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Introduction

Distributions (also known as generalized functions) extend the classical notion of functions to
describe objects that may not have pointwise values but still possess well-defined derivatives
of all orders.

Distributions are considered a great mathematical achievement of the twentieth century.
They were introduced by Laurent Schwartz in the 1940s to rigorously model singular objects
such as the Dirac delta (named after Paul Dirac, 1902-1984) and the Heaviside function
(named after Oliver Heaviside, 1850-1925).

Consider the Dirac delta as an example. Physicists originally defined it as follows

+o00 forz =0, Foo
i(z) = with / d(z)dx = 1. (1)
0 for x #£ 0, -

[e.e]

However, this informal definition leads to mathematical contradictions. For instance, the
square of this function is not well-defined, contradicting the properties of ordinary functions.
Moreover, since §(z) is zero everywhere except at the origin, it vanishes almost everywhere.
According to Lebesgue integration theory, its integral should therefore be zero, contradicting
(1). This é(z) cannot be a function.

Dirac’s intuitive definition relied on physical reasoning but lacked mathematical rigor. Lau-
rent Schwartz resolved this issue by introducing distributions as continuous linear functionals
on the space of smooth, compactly supported functions (infinitely differentiable functions
with compact support). The Dirac delta is thus defined not as a pointwise function, but as
a distribution acting on test functions ¢ via (g, ¢) = ©(0). This framework allows distribu-
tions to generalize functions and provides a consistent way to handle differentiation, even for

singular objects.

Distributions are crucial in physics and engineering, where discontinuous phenomena (e.g.,

impulses, shocks) naturally lead to differential equations whose solutions are distributions



rather than ordinary functions. The core idea of distribution theory is to define these gener-
alized objects by their action on test functions, enabling a unified treatment of differentiation

and integration in contexts where classical methods fail.

The manuscript is structured into three chapters:

Chapter 1 introduces the test functions and examines their properties.

Chapter 2 presents the notion of distributions. It covers their definition, convergence
and some operations (addition, multiplication by smooth functions, translation, and deriva-
tives...). Finally, we present the homogeneous, even, and odd distributions.

Chapter 3 is devoted to the support of distributions, the convolution product and applica-

tion to differential equations.

This course is intended for Master’s students in mathematics L.M.D "Mathematical Analysis
and Applications”. It provides them with the fundamental definitions and concepts necessary
to become familiar with the calculus of distributions, such as the notions of differentiation,
limits of sequences, and other operations on distributions. Through carefully selected exam-
ples, students will be able to appreciate the distinction between the classical behaviour of

ordinary functions and the generalized behaviour of distributions.




Chapter 1

Spaces of test functions

In this chapter, we introduce one such class of functions: the class of test functions. These
functions play several distinct and equally important roles. Their importance is particularly
linked to the fact that the space of test functions contains ”"enough functions” for it to be

dense in many function spaces.

1.1 Notations

Throughout this course we will take 2 is a non-empty open subset of R” and that the

underlying field K is either R or C.

1. For o = (z1,2,...,2,) € R" or C", we denote by ||z|| the Euclidean norm of z, i.e.,

2. For ¢ > 0 and 2y € R (or C"), we denote by B(xg,¢) the open Euclidean ball around
xo with radius ¢, i.e.,

B(zg,e) :={x : ||z — || < e},

and we denote by B(xg,¢) the closed Euclidean ball around xy with radius ¢, i.e,

B(xg,e) ={z: ||z — x| < e}

3. Let a = (ay,...,a,) € N” be a multi-index of length (or order) |o| = > a;. For

multi-indices «, 5, we define:

(1) a+6:: (a1+517~~-;an+ﬁn>~
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)

(iil) a— B := (a1 — P1,...,an — Bn), if < a.
)
)

(vi) (g) =11 (gﬁ) = 1;[1 (@i— 61)'/3@ ~ (@ —%!ﬂﬁ!'

i=1
(vii) For all z,y € R™, we have

For u : 2 — K, we write
ol

T 02 - Ozon

0%u :
If a =e;=(0,0,...,1,...,0) (where o; = §;;, the Kronecker delta), we write

ou

0 u:aiu:(%i.

