′′(ηx)dx+
1

2

∫ a

ε

ϕ′′(ξx)dx− 2
ϕ(0)

ε
.

Hence,

uε = −2ϕ(0)

a
+

1

2

∫ −ε
−a

ϕ′′(ηx)dx+
1

2

∫ a

ε

ϕ′′(ξx)dx.

Taking the limit as ε→ 0 we obtain〈
Fp

(
1

x2

)
, ϕ

〉
= −2ϕ(0)

a
+

1

2
lim
ε→0

{∫ −ε
−a

ϕ′′(ηx)dx+

∫ a

ε

ϕ′′(ξx)dx

}
= −2ϕ(0)

a
+

1

2

{∫ 0

−a
ϕ′′(ηx)dx+

∫ a

0

ϕ′′(ξx)dx

}
.

From the above expression, we have∣∣∣∣〈Fp

(
1

x2

)
, ϕ

〉∣∣∣∣ ≤ 2
|ϕ(0)|
a

+
1

2

∣∣∣∣∫ 0

−a
ϕ′′(ηx)dx

∣∣∣∣+
1

2

∣∣∣∣∫ a

0

ϕ′′(ξx)dx

∣∣∣∣ .
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Since |ϕ(0)| ≤ ‖ϕ‖∞ and |ϕ′′(ηx)| ≤ ‖ϕ′′‖∞ we get∣∣∣∣〈Fp

(
1

x2

)
, ϕ

〉∣∣∣∣ ≤ 2

a
sup

x∈[−a,a]

|ϕ(x)|+ a sup
x∈[−a,a]

|ϕ′′(x)|.

Then Fp

(
1

x2

)
is a distribution of order at most 2.

Exercise 2.2 It is clear that PV
(

1
x

)
is linear. Indeed, for all γ1, γ2 ∈ R and all ϕ1, ϕ2 ∈

D(R) we have〈
PV

(
1

x

)
, γ1ϕ1 + γ2ϕ2

〉
= lim

ε→0+

∫
|x|≥ε

γ1ϕ1(x) + γ2ϕ2(x)

x
dx

= γ1 lim
ε→0+

∫
|x|≥ε

ϕ1(x)

x
dx+ γ2 lim

ε→0+

∫
|x|≥ε

ϕ2(x)

x
dx

= γ1

〈
PV

(
1

x

)
, ϕ1

〉
+ γ2

〈
PV

(
1

x

)
, ϕ2

〉
.

Continuity: For every compact set K ⊂ R, there exists a > 0 such that K ⊂ [−a, a] and

for all ϕ ∈ D(K) ∣∣∣∣〈PV

(
1

x

)
, ϕ

〉∣∣∣∣ =

∣∣∣∣∫ a

0

ϕ(x)− ϕ(−x)

x
dx

∣∣∣∣
=

∣∣∣∣∫ a

0

∫ 1

−1

ϕ′(tx)dtdx

∣∣∣∣
≤
∫ a

0

∫ 1

−1

|ϕ′(tx)|dtdx

≤ 2a sup
x∈K
|ϕ′(x)|.

Therefore, PV
(

1
x

)
is distribution of order ≤ 1. To show that the order of the distribution

PV
(

1
x

)
is m = 1, it suffices to prove that the order is not 0. That is, we need to show that

there exists a compact set K ⊂ R such that for every constant C > 0, we have

∃ϕ ∈ D(K),

∣∣∣∣〈PV

(
1

x

)
, ϕ

〉∣∣∣∣ > C‖ϕ‖∞.

Consider a sequence of test functions (ϕj) ∈ D(R) defined as follows

supp(ϕj) ⊂ [−2, 2], 0 ≤ ϕj ≤ 1,

ϕj(x) = 1, ∀x ∈
[

1

j
, 1

]
,
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and

ϕj(x) = 0 ∀x ∈
]
−2,

1

2j

[
.

We have ‖ϕj‖∞ = 1 and on the other hand we have〈
PV

(
1

x

)
, ϕj

〉
= lim

ε→0

∫
|x|>ε

ϕj(x)

x
dx

= lim
ε→0

[∫ −ε
−2

ϕj(x)

x
dx+

∫ 2

ε

ϕj(x)

x
dx

]
=

∫ 1
j

1
2j

ϕj(x)

x
dx+

∫ 1

1
j

ϕj(x)

x
dx+

∫ 2

1

ϕj(x)

x
dx

≥
∫ 1

1
j

1

x
dx = ln(j).

Therefore lim
j→+∞

〈
PV

(
1

x

)
, ϕj

〉
= +∞. We deduce that the order of PV

(
1
x

)
is not 0. So it

is of order 1.

Exercise 2.3

1. Let ϕ ∈ D(R). Then

〈Tj, φ〉 = j
〈
δ 1
j
, ϕ
〉
− j

〈
δ− 1

j
, ϕ
〉

= j

(
ϕ

(
1

j

)
− ϕ

(
−1

j

))

=
ϕ
(

1
j

)
− ϕ

(
−1
j

)
1
j

=
ϕ
(

1
j

)
− ϕ(0)

1
j

+
ϕ
(
−1
j

)
− ϕ(0)

−1
j

.

Therefore,

lim
j→+∞

〈Tj, ϕ〉 = lim
j→+∞

ϕ
(

1
j

)
− ϕ(0)

1
j

+ lim
j→+∞

ϕ
(
−1
j

)
− ϕ(0)

−1
j

= ϕ′(0) + ϕ′(0)

= 2ϕ′(0)

= 2〈δ0, φ
′〉

= −2〈δ′0, ϕ〉,

i.e. lim
j→+∞

Tj = −2δ′0 in D′(R).
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2. For all ϕ ∈ D(R), we have

〈hj, ϕ〉 =

∫
R

j

1 + (jx)2
ϕ(x) dx,

we set s = jx we obtain

〈hj, ϕ〉 =

∫
R

j

1 + s2
ϕ

(
s

j

)
1

j
ds

=

∫
R

1

1 + s2
ϕ

(
s

j

)
ds.

On the other hand, it is clear that

1

1 + s2
ϕ

(
s

j

)
−→ 1

1 + s2
ϕ(0) a.e.

and that ∣∣∣∣ 1

1 + s2
ϕ

(
s

j

)∣∣∣∣ ≤ C
1

1 + s2
≤ C,

where C = sup
t∈supp(ϕ)

|ϕ(t)|.

Using the dominated convergence theorem, it follows that

lim
j→+∞

〈hj, ϕ〉 = lim
j→+∞

∫
R

1

1 + s2
ϕ

(
s

j

)
ds

=

∫
R

lim
j→+∞

1

1 + s2
ϕ

(
s

j

)
ds

= ϕ(0)

∫
R

1

1 + s2
ds

= πϕ(0)

= π〈δ0, ϕ〉 ∀ϕ ∈ D(R).

In other words,

lim
j→+∞

hj = πδ0 in D′(R).

3. Let ϕ ∈ D(R) such that supp(ϕ) ⊂ [−a, a]. By using a simple integration by parts we

obtain

〈fj, ϕ〉 = j
3
2

∫ a

−a
xe−jx

2

φ(x) dx

=

[
−
√
j

2
e−jx

2

ϕ(x)

]a
−a

+

√
j

2

∫ a

−a
e−jx

2

ϕ′(x) dx

=

√
j

2

∫ a

−a
e−jx

2

ϕ′(x)dx =

√
j

2

∫
R
e−jx

2

ϕ′(x) dx.
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We set s =
√
jx we get

〈fj, ϕ〉 =
1

2

∫
R
e−s

2

ϕ′
(
s√
j

)
ds ∀ϕ ∈ D(R).

On the other hand, it is clear that

e−s
2

ϕ

(
s√
j

)
−→ e−s

2

ϕ(0) a.e.

and that ∣∣∣∣e−s2ϕ( s√
j

)∣∣∣∣ ≤ Ce−s
2 ≤ C where C = sup

t∈supp(ϕ)

|ϕ(t)|.

Using the dominated convergence theorem, it follows that

lim
j→+∞

〈fj, ϕ〉 = lim
j→+∞

1

2

∫
R
e−s

2

ϕ′
(
s√
j

)
ds

=
1

2

∫
R

lim
j→+∞

e−s
2

ϕ′
(
s√
j

)
ds

=
1

2

∫
R
e−s

2

ϕ′(0) ds =
1

2
ϕ′(0)

∫
R
e−s

2

ds

=

√
π

2
ϕ′(0) =

√
π

2
〈δ0, ϕ

′〉

= −
√
π

2
〈δ′0, ϕ〉 ∀ϕ ∈ D(R).

In other words

lim
j→+∞

fj = −
√
π

2
δ′0 in D′(R).

Exercise 2.4

(i) By using an integration by parts we get

∫ b

a

cos(γx)g(x) dx =

[
1

γ
sin(γx)g(x)

]b
a

− 1

γ

∫ b

a

sin(γx)g′(x)dx.

But [
1

γ
sin(γx)g(x)

]b
a

=
1

γ
(sin(γb)g(b)− sin(λa)g(a)) ,

and this tends to 0 when γ → +∞, since sin(γa) and sin(γb) are bounded. Similarly,∣∣∣∣1γ
∫ b

a

sin(γx)g′(x) dx

∣∣∣∣ ≤ 1

λ

∫ b

a

‖g′‖∞ ≤
(b− a)‖g′‖∞

γ
.
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(ii) We reduce to the previous question using the following trigonometric identity

sin2(jx) =
1

2
− cos(2jx)

2
.

We then have, for all ϕ ∈ D(R) with supp(ϕ) ⊂ [a, b],

〈Tj, ϕ〉 =

∫
R

sin2(jx)ϕ(x) dx =
1

2

∫
R
ϕ(x) dx− 1

2

∫ b

a

cos(2jx)ϕ(x) dx.

The integral tends to 0 according to the result of the previous question and therefore

the sequence (Tj) tends to the distribution associated with the constant function equal

to 1
2
.

(iii) We integrate by parts we get

〈Sj, ϕ〉 =

∫ +∞

0

j sin(jx)ϕ(x) dx

= [− cos(jx)ϕ(x)]+∞0 +

∫ +∞

0

cos(jx)ϕ′(x) dx

= ϕ(0) +

∫ +∞

0

cos(jx)ϕ′(x) dx.

According to the result of the first question (we actually only integrate over a bounded

interval since ϕ has compact support), the last integral tends to 0. Thus, we have

proved that Sj converges to δ0.

Exercise 2.5 Let ϕ ∈ D(R), for all a ∈ R∗,〈
T − τaT

a
, ϕ

〉
=

1

a
(〈T, ϕ〉 − 〈τaT, ϕ〉)

=
1

a
(〈T, ϕ〉 − 〈T, τ−aϕ〉)

= −
〈
T,
τ−aϕ− ϕ

a

〉
.

We have
τ−aϕ− ϕ

a
: x 7→ ϕ(x+a)−ϕ(x)

a
. From exercise 1.4, the sequence ϕa converges to ϕ′ in

D(R) when a→ 0. By continuity of T on D(R), we get〈
T − τaT

a
, ϕ

〉
= −〈T, ϕa〉

a→0−−→ −〈T, ϕ′〉 = 〈T ′, ϕ〉,

hence the result.

Exercise 2.6
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1. For all ϕ ∈ D(R), we have〈(
PV

(
1

x

))′
, ϕ

〉
= −

〈
PV

(
1

x

)
, ϕ′
〉
,

= − lim
ε→0

∫
|x|>ε

ϕ′(x)

x
dx,

= − lim
ε→0

(∫ −ε
−∞

ϕ′(x)

x
dx+

∫ ∞
ε

ϕ′(x)

x
dx

)
,

By an integration by parts, we obtain〈(
PV

(
1

x

))′
, ϕ

〉
= − lim

ε→0

(
−ϕ(−ε) + ϕ(ε)

ε
+

∫
|x|>ε

ϕ(x)

x2
dx

)
= − lim

ε→0

(
−2ϕ(0) +O(ε2)

ε
+

∫
|x|>ε

ϕ(x)

x2
dx

)
,

(because ϕ(−x) + ϕ(x)− 2ϕ(0) = O(x2) in the neighborhood of 0). Hence〈(
PV

(
1

x

))′
, ϕ

〉
= −

〈
Fp

(
1

x2

)
, ϕ

〉
,

(ie.
(
PV
(

1
x

))′
= −Fp

(
1
x2

)
).

2. The function f is continuous (and therefore defines a distribution), and consequently

has no jumps. Thus

(Tf )
′ − Tf ′ = 0.

We observe that f can be written as

f(x) =

{
−(x− 1)(x− 3) if x ∈]1, 3[,

(x− 1)(x− 3) outside this interval.

We have

f ′(x) =

{
−2x+ 4 if x ∈]1, 3[,

2x− 4 outside this interval,

Moreover, we have a1 = 1, a2 = 3 and

f ′(1+)− f ′(1−) = 4,

f ′(3+)− f ′(3−) = 4.
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Therefore, according to the jump formula

(Tf )
′′ − Tf ′′ = ((Tf )

′)′ − Tf ′′

= (Tf ′)
′ − Tf ′′

= Tf ′′ +
2∑
i=1

(
f(a+

i )− f(a−i )
)
δai − Tf ′′

= (f ′(1+)− f ′(1−)δ1 + (f ′(3+)− f ′(3−))δ3

= 4(δ1 + δ3).

3. Let us first compute the derivative of F in the sense of distributions. Let ϕ ∈ D(R).

Then

〈T ′F , ϕ〉 = −〈TF , ϕ′〉

= −1

2

∫
R
|x|ϕ′(x) dx

=
1

2

∫ 0

−∞
xϕ′(x) dx− 1

2

∫ +∞

0

xϕ′(x) dx.

Integrating by parts, we obtain

〈(TF )′, ϕ〉 = −1

2

∫ 0

−∞
ϕ(x) dx+

1

2

∫ +∞

0

ϕ(x) dx

=

∫
R
g(x)ϕ(x) dx

= 〈Tg, ϕ〉,

where

g(x) =

{
−1

2
if x ∈]−∞, 0[,

1
2

if x ∈]0,+∞[,

(ie. (TF )′ = TF ′ with F ′ = g).

By the jump formula we have (in the sense of distributions)

(TF )′′ = ((TF )′)′ = (TF ′)
′ = (F ′(0+)− F ′(0−))δ0 = δ0.

Therefore, in the sense of distributions, we have (TF )′′ = δ0.

4. Let K be a compact subset of R2. Let ϕ ∈ D(R2) with support contained in K. Let us

set K1 = {x ∈ R; (x,−x) ∈ K} which is compact since K is compact.

|〈T, φ〉| ≤
(∫

K1

dx

)
sup

(x,y)∈K
|ϕ(x, y)|.

64



Chapter 2. Distributions

Thus, T is a distribution on R2 of order 0.

We set ψ(x) = ϕ ◦ f(x) where f(x) = (f1(x), f2(x)) = (x,−x), by differentiating we

find for each t ∈ R

ψ′(a)t = dψa(t)

= dϕf(a) ◦ dfa(t)

= dϕf(a)((f
′
1(a), f ′2(a))t)

= dϕf(a)(t,−t)

=
∂ϕ

∂x
(f(a))t− ∂ϕ

∂y
(f(a))t.

Considering t = 1 we obtain

∀s ∈ R, ψ′(s) =
∂ϕ

∂x
(s,−s)− ∂ϕ

∂y
ϕ(s,−s).

Hence to compute ∂T
∂x
− ∂T

∂y
we write for every ϕ ∈ D(R2)

〈
∂T

∂x
− ∂T

∂y
, ϕ

〉
= −

〈
T,
∂ϕ

∂x
− ∂ϕ

∂y

〉
= −

∫ +∞

−∞

(
∂ϕ

∂x
(s,−s)− ∂ϕ

∂y
ϕ(s,−s)

)
ds

= −
∫ +∞

−∞
ψ′(s) ds

= ψ(−∞)− ψ(+∞)

= ϕ(−∞,+∞)− ϕ(+∞,−∞)

= 0− 0 = 0.

Thus
∂T

∂x
− ∂T

∂y
= 0.

Exercise 2.7 We have

F ′ = (ψH)′ = ψ′H + ψH ′ = ψ′H + ψδ0 = ψ′H + ψ(0)δ0 = ψ′H +
0∑
i=0

ψ(i)(0)δ
(i)
0 ,

then the property is true for k = 1.

Suppose that the property is true at order k and let us show that it remains true at order
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k + 1. Using the definition of F (k+1) and the recurrence hypothesis, we obtain

F (k+1) =
(
F (k)

)′
=

(
ψ(k)H +

k−1∑
i=0

ψ(k−1−i)(0)δ
(i)
0

)′

= ψ(k+1)H + ψ(k)H ′ +
k−1∑
i=0

ψ(k−1−i)(0)δ
(i+1)
0

= ψ(k+1)H + ψ(k)δ0 +
k∑

m=1

ψ(k−m)(0)δ
(m)
0

hence

F (k+1) = ψ(k+1)H +
k∑

m=0

ψ(k−m)(0)δ
(m)
0 .

Exercise 2.8 We multiply T ′ + xT = δ0 by e
x2

2 we get

e
x2

2 (T ′ + xT ) = e
x2

2 δ0,

then d
dx

(e
x2

2 T ) = δ0 (since e
x2

2 δ0 = δ0). Thus e
x2

2 T = H(x) + c (ie. T = (H(x) + c)e
−x2
2 ).

T ′+T = H ⇔ ex(T ′+T ) = exH(x)⇔ d
dx

(exT ) = exH(x)⇔ exT =

∫ x

−∞
H(t)et dt+ c. Since∫ x

−∞
H(t)et dt = 0 for x < 0, ex − 1 for x ≥ 0 we get

T = (H(x)(ex − 1) + c)e−x.

The equation xT ′+T = 0 is equivalent to (xT )′ = 0. Therefore there exists c1 ∈ R such that

xT = c1.

We have xPV
(

1
x

)
= 1. Indeed, for all ϕ ∈ D(R),〈

xPV

(
1

x

)
, ϕ

〉
=

〈
PV

(
1

x

)
, xϕ

〉
= lim

ε→0

∫
|x|>ε

xϕ(x)

x
dx =

∫
R
ϕ(x)dx = 〈1, ϕ〉.

Therefore xPV
(

1
x

)
= 1 in D′(R).

We deduce that xT = c1

(
xPV

(
1
x

))
then

x

(
T − c1 PV

(
1

x

))
= 0.

Using the proposition 2.2 we get

T − c1 PV

(
1

x

)
= cδ0,
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where c is an arbitrary constant. Therefore the solutions of xT = c1 take the form

c1 PV

(
1

x

)
+ cδ0.

Exercise 2.9 I) We have

(ϕλ(x))′ = (ϕ(λx))′ = λϕ′(λx) = λ(ϕ′)λ(x),

then

〈T ′, ϕλ〉 = −〈T, (ϕλ)′〉 = −λ〈T, (ϕ′)λ〉.

Consequently if T is homogeneous of degree p, then

〈T ′, ϕλ〉 = −λ〈T, (ϕ′)λ〉 = −λλ−1−p〈T, ϕ′〉

= −λ−p〈T, ϕ′〉 = λ−p〈T ′, ϕ〉 = λ−1−(p−1)〈T ′, ϕ〉,

i.e. T ′ is homogeneous of degree p− 1.

II) The distribution ∂αδ is homogeneous of degree −n − |α|. Indeed, for all ϕ ∈ D(Rn) we

have

〈∂αδ, ϕλ〉 = (−1)|α|〈δ, ∂αϕλ〉 = (−1)|α|〈δ, (∂αϕ)λ〉

= (−1)|α|λ|α|∂αϕ(0) = (−1)|α|λ|α|〈δ, ∂αϕ〉

= λ|α|〈∂αδ, ϕ〉 = λ−n−(−n−|α|)〈∂αδ, ϕ〉.
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Additional exercises

Exercise 2.10. Let T be a linear form defined by

〈T, ϕ〉 =

∫
R
ϕ
(
t2
)
dt ∀ϕ ∈ D(R).

Show that

〈T, ϕ〉 =

∫
R

H(x)√
|x|
ϕ(x) dx ∀ϕ ∈ D(R),

where H is the Heaviside function.

Deduce that T defines a distribution on R. What is its order?

Exercise 2.11. - Calculate in D′(R) the following products

xPV

(
1

x

)
, xFp

(
1

x2

)
and x2 Fp

(
1

x2

)
.