In particular, if o« = (0,---,0), 0% = u.
For functions of a single variable we also use the following shorter notation for the at*

d®
order derivative u(® = d_u where in this case o € N.
T
Example 1.1. (i) If z = (z1,22) € R* and a = (2,3) € N? we write

oa _ 2.3
T = T{Ty.

(i) If x = (z1,22,73) €R® and a = (1,3,0) € N* we write
% = 1,25,
(iii) Let P be a polynomial of degree at most m € N

P(z) = Z cux® Vr eR",

la|<m

with o € N*, ¢, € C and 2% = 27" -+ - z0.
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(iv) Let u:R? = R, u(zy, ) = 22323 and a = (2,1) € N? with |a| = 3, we have

Pu(zry,xe) 02 ( 0

e — — 2 2.3
O%u(w1, o) 01201y o3 6x2( x1x2)>

82 2.2 2
1

1.2 Lebesgue’s spaces

We denote by LP(§2) with p € [1,00) the Lebesgue space
LP(Q) = {u : Q@ = R; u is measurable, / lu(x)|Pde < oo} .
Q

It is a Banach space with respect to the norm

folloor = ( | |U(x)|pdx); |

For p = 2, it is a Hilbert space with the inner product

(u,v) = / u(z)v(z)de.
Q
For p = oo, we set

L>(Q) = {u : Q = R; u is measurable, esssup,.q |u(z)| < oo} .

It is a Banach space with respect to the norm

[l e () = ess supeq [u(@)]-

Finally, we define the space of locally integrable functions

L () = {u : Q — R; u is measurable, / lu(z)|dr < co VK C Q compact} :
K

Example 1.2. 1. The function + € L, (0,00), but * ¢ L'(0,00) and + ¢ L*(—1,1).

loc

Indeed, for any compact K C (0,00), there exists a,b > 0 such that K C [a,b]. Then

J

1

b
1
" dxg/ —dx =In(b) — In(a) < oc.

X




Chapter 1. Spaces of test functions

Thus, + € L;,.(0,00). However
] 1 1 © q
/ dx:/—dx+/ —dxr = oo.
0 o T 1 X
So L ¢ L*0,00).

Consider the compact K = [—%, 3] C (—=1,1). Then

/2 dx—2/
- 0

3
So % ¢ Llloc(_lu 1); and in p(lrtiCUZCI,T % ¢ Ll(—l’ 1)

1

T

N

1

1
—dx = oo.
T T

2. The function f(z) =In|z| € L, (R). Indeed, the function x — In|z| is continuous on
R* and has a primitive on R and R*.. Therefore, it is integrable on every compact set
contained in either of the two intervals RY and R* . The remaining case is when the

compact set K of R contains 0. We have

/|1n]a:||da:§ |ln|x|\dmzlim/ |In|z|| dz, with0 <e<a < 1.
K —a e—0* a>|x|>e
Then
/ |In|z|| dz = 2(a — aln(a) + eIn(e) — ¢),
a>|x|>e

and

/ |In(|z|)|dx = lim |In |z|| dz = 2(a — aln(a)).
lz|<a e—0t r>|z|>e
Thus f €€ Lj,.(R).

loc

Theorem 1.1. (Lebesgue’s dominated convergence theorem) If (u;);en s a sequence
of Lebesque integrable functions on ) that converge almost everywhere to a limit function u

on ) and if there exists a Lebesque integrable function v on € such that

u;(x)] <wv(x) almost everywhere on (1,
J

and for all 5 € N then u is Lebesque integrable on €2 and

tin [ () d = /Q lim w(z)de = /Q u(w) d.

j—+oo j—+o0

Definition 1.1. (Convolution Product) Let f, g € LY(R™). The convolution product of f
and g, denoted by f x g, is the function defined by

(fxg)(x) = . fy)g(z —y)dy.
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Proposition 1.1. The convolution product is commutative and associative.

1.3 Function spaces C*(Q) (0 < k < o0)

Definition 1.2. We write C(2,K) or C(2) for the set of continuous functions 2 — K. We
will also write C°(Q) = C(Q2) and

ullc@) = sup [u(z)], ue C(Q).

z€Q

For k € N we write C*(Q,K) or C*(Q) for the k-times continuously differentiable functions
from Q to K, and

ou
axi

C*() = {ue (), eC*¥Q), i=1,---,n}, k>1

In general, we will write C* instead of C*(Q).
C>®(Q,K) or C>(Q) is the set of co-times continuously differentiable functions from € to K

1.€.,

C™(Q) = MienC* ().
A function u : Q — K is called smooth if it is in C*(2) and we denote by E(2) = C*(Q).