Calculate products (xPV( 1
x
)))δ0 and PV( 1

x
)(xδ0). What can we deduce?

Exercise 2.12. Calculate the derivative in the sense of distributions of the following

functions

x+ = max(0, x) =

{
x si x ≥ 0,

0 si x < 0.
f(x) =

0 if x < 0,
√
x if x > 0.

Exercise 2.13. 1. Show that in the sense of distributions,

(H(x) lnx)′ = Fp

(
H(x)

x

)
,

where〈
Fp

(
H(x)

x

)
, ϕ

〉
= lim

ε→0

(∫ +∞

ε

ϕ(x)

x
dx+ ϕ(0) ln ε

)
, ∀ϕ ∈ D(R).

2. Show that, for all m ∈ N, we have xδ
(m)
0 = −mδ(m−1)

0 .

Show that a distribution T ∈ D(R) satisfies the relation xmT = 0 if and only if

T = c0δ0 + c1δ0 + · · ·+ cm−1δ
(m−1)
0 , where cj, 0 ≤ j ≤ m− 1, are constants.
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Exercise 2.14. I) Show that

1) for all n ∈ N

dn

dxn
(exH) = exH +

n−1∑
k=0

dk

dxk
δ0,

2) for all n ∈ N∗
1

(n− 1)!

dn

dxn
(xn−1H) = δ0.

II) Show that, for all n ∈ N, we have xδ
(n)
0 = −nδ(n−1)

0 . Deduce that

xmδ
(n)
0 =

{
(−1)m n(n− 1) · · · (n−m+ 1)δ

(n−m)
0 if 1 ≤ m ≤ n,

0 if m > n.

Exercise 2.15. Determine the limits in D′(R) as j → +∞ of the following sequences

1) fj(x) = j√
π
e−j

2x2 and Fj(x) =

∫ x

−∞
fj(t) dt.

2) Tj = j2(δ 1
j

+ δ−1
j
− 2δ0).

Exercise 2.16. For j ∈ N, we set

fj(x) = H(x)hj(x) with hj(x) =

∫ j

0

e−xt

1 + t2
dt.

(i) Show that

f ′′j = h′′jH + hj(0) δ′0 + h′j(0) δ0 in D′(R).

Deduce that

f ′′j + fj =
1− e−jx

x
H + arctan(j) δ′0 −

1

2
ln(1 + j2) δ0 in D′(R).

(ii) Let f(x) = H(x)h(x) with h(x) =

∫ +∞

0

e−xt

1 + t2
dt. Show that for all j ∈ N and

all x ∈ R, we have

0 ≤ f(x)− fj(x) = H(x)

∫ +∞

j

e−xt

1 + t2
dt ≤ π

2
− arctan(j).

(iii) Deduce that fj −−−−→
j→+∞

f in D′(R) and show that f ′′j −−−−→
j→+∞

f ′′ in D′(R), and

by using the result from question (i),

f ′′ + f =
π

2
δ′0 + lim

j→+∞

(
1− e−jx

x
H − 1

2
ln(1 + j2) δ0

)
in D′(R).
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Chapter 3
Support and convolution of distributions

In this chapter, we will introduce for distributions a notion of support, the convolution

product and application to differential equations.

3.1 Support of a distribution

Definition 3.1. Let T ∈ D′(Ω) and ω be an open set contained in Ω. We say that T vanishes

in ω if

〈T, ϕ〉 = 0, ∀ϕ ∈ D(ω).

Lemma 3.1. Let (ωi)i∈I be a family of open sets of Ω and ω = ∪i∈Iωi: If T ∈ D′(Ω) vanishes

in each ωi then T vanishes in ω.

Proof. Let ϕ ∈ D(ω), let K = supp(ϕ). Since K ⊂
⋃
i∈I ωi, the Borel-Lebesgue property

implies that there exists a finite subset of indices J ⊂ I such that K ⊂
⋃
i∈J ωi. Let (χi)i∈J

be a partition of unity relative to the covering (ωi)i∈J of K, i.e., χi ∈ D(ωi), and
∑

i∈J χi = 1

for x ∈
⋃
i∈J ωi. Since supp(ϕ) = K we have

ϕ(x) =
∑
i∈J

χi(x)ϕ(x),

and thus

〈T, ϕ〉 =
∑
i∈J

〈T, χiϕ〉,

but χi ∈ D(ωi) and T= 0 in ωi, so 〈T, χiϕ〉 = 0, and 〈T, ϕ〉 = 0, i.e., T = 0 in ω.

This lemma shows that for any distribution T ∈ D′(Ω), there exists a largest open set where

T vanishes: it is the union of all open sets where T = 0. We introduce the following definition
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Definition 3.2. For T ∈ D′(Ω), the support of T , denoted by supp(T ), is the complement

of the largest open set on which T vanishes.

Proposition 3.1. 1. x0 /∈ supp(T )⇐⇒ ∃Vx0 neighborhood of x0 such that

〈T, ϕ〉 = 0, ∀ϕ ∈ Vx0 .

2. x0 ∈ supp(T )⇐⇒ ∀Vx0 neighborhoods of x0, ∃ϕ ∈ Vx0 such that 〈T, ϕ〉 6= 0.

3. supp(T ) ⊂ F ⇐⇒ T = 0 dans F c.

4. T = 0⇐⇒ supp(T ) = ∅.

Example 3.1. 1. Let f ∈ C(Ω), we have

supp(Tf ) = supp(f).

Indeed, if x0 /∈ supp(f), there exists Vx0 such that f(x) = 0 for all x ∈ Vx0. Then, if

ϕ ∈ D(Vx0) f(x)ϕ(x) = 0 in Ω and therefore 〈Tf , ϕ〉 = 0 i.e. x0 /∈ supp(f).

Conversely, if x0 /∈ supp(Tf ), it exists Vx0 such that

〈Tf , ϕ〉 =

∫
Ω

f(x)ϕ(x) dx = 0, ∀ϕ ∈ D(Vx0),

which implies that f(x) = 0 almost everywhere (therefore everywhere since f is contin-

uous) in Vx0 then x0 /∈ supp(f).

This result can be generalized to the case of a function f ∈ L1
loc(Ω).

In particular, the support of the distribution TH associated with the Heaviside function

is R+.

2. Let a function f : R→ R be defined as

f(x) = 0, x ∈ R\{x1}.

This function is piecewise continous and its support is

supp(f) = {x ∈ R, f(x) 6= 0} = {x1} = {x1}.

The support of the distribution Tf ∈ D′(R) generated by the function f , is the empty

set ∅ (ie, supp(Tf ) = ∅). Indeed, for all ϕ ∈ D(R) we have

〈Tf , ϕ〉 =

∫
R
f(x)ϕ(x) dx,

hence Tf = 0 on R.
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3. Let Ω be an open set of Rn and let x0 ∈ Ω. Then

supp(δx0) = {x0}.

Indeed, let us show that the largest open set on which δx0 vanishes is equal to Ω\{x0}.
Let us first note that Ω\{x0} is an open set such that δx0 vanishes. Indeed, if ϕ ∈
D(Ω\{x0}), then ϕ(x0) = 0 and therefore 〈δx0 , ϕ〉 = 0. Suppose then that Ω\{x0} is

not the largest open set on which δx0 vanishes. It follows that Ω is the largest open set

such that δx0 vanishes and, consequently, δx0 = 0. Which is absurd.

Proposition 3.2. (Support and operations) Let T, S ∈ D′(Ω). We have

1. T|Ω\supp(T ) = 0.

2. supp(S + T ) ⊂ supp(S) + supp(T ).

3. For all multi-index α ∈ Nn, we have

supp(∂αT ) ⊂ supp(T ).

Theorem 3.1. Let T ∈ D′(Ω) and ϕ ∈ D(Ω) such that supp(T ) ∩ supp(ϕ) = ∅ then

〈T, ϕ〉 = 0.

Proof. We have supp(ϕ) ⊂ (supp(T ))c, so for every x ∈ supp(ϕ), there exists an open

neighborhood Vx such that

〈T, ϕ〉 = 0, ∀ϕ ∈ D(Vx).

Therefore,

supp(ϕ) ⊂
⋃

x∈supp(ϕ)

Vx,

since supp(ϕ) is compact, the Borel-Lebesgue property shows that there exist points

x1, x2, . . . , xN in supp(ϕ) such that

supp(ϕ) ⊂
N⋃
i=1

Vxi .

Let (χi) be a partition of unity associated with the cover (Vxi)i=1,...,N , i.e., χi ∈ D(Vxi) and
N∑
i=1

χi(x) = 1 for x ∈ supp(ϕ). Then

ϕ =
N∑
i=1

χiϕ and hence 〈T, ϕ〉 =
N∑
i=1

〈T, χiϕ〉 = 0, because χiϕ ∈ D(Vxi).
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Proposition 3.3. For all function ψ ∈ C∞(Ω), we have

supp(ψT ) ⊂ supp(ψ) ∩ supp(T ).

Proof. Let x0 ∈ (supp(ψ))c ∪ (supp(T ))c. If x0 ∈ (supp(ψ))c, there exists a neighborhood

Vx0 of x0 such that ψ(x) = 0 for all x ∈ Vx0 . Then if ϕ ∈ D(Vx0), we have, for all x ∈ Ω,

ψ(x)ϕ(x) = 0. Hence

〈ψT, ϕ〉 = 〈T, ψϕ〉 = 0 and x0 /∈ supp(ψT ).

If x0 ∈ (supp(T ))c, there exists Vx0 such that 〈T, ψ〉 = 0 for ψ ∈ D(Vx0).
Let ϕ ∈ D(Vx0)). Then ψϕ ∈ D(Vx0) so 〈ψT, ϕ〉 = 〈T, ψϕ〉 = 0 and x0 /∈ supp (ψT ).

3.1.1 Distributions with compact support

Definition 3.3. The linear map T : E(Ω)→ K belong to E ′(Ω) if

lim
j→∞

T (ϕj) = T (ϕ),

for any sequence (ϕj)j ⊂ E(Ω) which converges to ϕ in E(Ω).

Note that if T ∈ E ′(Ω), then since D(Ω) is a subspace of E(Ω), T : D(Ω) → K is a linear

map. Moreover, we know that if (ϕj)j is a sequence converges to ϕ in D(Ω), then it also

tends to ϕ in E(Ω). Thus T ∈ E ′(Ω) is naturally an element of D′(Ω), we have

E ′(Ω) ⊂ D′(Ω).