Example 1.3. The funtion

(2) = x if x>0,
ule) = 0 if x<0,

is continuos, but not differentiable at x = 0, so it is of class C°(R).

The function u(x) = e* and all polynomials are C*°(R).

1

Proposition 1.2. If u,v € C*(Q) and X € K then u+v, M, uv and — (if u(x) # 0, for all
u

x € Q) belong to C* ().

Theorem 1.2. If u € C(Q) then u € L}, ().
Proof. We show that if u is a continuous function then it is locally integrable. Indeed,

1. w is measurable function because it is continuous.

2. We have u is continuous on €2, so it is also continuous on any compact K of {2 and since

a continuous function on a compact set is bounded. Hence

3C >0, Ju(z)|<C, VreK,

9



Chapter 1. Spaces of test functions

and since the compact K has finite measure (denoted mes(K) < 0o0), we have

/K lu(z)] dz < C mes(K) < oco.

O

Now, the Leibniz formula expresses the derivative on a—th order of the product of two

functions.

Theorem 1.3. (Leibniz’s rule) Ifk € N, u,v € C*(Q) and a € N* with |a| < k, then

o (uv) =Y (g) 9Py 975y,

B

In one dimension (n = 1), the first derivative is described by the well known formula
(uv) =u'v+uv.

For a € N, we can write the general formula for the derivative of a—th order of the product

of functions (uw) as follows
(u )@ = <O‘> uB) yla=B),
8=0
Example 1.4. Let a = (1,1) € N2. We have

0*(uwv)
8x16x2

*(uv) = MY (uv) =

0 (0(uv)
8_:1:1< 0xs )
_ 0 (u ov L 8u>
0x1 \ Oxs 0xo
y 0%v N ou Ov o 0*u N ov Ou
011019 011 019 0r10xy 011079

Using Leibniz’s rule, we obtain

0%(uv) = Z <g> 0Pu 0 Pu
(o5} (6%) _ _
— HB1.B2),, Hlar—PF1az 52)1}7
> ()

1=0 82=0 2

=

10



Chapter 1. Spaces of test functions

then

1
1Y\ /1 1\ /1
o = E H(B1,0),, 5(1=F1,1) ( )( )5(5171) H1=F1,0) ]
(uv) B1=0 |:<61> (O) " ’ /Bl 1 Y v

1
1! 1!
_ HP1:0),, 9(1=F1.1) 9P11)y, §(1=F1.0)
ﬁlzo[ﬁlm—ﬂl)! LT R

o*v N ou Ov N ou Ov N 0*u
u v .
8x18x2 8@ 8x1 @1’1 8@ 8%181‘2

Definition 1.3. (Convergence in C*(Q)) Let (u;)jen be a sequence and u € C*(Q) (in
E(Q). resp).

u; I 0 in CHQ) <= VK CQ compact,Va € N", |a| <k,

0%uj; — 0%u uniformly on K,

(i-e. |0%u; = 0%ullo) = 10%u; = 0%ulloe = sUPser |0%u;(x) — O%u(z)] — 0).

(resp. u; 240 win E(Q) <= VK C Q compact, Yo e N, 0%; — 0% uniformly on K ).

1.4 Function spaces C*(Q) (0 < k < o0)

Definition 1.4. (Support) Let u € C(2). We define the support of u as

supp(u) == {z € Q | u(x) # 0}.
Example 1.5. Define u: R — R by

0 if |x| > 1.

u(z) =

Then supp(u) = [—1, 1].

Proposition 1.3. (Properties of the support) Let u,v € C(Q2), we have

1. u=0 <= supp(u) = 0.
2. supp(u) is closed in Q.

3. supp(uv) C supp(u) Nsupp(v).

[

4. (supp(u))© is the largest open subset of €2 where u vanishes.

11
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5. For all « € N, supp(90®u) C supp(u).

Definition 1.5. For k € NU {oo}, we define
C*(Q) = {u € C*(Q), supp(u) is compact},

(i.e., zero outside a compact set).
The space of test functions on ) is C2°(2) = D(N).
If K is a compact set of Q, C*(K) denotes the set of elements u of CK(Q) such that
supp(u) C K. We denote by
CX(K) =D(K).