We are justified then in referring to elements of E ′(Ω) as distributions. Moreover, the inclusion

map i : E ′(Ω)→ D′(Ω) is continuous (E ′(Ω) ↪→ D′(Ω)) and E ′(Ω) is dense in D′(Ω).

We can give a useful characterisation of continuity for linear maps from E(Ω) to K as follows

Theorem 3.2. Let T : E(Ω)→ K be a linear map. The following are equivalent

1. T ∈ E ′(Ω).

2. There exists a compact K ⊂ Ω, there exists a constant C > 0 and m ∈ N such that

|〈T, ϕ〉| ≤ C
∑
|α|≤m

sup
x∈K
|∂αϕ(x)|, for all ϕ ∈ E(Ω). (3.1)
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Proof. The proof of this theorem is very similar to the proof of Theorem 2.1.

Theorem 3.3. The elements of the space E ′(Ω) are distributions with compact support.

Proof. Let K ⊂ Ω be compact set as in (3.1). For any ϕ ∈ D(Ω) we have

supp(ϕ) ∩K = ∅,

and by using (3.1) we obtain

〈T, ϕ〉 = 0.

Therfore supp(T ) ⊂ K.

3.2 Convolution of distributions

In this section, we come to the main objective : the convolution of distributions. The general

notion of convolution of distributions is defined in terms of the tensor product. We therefore

begin by defining this product.

3.2.1 Tensor product

Tensor product of two functions

Let Ω1,Ω2 be two open subsets of Rn1 ,Rn2 respectively.

Definition 3.4. For fi ∈ C0(Ωi), i = 1, 2, define the function f = f1⊗f2 (read as ”f1 tensor

f2”) on Ω1 × Ω2 by

(f1 ⊗ f2)(x1, x2) = f1(x1)f2(x2), (x1, x2) ∈ Ω1 × Ω2. (3.2)

Then f1 ⊗ f2 ∈ C0(Ω1 × Ω2).

Example 3.2. The tensor product of the Heaviside function by

Π(x) =

1 if x ∈ [−1
2
, 1

2
],

0 otherwise.

is the function

(H ⊗ Π)(x, y) = H(x)Π(y) =

1 if x ≥ 0 and y ∈ [−1
2
, 1

2
],

0 otherwise.
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Tensor product of two distributions

Lemma 3.2. (Derivation under the bracket) Let φ ∈ D(Rqx × Rny ) and let Ω be an open

subset of Rn. Assume that for every x ∈ Rq, supp φ(x, ·) ⊂ Ω. Let T ∈ D′(Ω). Define, for

x ∈ Rq, θ(x) = 〈T, φ(x, ·)〉. Then, θ ∈ D(Rq) and we have

∀α ∈ Nq, ∀x ∈ Rq, ∂αθ(x) = 〈T, ∂αxφ(x, ·)〉 ,

where ∂αx denotes a derivative of order α with respect to x.

Let us now define the tensor product of two distributions. Let fi ∈ C0(Ωi), i = 1, 2, for

ϕ ∈ D(Ω1 × Ω2), by Fubini’s theorem, we have

〈f1 ⊗ f2, ϕ〉 =

∫∫
Ω1×Ω2

f1(x)f2(y)ϕ(x, y) dx dy

=

∫
Ω1

f1(x)

(∫
Ω2

f2(y)ϕ(x, y) dy

)
dx

= 〈f1, 〈f2, ϕ(x, ·)〉〉.

We write also

〈Tf1 ⊗ Tf2 , ϕ〉 = 〈(Tf1)x, 〈(Tf2)y, ϕ(x, y)〉〉, ∀ϕ ∈ D(Ω1 × Ω2).

In particular, if ϕ(x, y) = ϕ1(x)ϕ2(y) where ϕi ∈ D(Ωi), then

〈f1 ⊗ f2, ϕ1 ⊗ ϕ2〉 = 〈f1, ϕ1〉〈f2, ϕ2〉.

ie.

〈Tf1 ⊗ Tf2 , ϕ1 ⊗ ϕ2〉 = 〈Tf1 , ϕ1〉〈Tf2 , ϕ2〉.

We can therefore generalize this operation to distributions.

Theorem 3.4. (and definition) Let Ti ∈ D′(Ωi), i = 1, 2. There exists a unique distribution

T ∈ D′(Ω1 × Ω2) such that, for all functions ϕi ∈ D(Ωi), i = 1, 2, we have

〈T, ϕ1 ⊗ ϕ2〉 = 〈T1, ϕ1〉〈T2, ϕ2〉. (3.3)

Moreover, for ϕ ∈ D(Ω1 × Ω2) we have

〈T, ϕ〉 = 〈T1, 〈T2, ϕ(x, .)〉〉. (3.4)

and

〈T, ϕ〉 = 〈T2, 〈T1, ϕ(·, y)〉〉. (3.5)
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We write also

〈T, ϕ〉 = 〈(T1)x, 〈(T2)y, ϕ(x, y)〉〉 = 〈(T2)y, 〈(T1)x, ϕ(x, y)〉〉.

If Ti ∈ E ′(Ωi), i = 1, 2, the same formulas hold for ϕ ∈ C∞(Ω1 × Ω2). We denote thus

T = T1 ⊗ T2 = T2 ⊗ T1 and T is called the tensor product of the distributions T1 and T2.

Proof. Let θ : x 7→ 〈T2, ϕ(x, ·)〉. Then by the Lemma 3.2, θ is a function in D(Ω1).

We define 〈T, ϕ〉 = 〈T1, θ〉 and prove that it is a distribution in D′(Ω1 × Ω2). Indeed, by

successively applying the characterization of a distribution to T1 then T2, we obtain for every

compact K = K1 × K2 ⊂ Rn1 × Rn2 , the existence of constants C1 > 0 and C2 > 0 and

integers m1 and m2 such that, for every ϕ ∈ D(Ω1 × Ω2) with supp(ϕ) ⊂ K,

|〈T, ϕ〉| = |〈T1, θ〉|

≤ C1

∑
|k|≤m1

‖〈T2, ∂
α
xϕ(x, ·)〉‖∞,x

≤ C1C2

∑
|α|≤m1,|β|≤m2

‖∂βy ∂αxϕ(x, y)‖∞.

Therefore, T is a distribution in D′(Ω1 × Ω2). If ϕ(x, y) = ϕ1(x)ϕ2(y) with ϕ1 ∈ D(Ω1) and

ϕ2 ∈ D(Ω2), then

〈T, ϕ1 ⊗ ϕ2〉 = 〈(T1)x, 〈(T2)y, ϕ1(x)ϕ2(y)〉〉

= 〈(T1)x, ϕ1(x)〈(T2)y, ϕ2(y)〉〉

= 〈T1, ϕ1〉〈T2, ϕ2〉.

Now, we use the density of D(Ω1)⊗D(Ω2) in D(Ω1 × Ω2) to prove uniqueness (see Chapter

1 Proposition 1.6). Indeed, let ϕ ∈ D(Ω1 × Ω2), then

ϕ = lim
k→∞

(ψk ⊗ φk),

where ψk ∈ D(Ω1), φk ∈ D(Ω2). Let T, S be two distributions satisfying (3.3), then U = T−S
satisfies,

〈U,ϕ〉 = lim
k→∞
〈U, ψk ⊗ φk〉 = lim

k→+∞
(〈T1, ψk〉〈T2, φk〉 − 〈T1, ψk〉〈T2, φk〉) = 0 .

Finally, the distribution T̃ , defined by 〈T̃ , ϕ〉 = 〈T2, 〈T1, ϕ(·, y)〉〉, also satisfies (3.3). Unique-

ness shows that T = T̃ , hence (3.5).
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Example 3.3. The tensor product of distributions δ0 and H for all ϕ ∈ D(R2),

〈δ0 ⊗H,ϕ〉 = 〈δ0, 〈H,ϕ(x, ·)〉〉

= 〈δ0,

∫ +∞

0

ϕ(x, y) dy〉

=

∫ +∞

0

ϕ(0, y) dy.

The tensor product of distributions δa and δb is

〈δa ⊗ δb, ϕ〉 = 〈(δa)x, 〈(δb)y, ϕ(x, y)〉〉

= 〈(δa)x, ϕ(x, b)〉

= ϕ(a, b) = 〈δ(a,b), ϕ〉.

Remark 3.1. - If T1 ∈ D′(Ω1) and T2 ∈ D′(Ω2) then we have

∂

∂xk
(T1 ⊗ T2) =

(
∂T1

∂xk

)
⊗ T2, ∀k, k = 1, · · ·n1,

and
∂

∂ym
(T1 ⊗ T2) = T1 ⊗

(
∂T2

∂ym

)
, ∀m, m = 1, · · · , n2.

For example, if H(t) denotes the Heaviside function on R, then for x = (x1, x2, . . . , xn) ∈ Rn

we have

∂n

∂x1∂x2 . . . ∂xn
(H(x1)⊗H(x2)⊗ · · · ⊗H(xn)) = δx1=0 ⊗ δx2=0 ⊗ · · · ⊗ δxn=0 = δ(0,··· ,0).

Let T1 ∈ D′(Ω1) and T2 ∈ E ′(Ω2). Let χ ∈ D(Ω2), with χ = 1 in a neighborhood of the

support of T2. Then for ϕ ∈ D(Ω1 × Ω2) we have

〈T1 ⊗ T2, ϕ〉 = 〈T1 ⊗ T2, χϕ〉.

Indeed,

〈T1 ⊗ T2, ϕ〉 = 〈T1, 〈T2, ϕ(x, ·)〉〉 = 〈T1, 〈T2, χ(.)ϕ(x, ·)〉〉 = 〈T1 ⊗ T2, χϕ〉.

This shows that we can extend T1 ⊗ T2 to functions ϕ ∈ C∞(Ω1 × Ω2) such that χϕ ∈
D(Ω1 × Ω2).

Proposition 3.4. The tensor product of two distributions is commutative, continuous and

associative.

The tensor product of distributions satisfies distributivity with respect to addition. In other
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words, if T1, T2, and T3 are distributions, then the following property holds

T1 ⊗ (T2 + T3) = T1 ⊗ T2 + T1 ⊗ T3.

Moreover, we have

(i) If (Tj)j≥0 converges to T in D′(Ω1) and S ∈ D′(Ω2), then (Tj⊗S)→ T ⊗S as j → +∞
in D′(Ω1 × Ω2),

(ii) if (Tj)j≥0 converges to T in D′(Ω1) and (Sj)j≥0 converges to S in D′(Ω2) (j → +∞),

then (Tj ⊗ Sj)j≥0 converges to T ⊗ S as j → +∞ in D′(Ω1 × Ω2).

Proposition 3.5. For (T1, T2) ∈ D′(Ω1)×D′(Ω2), it holds that

supp(T1 ⊗ T2) = supp(T1)× supp(T2).

Proof. Let y0 /∈ supp T2. There exists a neighborhood V of y0 such that for all ψ ∈ D(V),

〈T2, ψ〉 = 0. Thus, for ϕ ∈ D(Rn1 × V), we get

〈T1 ⊗ T2, ϕ〉 = 〈T1, 〈T2, ϕ〉〉 = 〈T1, 0〉 = 0,

which shows that supp(T1 ⊗ T2) ⊂ Rn1 × supp(T2). The same way we obtain

supp(T1 ⊗ T2) ⊂ supp(T1)× Rn2 ,

and thus

supp(T1 ⊗ T2) ⊂ (Rn1 × supp(T2)) ∩ (supp(T1)× Rn2) = supp(T1)× supp(T2).

Conversely, assume that (x0, y0) ∈ supp (T1) × supp (T2). Let W be a neighborhood of

(x0, y0). There are neighborhoods U of x0 and V of y0 such that W ⊃ U × V . Since

x0 ∈ supp (T1) and y0 ∈ supp (T2), there is ϕ1 ∈ D(U) and ϕ2 ∈ D(V) such that

〈T1 ⊗ T2, ϕ1 ⊗ ϕ2〉 = 〈T1, ϕ1〉〈T2, ϕ2〉 6= 0.

Therefore (x0, y0) ∈ supp (T1 ⊗ T2) .
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3.2.2 Convolution

Let f ∈ Cc(Rn) and g ∈ C(Rn), the convolution f ∗ g ∈ C(Rn) is defined by

f ∗ g(x) =

∫
Rn
f(y)g(x− y)dy =

∫
Rn
f(x− y)g(y) dy, x ∈ Rn.

We may consider f ∗ g as a regular distribution on Rn and calculate its action on a test

function as follows

〈f ∗ g, ϕ〉 =

∫
Rn
f ∗ g(z)ϕ(z) dz

=

∫∫
Rn×Rn

f(z − y)g(y)ϕ(z) dy dz

=

∫∫
Rn×Rn

f(z − y)g(y)ϕ(z) dz dy,

we set x = z − y we obtain

〈f ∗ g, ϕ〉 =

∫∫
Rn×Rn

f(x)g(y)ϕ(x+ y) dx dy,

by Fubini’s theorem we have

〈f ∗ g, ϕ〉 =

∫
Rn
f(x)

[∫
Rn
g(y)ϕ(x+ y) dy

]
dx

= 〈(f)x ⊗ (g)y, ϕ(x+ y)〉.

This suggests to generalize the convolution to distributions T1, T2 by

〈T1 ∗ T2, ϕ〉 = 〈(T1)x ⊗ (T2)y, ϕ(x+ y)〉

= 〈(T1)x, 〈(T2)y, ϕ(x+ y)〉〉, ∀ϕ ∈ D(Rn). (3.6)

However, we immediately see that it will not be possible to define in general the convolution

of two distributions, since the function (x, y) 7→ ϕ(x+y) has not compact support in Rn×Rn

for a general ϕ ∈ D(Rn). The support of ϕ(x+ y) is not bounded. Indeed, if the support of

ϕ(x) is contained in

{x ∈ Rn : ‖x‖ ≤ a, a > 0},

then the support of ϕ(x+ y) is contained in the infinite strip

{(x, y) : ‖x+ y‖ ≤ a, a > 0} ⊂ {(x, y) : |xi + yi| ≤ a, i = 1, 2, . . . , n}.
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Thus, we can give meaning to the definition (3.6) if we assume that one of the two distributions

has compact support. Indeed, since

supp(T1 ⊗ T2) = supp(T1)× supp(T2),

then supp(T1 ⊗ T2) ∩ supp(ϕ(x+ y)) is bounded for every ϕ ∈ D(Rn). For example, if

supp(ϕ) ⊂ {x ∈ Rn : ‖x‖ ≤ a, a > 0} and supp(T1) ⊂ {x ∈ Rn : ‖x‖ ≤ b, b > 0},

then

[supp(T1)× supp(T2)] ∩ supp(ϕ(x+ y))

= {(x, y) : ‖x‖ ≤ b, ‖x+ y‖ ≤ a}

⊂ {(x, y) : |xi| ≤ b, |xi + yi| ≤ a, i = 1, 2, . . . , n},

which is indeed bounded. Then, if T1 ∈ E ′(Rn), T2 ∈ D′(Rn), and let χ ∈ D(Rn) with χ(x) = 1

in a neighborhood of the support of T1 and equal to zero outside a larger neighborhood. Then

θ(x, y) = χ(x)ϕ(x+ y) ∈ D(R2n) for ϕ ∈ D(Rn) and we have

〈T1 ∗ T2, ϕ〉 = 〈T1, 〈T2, χ(x)ϕ(x+ y)〉〉 = 〈T1, χ(x)〈T2, ϕ(x+ y)〉〉, (3.7)

since the value of the distribution T1 depends on the value of the test function ϕ in a neigh-

borhood of the support of the distribution and is not altered by a change of values of ϕ

outside any neighborhood of the support of T1. That is, the definition (3.7) is independent

of the choice of χ(x), and therefore we can write

〈T1 ∗ T2, ϕ〉 = 〈(T1)x ⊗ (T2)y, ϕ(x+ y)〉 = 〈(T1)x, 〈(T2)y, ϕ(x+ y)〉〉, ∀ϕ ∈ D(Rn).

Thus, we have the following result

Theorem 3.5. Let T1 ∈ E ′(Rn) and T2 ∈ D′(Rn) (or the reverse). Then the convolution

product T1 ∗ T2 given by (3.6) is a distribution in D′(Rn).

Example 3.4. We have

〈δa ∗ δb, ϕ〉 = 〈(δa)x ⊗ (δb)y, ϕ(x+ y)〉,

= 〈δa)x, 〈(δb)y, ϕ(x+ y)〉〉,

= 〈δa)x, ϕ(x+ b)〉,

= ϕ(a+ b),

= 〈δa+b, ϕ〉.
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Hence δa ∗ δb = δa+b.

Proposition 3.6. 1. Commutativity. Let T1 ∈ E ′(Rn) and T2 ∈ D′(Rn). The convolu-

tion product T1 ∗ T2, is commutative, i.e., T1 ∗ T2 = T2 ∗ T1.

2. Associativity. For T1, T2, and T3 ∈ D′(Rn) such that at least two of them have

compact support. Then (T1 ∗ T2) ∗ T3 = T1 ∗ (T2 ∗ T3).

3. Differentiation. T1 ∈ E ′(Rn) and T2 ∈ D′(Rn), then for every α ∈ Nn we have

∂α(T1 ∗ T2) = ∂α(T1) ∗ T2 = T1 ∗ ∂α(T2).

If n = 1, we have

(T1 ∗ T2)′ = (T1)′ ∗ T2 = T1 ∗ (T2)′,

and

(T1 ∗ T2)(α) = (T1)(α) ∗ T2 = T1 ∗ (T2)(α),

when α ∈ N.

4. Let T ∈ D′(Rn) we have

δa ∗ T = T ∗ δa = τaT.

In particular δ0 ∗ T = T ∗ δ0 = T.

5. The convolution product of distributions satisfies distributivity with respect to addition.

In other words, if T1 ∈ E ′(Rn) and T2, T3 are distributions, then the following property

holds

T1 ∗ (T2 + T3) = T1 ∗ T2 + T1 ∗ T3.

Proof. For all ϕ ∈ D(Rn) we have

1.

〈T1 ∗ T2, ϕ〉 = 〈(T1)x, 〈(T2)y, ϕ(x+ y)〉〉

= 〈(T2)y, 〈(T1)x, ϕ(y + x)〉〉

= 〈T2 ∗ T1, ϕ〉.

2.

〈(T1 ∗ T2) ∗ T3, ϕ〉 = 〈(T1 ∗ T2)x, 〈(T3)z, ϕ(x+ z)〉〉

= 〈(T1)x, 〈(T2)y〈(T3)z, ϕ(x+ y + z)〉〉〉

= 〈T1 ∗ (T2 ∗ T ), ϕ〉.
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3.

〈∂α(T1 ∗ S), ϕ〉 = (−1)|α|〈T1 ∗ T2, ∂
αϕ〉 = (−1)|α|〈(T1)x, 〈(T2)y, (∂

αϕ)(x+ y)〉〉.

Now, (∂αϕ)(x+ y) = ∂αy (ϕ(x+ y)) and 〈(T2)y, ∂
α
y (ϕ(x+ y))〉 = (−1)|α|〈∂αT2, ϕ(x+ ·)〉.

Hence,

〈∂α(T1 ∗ S), ϕ〉 = 〈(T1)x, 〈(∂αT2)y, ϕ(x+ y)〉〉 = 〈T1 ∗ (∂αT2), ϕ〉.

The other equality is proved similarly using (∂αϕ)(x+ y) = ∂αx (ϕ(x+ y)).

4. 〈τaT, ϕ〉 = 〈T, τ−aϕ〉, and

〈δa ∗ T, ϕ〉 = 〈(δa)x, 〈(T )y, ϕ(x+ y)〉〉

= 〈(T )y, 〈(δa)x, ϕ(x+ y)〉〉

= 〈(T )y, ϕ(a+ y)〉

= 〈(T )y, τ−aϕ〉

= 〈τaT, ϕ〉.

Then δa ∗ T = τaT . We also show that T ∗ δa = τaT . In particular, we have δ0 ∗ T =

T ∗ δ0 = T .

5. It’s enough to use the distributivity of the tensor product and the linearity of distribu-

tions.