Example 1.6. Consider the function

1
et

ift <0,
0 ift>0.

h(z) =

It is clear that supp(h) = R_ and that h € C*(R\ {0}). On the other hand, we can show

that .

where P, is a sequence of polynomials. We deduce that

lim ™ (t) =0 for all m € N,

z—0~

and therefore h € C*°(R). From the function h, we can construct a function ¥ € D(R).
Indeed, we consider

eVbj)ﬁ(Z*a), if x €la,b,

0, otherwise.
We observe that ¥(x) = h(a — x)h(x — b) for all x € R, then, 1» € C*(R). Since supp(¢v)) =

la,b] we deduce that ¢ € D(R).
We can also construct a function p € D(R™). Let

e, ] <1,
plr) =
0, otherwise.

Smoothness of p follows from the chain rule, noting that p(x) = h(|z||* — 1) where h is as

defined above and supp(p) = B(0,1) then p € D(R™).
Proposition 1.4. 1. If o € D(Q), then % €cD(Q),Vi=1,---,n.

2. Ifo, € D) and a,b € K. Then, ap+by € D(Q). Therefore, D(Q) is a linear space.

12



Chapter 1. Spaces of test functions

Proof.

1. Itisimmediate, as % is C'°(2) because of the definition of ¢. Moreover, if z ¢ supp(yp),

since the complementary of the support is an open set, there exists a neighbourhood of
x in which ¢ = 0. Thus, in that neighbourhood, %ﬁi =0 and %‘%(x) = 0, which implies
that = ¢ supp(g—;’;). In other words, supp(g—;i) C supp(yp), since supp(p) is compact
then Supp(g—i) is compact. Then g—i eD),Vi=1,---,n.

2. Let A = supp(y) and B = supp()). Then,
ap(x) +by(x) =0, Vo¢g AUB.

This, together with the fact of AU B being closed, implies that supp(ap+ b)) C AUB.
Moreover, as A and B are bounded, supp (ay + b)) is bounded too. Also, the fact that
both ¢ and ¢ are in C*°(2) implies ap + by € C*(2). Finally, being working with
functions with values in a field, every property for a linear space holds trivially.

O

Proposition 1.5. Let ¢ € D(R"), 7 € R, a € R\ {0}, and g € C*(R™). Then the functions

ple+7), ¢(=x), ¢lar) and gy cDR").

Before defining distributions corresponding to test functions, we must first discuss a notion

of convergence in D((2).

Definition 1.6. (Convergence in D(f2)) Let (¢;)jen be a sequence in D(2) and ¢ € D().
We say ¢; — ¢ in D(Q) if

1. There exists a compact set K C § such that supp(p),supp(p;) C K, VjeN.
2. For each multi-indexr o € N"
sup [0%(p; — )| = 0,
K
(te, 0%p; — 0% uniformly on K ).

Example 1.7. 1. Let ¢ € D(R). Let us define, for j € N,

Vo eR, ¢;(x) =0 (x+ j%) — ¢(2).

13



Chapter 1. Spaces of test functions

Then ¢; — 0 in D(R). Indeed, if supp(¢) C [—a,al, a > 0, then for all j, we have
supp(p;) C [—a — 1,a + 1]. Moreover, by the mean value theorem, for all o € N,

1 1
(a) x4+ —— | — (O‘)x < (a+1) oo_>0
69 (a4 17 ) = 6@ < e
as j — +o00.

2. The sequence p;(z) = %p(x) with p is defined in Example belongs to D(R™) and
converges to zero in D(R™) as j — +00.
The sequence p;j(x) = p(3) € D(R") does not converge in D(R") when j — 400 because

there cannot exist a compact K outside of which all the ;(z) vanish.

Remark 1.1. 1. We have D(Q) C (). If (p;)jen is a sequence in D(Q) tends to ¢
in D(Y), then ; = ¢ in E(Q). The inclusion map i : D(Q) — E(Q) is continuous
(D(2) — £(R2)). Moreover, D(R2) is dense in E(S2).