Remark 3.2. 1. In general (T1 ∗ T2) ∗ T3 6= T1 ∗ (T2 ∗ T3). It suffices to choose T1 = 1,

T2 = δ′0 and T3 = H (Heaviside distribution). We have

(T1 ∗ T2) ∗ T3 = (1 ∗ δ′0) ∗H = 1′ ∗H = 0 ∗H = 0.

Similarly, we have

T1 ∗ (T2 ∗ T3) = 1 ∗ (δ′0 ∗H) = 1 ∗H ′ = 1 ∗ δ0 = 1.

Therefore, (T1 ∗ T2) ∗ T 6= T1 ∗ (T2 ∗ T3).

2. Let T1 ∈ D′(Rn) and T2 ∈ E ′(Rn). Then

supp(T1 ∗ T2) ⊂ supp(T1) + supp(T2). (3.8)
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But the reverse inclusion in (3.8) is not true in general. It suffices to take two locally

integrable functions f and g with

f = 1 and

∫
Rn
g(x) dx = 0.

Then f ∗ g = 0, hence supp(Tf ∗ Tg) = ∅, while supp(Tf ) + supp(Tg) = Rn since

supp(Tf ) = Rn.

Proposition 3.7. 1. If ((Sj)j∈N) ⊂ E ′(Rn) and (Sj)j∈N converges to S in E ′(Rn) and

T ∈ D′(Rn). Then (T ∗ Sj)j∈N converges to T ∗ S in D′(Rn).

2. If ((Tj)j∈N) ⊂ D′(Rn) and (Tj)j∈N converges to T in D′(Rn) and S ∈ E ′(Rn). Then

(Tj ∗ S)j∈N converges to T ∗ S in D′(Rn).

Proof. Let ϕ ∈ D(Rn), we have

〈T ∗ Sj, ϕ〉 = 〈Sj ∗ T, ϕ〉 = 〈Sj, 〈T, ϕ(y + ·)〉〉.

Since the function y 7→ (T, ϕ(y + ·)) is C∞(Rn) and Sj → S in E ′(Rn) we have

〈T ∗ Sj, ϕ〉 → 〈S, 〈T, ϕ(y + ·)〉〉 = 〈S ∗ T, ϕ〉.

Similarly for the case (Tj)j∈N ⊂ D′(Rn).

Now, we consider the following density theorem

Theorem 3.6. Let Ω be an open subset of Rn. Then D(Ω) is dense in D′(Ω).

Proof. We know that Ω is the union of an exhaustive sequence of compact sets, Ω =
⋃+∞
j=1 Kj

(see Theorem 1.4). Let

χj ∈ D(
◦

Kj+1), χj = 1 on Kj.

Let

θ ∈ D(Rn), supp(θ) ⊂ {x ∈ Rn : |x| ≤ 1} and

∫
θ(x) dx = 1.

Set θj = jnθ(jx). Then for j sufficiently large, supp(χj) + supp(θj) ⊂ Ω.

On the other hand, χjT ∈ E ′(Ω) ⊂ E ′(Rn). Set

Tj = (χjT ) ∗ θj.

Then Tj ∈ D(Ω) for j sufficiently large, because supp(Tj) ⊂ supp(χj) + supp(θj) ⊂ Ω. Let
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us show that

Tj → T in D′(Ω).

Let ϕ ∈ D(Ω). We have

〈Tj, ϕ〉 = 〈χjT, 〈θj, ϕ(x+ y)〉〉.

But

〈θj, ϕ(x+ y)〉 =

∫
θj(y)ϕ(x+ y)dy = (θ̃j ∗ ϕ)(x) where θ̃j(y) = θj(−y).

Therefore

〈Tj, ϕ〉 = 〈T, χj(θ̃j ∗ ϕ)〉.

The sequence (χj(θ̃j ∗ϕ))j converges to ϕ in D(Ω). Indeed, if j0 is sufficiently large, we have,

for j ≥ j0,

supp(θ̃j ∗ ϕ) ⊂ supp(ϕ) +B(0,
1

j
) ⊂ supp(ϕ) +B(0,

1

j0
) := K ⊂⊂ Ω.

If j is sufficiently large, χj = 1 on K (since the Kj are increasing) and therefore

supp(χj(θ̃j ∗ ϕ)) = supp(θ̃j ∗ ϕ) ⊂ K.

Let us show that, for every α ∈ Nn, (∂α(θ̃j ∗ ϕ)) converges to ∂αϕ uniformly on K. We have

(θ̃j ∗ (∂αϕ))(z)− ∂αϕ(z) =

∫
θj(−y)∂αϕ(z − y)dy −

(∫
θj(−y)dy

)
∂αϕ(z).

Setting −jy = t in the integrals, we get

(θ̃j ∗ (∂αϕ))(z)− ∂αϕ(z) =

∫
θ(t)

[
∂αϕ

(
z +

1

j
t

)
− ∂αϕ(z)

]
dt,

hence,

|(θ̃j ∗ (∂αϕ))(z)− ∂αϕ(z)| ≤ 1

j

n∑
k=1

sup
Rn

∣∣∣∣ ∂∂zk ∂αϕ
∣∣∣∣ ∫ |tk||θ(t)| dt ≤ C

j
,

therefore,

sup
K
|(θ̃j ∗ (∂αϕ))(z)− ∂αϕ(z)| ≤ C

j
→ 0 as j → +∞.

Then χj(θ̃j ∗ ϕ)→ ϕ in D(Ω). Since T ∈ D′(Ω) we get

〈Tj, ϕ〉 = 〈T, χj(θ̃j ∗ ϕ)〉 → 〈T, ϕ〉 as j → +∞.
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3.3 Application to differential equations

A linear differential operator with constant coefficients can conveniently be expressed in

multi-index notation as

P =
∑
|α|≤m

cα∂
α (cα ∈ C).

If for some multi-index α of length m we have cα 6= 0, then P is said to be of order m. If

also the coefficients cα satisfy cα = 0 for all |α| < m, then we say that P is homogeneous of

order m.

We can view P as a mapping from D′(Rn) to D′(Rn).

Example 3.5. In one dimension (n = 1) a linear differential operator with constant coeffi-

cients has the form

Pu = c0u+ c1u
′ + c2u

′′ + · · ·+ cmu
(m).

The Laplace operator (or Laplacian) given by

∆u =
∂2u

∂x2
1

+
∂2u

∂x2
2

+ · · ·+ ∂2u

∂x2
n

,

is a special case of a linear differential operator with constant coefficients, of order 2.

Definition 3.5. A distribution E ∈ D′(Rn) is called an elementary solution of the differential

operator P if PE = δ0.

The existence of an elementary solution is guaranteed by the following result.

Theorem 3.7. (Malgrange-Ehrenpreis) Every differential operator with constant coeffi-

cients in Rn admits an elementary solution.

The notion of elementary solution is used to find solutions to certain PDEs.

Theorem 3.8. Let P be a differential operator with constant coefficients in Rn and let E ∈
D′(Rn) be an elementary solution of P . Then for every f ∈ E ′(Rn), the equation Pu = f has

at least one solution u ∈ D′(Rn) of the form u = E ∗ f .
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Proof. We have f has compact support, then the expression for u makes sense and

Pu = P (E ∗ f)

=
∑
|α|≤m

cα∂
α(E ∗ f)

=
∑
|α|≤m

cα(∂αE) ∗ f

=
( ∑
|α|≤m

cα∂
αE
)
∗ f

= PE ∗ f.

Since E is an elementary solution we have

Pu = P (E ∗ f) = δ0 ∗ f = f.

Example 3.6. 1. It is easy to verify that H is an elementary solution of Pu = u′. There-

fore u = H ∗ f is a solution of u′ = f .

2. Consider the equation u′′ = f (i.e. Pu = u′′). A solution is given by u = E ∗ f where

E satisfies E ′′ = δ0, i.e. E ′ = H + c0 and consequently

E = x+ + c0x+ c1, c0, c1 ∈ R,

where x+ = max(x, 0).

3. Let f ∈ L1
loc(R) with compact support. We aim to find a solution u ∈ D′(R) of the

ordinary differential equation

u′ + u = f. (3.9)

Since E(x) = e−xH(x) is an elementary solution of the operator Pu = u′+u, a solution

of (3.9) is given by u = E ∗ f . As both E and f are functions, u is also a function

given by

u(x) =

∫
R
E(x− t)f(t) dt =

∫ x

−∞
e−(x−t)f(t) dt.

(because H(x− t) = 0 when t > x).
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Exercises

Exercise 3.1. Let T (α) be the α-th derivative of an arbitrary distribution T . Show

that supp(T (α)) ⊂ supp(T ). Is the converse true? Justify your answer.

Exercise 3.2. I) Let u(x, t) be the function defined in R2 by

u(x, t) =

α if t2 − x2 ≥ 0, t ≥ 0,

0 otherwise,

Show that u(x, t) defines a distribution in R2 and determine its support.

II) Determine the support of V P ( 1
x
).

Exercise 3.3. Let T be a distribution on Rn and f a C∞ function on Rn.

1. Show that if fT = 0, then the support of T is included in the set

Z(f) = {x ∈ Rn, f(x) = 0}.

2. Determine the C∞ functions f such that fδ′0 = 0.

Exercise 3.4. For ϕ ∈ D(R), define

〈T, ϕ〉 =

∫
R
e−x

2

ϕ(sin(x)) dx.

1. Show that T is a distribution.

2. Determine the support of T .

Exercise 3.5. 1. Compute δ′0 ∗ δ′0, H(x) ∗ (x2H(x)) and d2

dx2
(H ∗H).

2. Let T1 ∈ D′(R) and T2 ∈ E ′(R). Prove that eax(T1∗T2) = (eaxT1)∗(eaxT2), a ∈ R.

3. Let T and S be two distributions on R, with S having compact support, xn denotes

the function x 7→ xn. Prove the following formula

xn(T ? S) =
n∑
k=0

(
n

k

)
(xkT ) ? (xn−kS).
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Exercise 3.6. In R, consider the function

Gσ(x) =
1

σ
√

2π
e−

x2

2σ2 , σ > 0.

This function represents the normal (or Gaussian) density. The number σ > 0 is the

standard deviation. Prove the relation

Gσ ∗Gτ = G√σ2+τ2 .

Exercise 3.7. Let P be a constant coefficient differential operator defined by

Pu =
d2u

dx2
− du

dx
− 2u.

Let z be the unique solution of the homogeneous differential equationPz = 0;

z(0) = 0, dz
dx

(0) = 1.

1. Verify that E = zH is an elementary solution of P .

2. Find a particular solution of the equation

Pu = χ[0,1] in D′(R).

Exercise 3.8. We consider in R2 the function E(x, t) = H(t)√
4πt
e
−x2
4t .

1. Show that we can associate to the function E a distribution of order 0 on R2.

2. The heat operator is defined by

P =
∂

∂t
− ∂2

∂x2
.

Prove that for all t > 0 and all x ∈ R, we have

∂

∂t
(

1√
4πt

e
−x2
4t ) =

∂2

∂x2
(

1√
4πt

e
−x2
4t ).

3. Let ε > 0 and let ϕ ∈ D′(R2), we set

Iε = −
∫

R

∫ +∞

ε

E(x, t)
∂

∂t
ϕ(x, t) dt dx, Jε = −

∫
R

∫ +∞

ε

E(x, t)
∂2

∂x2
ϕ(x, t) dt dx.
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(i) Show that

Iε =

∫
R
E(x, ε)ϕ(x, ε) dx+

∫
R

∫ +∞

ε

∂

∂t
(E(x, t))ϕ(x, t) dt dx.

Deduce that

Iε =

∫
R
E(x, ε)ϕ(x, ε) dx+

∫
R

∫ +∞

ε

∂2

∂x2
(E(x, t))ϕ(x, t) dt dx.

(ii) Using Fubini’s theorem and two integrations by parts, show that

Iε =

∫
R
E(x, ε)ϕ(x, ε) dx− Jε.

(iii) By using a change of variables, show that

Iε + Jε =
1√
4π

∫
R
e
−y2
4 ϕ(
√
εy, ε) dy.

Using the dominated convergence theorem, deduce that

lim
ε→0

(Iε + Jε) = ϕ(0, 0).

Hint:
1√
4π

∫
R
e
−y2
4 dy = 1.

4. Show that in D′(R2)

PE = δ(0,0).
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Solutions of the exercises

Exercise 3.1

Let Ω1 be the largest open set on which T = 0, and Ω2 the largest open set on which T (α) = 0.

By definition, we have supp(T ) = Ωc
1 and supp(T (α)) = Ωc

2. Since T = 0 on Ω1, it follows

that T (α) = 0 on Ω1. Therefore, Ω2 ⊃ Ω1, and consequently Ωc
2 ⊂ Ωc

1. The converse is false.

Indeed, consider the distribution T = constant. Then supp(T ) = R, whereas supp(T (α)) = ∅.

Exercise 3.2

I) The function u(x, t) defines a distribution on R2 because it is locally integrable. The sup-

port of u(x, t) is the cone t2 − x2 ≥ 0, t ≥ 0.

II) Let F = supp
(
PV
(

1
x

))
and denote by F c the complement of F . By definition, F is the

smallest closed set such that PV
(

1
x

)
vanishes on F c. This means that

〈
PV
(

1
x

)
, ϕ
〉

= 0 for

every function ϕ ∈ D(R) with support contained in F c. To show that F = R, we proceed by

contradiction. Suppose that F 6= R, with
〈
PV
(

1
x

)
, ϕ
〉

= 0 for every ϕ ∈ D(R) with support

in F c 6= ∅. We will show that in this case one can construct a function ψ ∈ D(R) with

support in F c such that
〈
PV
(

1
x

)
, ψ
〉
6= 0, which is a contradiction. Indeed, since F c 6= ∅

and F c is open in R, every point c ∈ F c is interior to F c, i.e, there exists r > 0 such that

[c− r, c+ r] ⊂ F c. In other words, F c is a neighborhood of c. Consider a function ψ ∈ D(R)

defined by ψ(x) = xϕ(x), where

ϕ(x) =

e
− 1
r2−(x−c)2 if |x− c| < r,

0 if |x− c| ≥ r.

We have supp(ψ) = [c− r, c+ r] and〈
PV

(
1

x

)
, ψ

〉
= lim

ε→0

∫
|x|>ε

ψ(x)

x
dx = lim

ε→0

∫
|x|>ε

ϕ(x) dx =

∫ c+r

c−r
ϕ(x) dx.

Since ϕ(x) > 0 for all x ∈ [c − r, c + r], it follows that
〈
PV
(

1
x

)
, ψ
〉
> 0, which is a contra-

diction. Therefore, F = R.

Exercise 3.3

1. Let T ∈ D′(R) such that fT = 0. Show that supp(T ) ⊂ Z(f). Since f is continuous,

Z(f) is closed. Let x /∈ Z(f), there exists an open interval I such that x ∈ I ⊂ R\Z(f).

For every ϕ ∈ D(I) ⊂ D(R), the function f does not vanish on a neighborhood of
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supp(ϕ), and therefore 1
f
ϕ is well-defined and belongs to D(I). Then

〈T, ϕ〉 =

〈
fT,

1

f
ϕ

〉
= 0.

Hence T |I = 0 and x /∈ supp(T ). Therefore, supp(T ) ⊂ Z(f).

2. We have

〈δ′0, fϕ〉 = −f(0)ϕ′(0)− f ′(0)ϕ(0),

and this is identically zero if and only if f(0) = f ′(0) = 0.

Exercise 3.4 It is clear that T is well-defined and linear. Let us show that T is continuous

at 0. Let (ϕj) ⊂ D(R) be such that ϕj → 0. As j → +∞. By definition of convergence in

D(R), there exists a compact K ⊂ R such that

supp(ϕj) ⊂ K, ∀j ∈ N,

ϕ
(α)
j → 0, uniformly on K, ∀α ∈ N.

We have

|〈T, ϕj〉| ≤
∫

R
e−x

2|ϕj(sin(x))| dx

≤
√
π sup
x∈K
|ϕj(x)| → 0,

so T is continuous at 0.

supp(T ) = [−1, 1]. Indeed, since the image of the sin function is [−1, 1], only the values of

ϕ on [−1, 1] matter for T . Let us show that supp(T ) ⊂ [−1, 1]. Let ϕ ∈ D(R) such that

[−1, 1] ∩ supp(ϕ) = ∅. Then

〈T, ϕ〉 =

∫
R
e−x

2

ϕ(sin(x)) dx = 0.

Conversely, let us show that [−1, 1] ⊂ supp(T ). Let x0 ∈] − 1, 1[ and ε > 0. We show that

there exists ϕ ∈ D(R) such that supp(ϕ) ⊂]x0− ε, x0 + ε[ and 〈T, ϕ〉 6= 0. Using the function

ϕ defined by

ϕ(x) =

e
− 1

1−x2 if |x| < 1,

0 if |x| ≥ 1,

and we set

ϕx0,ε(x) =
1

ϕ(0)
ϕ

(
2(x− x0)

ε

)
,

we obtain a function ϕx0,ε ∈ D(R) supported on ]x0 − ε
2
, x0 + ε

2
[ such that ϕx0,ε(x0) = 1 and

ϕx0,ε ≥ 0.
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By continuity of ϕx0,ε, there exists n ∈ N such that ϕx0,ε(x) ≥ 1
2

on I =]x0− ε
n
, x0 + ε

n
[. Then

〈T, ϕ〉 =

∫
R
e−x

2

ϕx0,ε(x)(sin(x)) dx

≥ 1

2

∫
arcsin(I)

e−x
2

dx > 0.

We deduce that supp(T ) = [−1, 1].

Exercise 3.5

1. We have

〈δ′0 ∗ δ′0, ϕ〉 = 〈δ′0 ⊗ δ′0, ϕ(x+ y)〉

= 〈δ′0,−ϕ′(x)〉

= ϕ′′(0).

Let ϕ ∈ D(R), we have

〈H(x) ∗ (x2H(x)), ϕ〉 = 〈H(x)⊗ (y2H(y)), ϕ(x+ y)〉

= 〈H(x), 〈y2H(y), ϕ(x+ y)〉〉

=

〈
H(x),

∫ ∞
0

y2ϕ(x+ y) dy

〉
,

=

∫ ∞
0

∫ ∞
0

y2ϕ(x+ y) dy dx

=

∫ ∞
0

(∫ ∞
0

ϕ(x+ y)dx

)
y2 dy.

Let ψ(y) =

∫ ∞
0

ϕ(x+ y) dx, hence

〈H(x) ∗ (x2H(x)), ϕ〉 =

∫ ∞
0

ψ(y)y2dy

=
y3

3
ψ(y)

∣∣∣∣∞
0

− 1

3

∫ ∞
0

y3ψ′(y) dy

= −1

3

∫ ∞
0

y3ψ′(y) dy.
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Now ψ(y) =

∫ ∞
y

ϕ(u) du, where u = x+ y, so ψ′(y) = −ϕ(y) and

〈H(x) ∗ (x2H(x)), ϕ〉 =
1

3

∫ ∞
0

y3ϕ(y) dy

=
1

3

∫ ∞
0

x3ϕ(x) dx

=

〈
x3

3
H(x), ϕ

〉
.

Therefore

H(x) ∗ (x2H(x)) =
x3

3
H(x).

We have
d

dx
(H ∗H) = H ∗ dH

dx
= H ∗ δ0 = H,

then
d2

dx2
(H ∗H) =

dH

dx
= δ0.

2. Let T1 ∈ D′(R), T2 ∈ E ′(R) and a ∈ R. For every ϕ ∈ D(R), we have

〈eax(T1 ∗ T2), ϕ〉 = 〈T1 ∗ T, eaxϕ〉

= 〈(T1)x, 〈(T2)y, e
a(x+y)ϕ(x+ y)〉〉

= 〈(T1)x, 〈(T2)y, e
axeayφ(x+ y)〉〉

= 〈(T1)x, e
ax〈(T2)y, e

ayφ(x+ y)〉〉

= 〈eax(T1)x, 〈(T2)y, e
ayϕ(x+ y)〉〉

= 〈(eaxT1) ∗ (eaxT2), ϕ〉

hence

eax(T1 ∗ T2) = (eaxT1) ∗ (eaxT2).

3. We have

〈xn(T ∗ S), θ〉 = 〈T ∗ S, xnϕ〉

= 〈Tx ⊗ Sy, (x+ y)nϕ(x+ y)〉

=
n∑
k=0

(
n

k

)
〈Tx ⊗ Sy, xkyn−kϕ(x+ y)〉

=
n∑
k=0

(
n

k

)
〈(xkTx)⊗ (yn−kSy), ϕ(x+ y)〉

=

〈
n∑
k=0

(
n

k

)
(xkT ) ∗ xn−kS), ϕ

〉
.
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Exercise 3.6 Let x ∈ R, we have

Gσ ∗Gτ (x) =

∫ +∞

−∞
Gσ(t)Gτ (x− t) dt =

1

2πστ

∫ +∞

−∞
e
− 1

2

(
t2

σ2
+

(x−t)2

τ2

)
dt.

Moreover, we have

t2

σ2
+

(x− t)2

τ 2
=

x2

σ2 + τ 2
+
σ2 + τ 2

σ2τ 2

(
t− σ2

σ2 + τ 2
x

)2

,

then

Gσ ∗Gτ (x) =
1

2πστ
e
− x2

2(σ2+τ2)

∫ +∞

−∞
e
− 1

2
σ2+τ2

σ2τ2

(
t− σ2

σ2+τ2
x
)2

dt.

Let u =
√
σ2+τ2

στ

(
t− σ2

σ2+τ2
x
)

, hence

Gσ ∗Gτ (x) =
1

2π
√
σ2 + τ 2

e
− x2

2(σ2+τ2)

∫ +∞

−∞
e−

u2

2 du.

Since

∫ +∞

−∞
e−

u2

2 du =
√

2π we obtain

Gσ ∗Gτ (x) =
1√
2π

1√
σ2 + τ 2

e
− x2

2(σ2+τ2) = G√σ2+τ2(x).

Exercise 3.7

1. E = zH is an elementary solution of P if and only if PE = δ0. We have

dE

dx
=

d(zH)

dx

=
dz

dx
H(x) + z

dH

dx

=
dz

dx
H(x) + zδ0

=
dz

dx
H(x) + z(0)δ0 (z(0) = 0)

=
dz

dx
H(x),
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and

d2E

dx2
=

d2z

dx2
H(x) +

dz

dx
δ0

=
d2z

dx2
H(x) +

dz(0)

dx
δ0

(
dz(0)

dx
= 1

)
=

d2z

dx2
H(x) + δ0.

Therefore

PE =
d2E

dx2
− dE

dx
− 2E

=
d2z

dx2
H(x) + δ0 −

dz

dx
H(x)− 2zH(x)

= (
d2z

dx2
− dz

dx
− 2z)H(x) + δ0

= Pz H(x) + δ0,

since Pz = 0 we get PE = δ0.

2. The solution to the equation Pu = χ[0,1] in D′(R) is therefore

u = E ∗ χ[0,1],

where E is an elementary solution of P .

Exercise 3.8

1. Let K be a compact subset of R2. There exists a > 0 such that K ⊂ [−a, a]2. Then we

have

‖E‖L1(K) =

∫
K

E(x, t)dxdt

≤
∫ a

−a

∫ a

−a
E(x, t) dx dt

=

∫ a

0

∫ a

−a

1√
4πt

e−
x2

4t dx dt

≤
∫ a

0

∫ a

−a

1√
4πt

dx dt

= 2a

√
a

π
.

Then E ∈ L1
loc(R

2) and defines a distribution of order 0 on R2.
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2. Standard calculations show that for all t > 0 and all x ∈ R, we have

∂

∂t

(
1√
4πt

e−
x2

4t

)
=

∂

∂t

(
1√
4πt

)
e−

x2

4t +
1√
4πt

∂

∂t

(
e−

x2

4t

)
=

(
− 1

2
√

4πt
3
2

+
x2

4
√

4πt
5
2

)
e−

x2

4t

=
∂2

∂x2

(
1√
4πt

e−
x2

4t

)
.

3. Let ε > 0 and let ϕ ∈ D(R2). Define

Iε = −
∫

R

∫ +∞

ε

E(x, t)
∂ϕ

∂t
(x, t) dt dx and Jε = −

∫
R

∫ +∞

ε

E(x, t)
∂2ϕ

∂x2
(x, t) dt dx.

i) A simple integration by parts, combined with the identity proved in part 2, shows

that

Iε = −
∫

R
[E(x, t)ϕ(x, t)]t=+∞

t=ε dx+

∫
R

∫ +∞

ε

∂E

∂t
(x, t)ϕ(x, t) dt dx

=

∫
R
E(x, ε)ϕ(x, ε) dx+

∫
R

∫ +∞

ε

∂E

∂t
(x, t)ϕ(x, t) dt dx

=

∫
R
E(x, ε)ϕ(x, ε) dx+

∫
R

∫ +∞

ε

∂2E

∂x2
(x, t)ϕ(x, t) dt dx.

ii) Using part i), Fubini’s theorem and integrating by parts twice, we obtain

Iε =

∫
R
E(x, ε)ϕ(x, ε) dx+

∫
R

∫ +∞

ε

∂2E

∂x2
(x, t)ϕ(x, t) dt dx

=

∫
R
E(x, ε)ϕ(x, ε) dx+

∫ +∞

ε

∫
R

∂2E

∂x2
(x, t)ϕ(x, t) dx dt

=

∫
R
E(x, ε)φ(x, ε) dx+

∫ +∞

ε

[E(x, t)ϕ(x, t)]x=+∞
x=−∞︸ ︷︷ ︸

=0

dt

−
∫ +∞

ε

∫
R

∂E

∂x
(x, t)

∂ϕ

∂x
(x, t) dx dt

=

∫
R
E(x, ε)ϕ(x, ε) dx−

∫ +∞

ε

∫
R

∂E

∂x
(x, t)

∂ϕ

∂x
(x, t) dx dt

=

∫
R
E(x, ε)ϕ(x, ε) dx−

∫ +∞

ε

[E(x, t)
∂ϕ

∂x
(x, t)]x=+∞

x=−∞︸ ︷︷ ︸
=0

dt

+

∫ +∞

ε

∫
R
E(x, t)

∂2ϕ

∂x2
(x, t) dx dt

=

∫
R
E(x, ε)ϕ(x, ε) dx− Jε.
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iii) From part ii), we have

Iε + Jε =

∫
R
E(x, ε)ϕ(x, ε) dx =

∫
R

1√
4πε

e−
x2

4εϕ(x, ε) dx.

We set y = x√
ε

we get

Iε + Jε =
1√
4π

∫
R
e−

y2

4 ϕ(
√
εy, ε) dy.

Using the dominated convergence theorem, we deduce that

lim
ε→0

(Iε + Jε) =
1√
4π

∫
R

lim
ε→0

e−
y2

4 ϕ(
√
εy, ε) dy

=
1√
4π

∫
R

lim
ε→0

e−
y2

4 ϕ(0, 0) dy

= ϕ(0, 0)
1√
4π

∫
R

lim
ε→0

e−
y2

4 dy

= ϕ(0, 0)

= 〈δ(0,0), ϕ〉.

4. Using distributional differentiation, we obtain〈(
∂

∂t
− ∂2

∂x2

)
E,ϕ

〉
=

〈
∂E

∂t
, ϕ

〉
−
〈
∂2E

∂x2
, ϕ

〉
= −

〈
E,

∂ϕ

∂t

〉
− (−1)2

〈
E,

∂2ϕ

∂x2

〉
= −

〈
E,

∂ϕ

∂t
+
∂2ϕ

∂x2

〉
= −

∫
R

∫
R
E(x, t)

(
∂ϕ

∂t
(x, t) +

∂2ϕ

∂x2
(x, t)

)
dx dt

= lim
ε→0

(Iε + Jε).

Then 〈(
∂

∂t
− ∂2

∂x2

)
E,ϕ

〉
= 〈δ(0,0), ϕ〉 ∀ϕ ∈ D(R2).

In other words, (
∂

∂t
− ∂2

∂x2

)
E = δ(0,0) in D′(R2).

(ie PE = δ(0,0) and E is an elementary solution of P ).
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Additional exercises

Exercise 3.9. Let h be a C1-diffeomorphism from R to R. Let T be a linear map

defined by

∀ϕ ∈ D(R2), 〈T, ϕ〉 =

∫
R
ϕ(x, h(x)) dx.

1. Show that T ∈ D′(R2). What is its order?

2. Determine the support of T .

Exercise 3.10. Consider the linear form T on D(R) given by

T : ϕ 7→
+∞∑
k=1

1√
k

(
ϕ

(
1

k

)
− ϕ

(
−1

k

))
.

1. Show that T is a distribution, of order 1.

2. Show that the support of T is

A = {0} ∪ {1

k
, k ∈ Z∗}.

Exercise 3.11. Let T be defined by

∀ϕ ∈ D(R2), 〈T, ϕ〉 =

∫
R
ϕ(x,−x), dx.

Determine the support of T .

Exercise 3.12. I) Calculate δ′a ⊗ δ′b.
II) Let ψ(x) ∈ C∞(Rm). Show that

ψ(x) [T1 ⊗ T2] = [ψ(x)T1 ⊗ T2],

where T1 ∈ D′(Rm), T2 ∈ D′(Rn).

98



Chapter 3. Support and convolution of distributions

Exercise 3.13. I) Calculate

δ(m)
a ∗ δ(n)

b , δa ∗H and (1[a,b] ∗ 1[c,d])
′′.

II) Let f1, f2 ∈ L1
loc(R). Show that

THf1 ∗ THf2 = THf1?Hf2 = TF ,

where H the Heaviside function and

F (x) = H(x)

∫ x

0

f1(t)f2(x− t)dt.

Exercise 3.14. Consider the differential operator P = d2

dx2
+ a d

dx
+ b, a, b ∈ R, acting

on D′(R).

Let f and g be two functions of class C2 on R such that Pf = Pg = 0, f(0) = g(0)

and f ′(0)− g′(0) = 1. Consider the function h defined by

∀x ∈ R, h(x) =

f(x) if x ≤ 0

g(x) if x > 0.

Finally, let T be the distribution defined by,

∀ϕ ∈ D(R), 〈T, ϕ〉 = −
∫

R
h(x)ϕ(x)dx.

Show that PT = δ0, in the sense of distributions.

Exercise 3.15. Consider the distribution defined in the plane by the locally integrable

function

E(x, t) =

1
2

if t− |x| > 0,

0 if t− |x| < 0.

Let � be a wave operator defined by

� =
∂2

∂t2
− ∂2

∂x2
.

Solve �E in the sense of distributions.
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