2. Convergence in D(Q) differs from convergence in E(Q). Indeed, let ¢ € D(R"™) with
©(0) # 0. We consider the sequence of functions ¢;(x) = ¢ <§> We show that the

sequence @, converge to ¢(0) in E(R™). Let K be a compact subset of R™ such that
K C B(0,¢). Then, if v € K, we have 5 € B(0,¢)

(i) If a =0, then
x

o) =01 = o (2) - 0] >0,

uniformly on K as j — +oo (by uniform continuity of ¢ on the compact set

B(0,¢))).
(i) If |a| > 1, then 0%p(0) = 0 and

o (p5(x)) = G)' e (%),
)

1 ‘O‘| o
- (5> 10°¢ll ooz

It follows that

||
10%(5()) — 0%((0))] = <1>

J

then
lim [[0%p; — 0%(¢(0))llcx) = 0.

Jj—+oo

So, the sequence (p;); converges to ¢(0) in E(R™). However, ¢(0) & D(R™).

14



Chapter 1. Spaces of test functions

We take another example. Let ¢ € D(R) with v # 0. We consider the sequence
1 N
;) = ;1/)(35 —J)i=12"
This converges to 0 in E(R). For any compact K et o € N, we have

sup |gp§a)(m)| —0 as j— +oo.
rzeK

Moreover, supp(¢;) N K =0 for j sufficiently large, i.e., the support of @; eventually

leaves any compact set. The sequence (;); does not converge in D(R). We have

sup |<,0§-a)(m)| =0 as j— 4oo,
z€eR

but there is no compact set which contains the support of p; for all j.

Definition 1.7. (Regularizing sequences) A sequence (p;);>1 C D(R") is called a molli-
fier (or regularizing sequence) in D(R™) if it satisfies the following properties

(i) Forallj>1: p; > 0.

(ii) / pi(z)dw = 1.

(iii) supp(p;) C B(0,¢;) with lim £; = 0.

J—00

Construct a regularizing sequence

Let ¢ € D(R™) be non-negative and not identically zero. Then there exists a > 0 such that

supp(v)) C B(0,a). We put
()

¢(x) = :
o Y(x)dx

Note that / ¢(z)dxr =1 and ¢(z) > 0 for all z. Define

1
o) = o (2,
J J

where lim r; =0 and r; > 0 for all j € N. We have

J—+o0

(1> v.] € Na@j Z 07

15



Chapter 1. Spaces of test functions

1
(i) /n ;(z)dx = E . o) (%) dx,

using the substitution y = %, we get de = ri dy, so

|e@rdr=— [ otrgay= [ otan=1.

j R

(iii) Since supp(¢) C B(0,a), we have supp(y;) C B(0,r;a), and lim r; = 0.

Jj—+oo

It is enough to put €; = r;a in the definition we deduce that the sequence (p,) is a regularizing

sequence.

Theorem 1.4. (Exhaustive sequences) Let Q0 be an open set in R™. There exists an

exhaustive sequence of compact sets K; covering ). That is, a sequence satisfying

1. VjeN, K; C Q.
2.VjeN, K; C Io(jﬂ (and we write generally K; CC Kjiq).
3. 0=U ien IS5
The adjective ”exhaustive” meaning ”complete” was used to emphasize that the sequence of

compact sets (K;); covers the entire open set €.

Theorem 1.5. (Partition of unity) Let K be a compact subset of Q, and let §;, i =
1,2,...,k, be a finite covering of K, 1i.e.,

k
K c |,
=1

then there exist functions p; € D(S;) such that 0 < ¢; <1 fori=1,2,... k, and

k
Z%’ =1 n a neighborhood of K.

=1

Let us now consider two open sets €21,y in R™ and R™. We denote by D(Q;) ® D(2;) the
subspace of D(£2; x §)y) consisting of functions that are finite linear combinations of terms
of the form u(zy)v(xs) where u € D(2;) and v € D(y).

Proposition 1.6. The space D(21) @ D(£2) is dense in D(2y x y).

Proof. Let ¢ € D(2; x Q2). Suppose that supp(y) is contained in K = K; x Ky where K;

is a compact subset of €;,7 = 1,2. There exists a sequence (P;),en of polynomials of (x1, z2)

16



Chapter 1. Spaces of test functions

such that, for every o in N™'*"2  (9*P;) converges uniformly on K to 0%p. Let 6, € D(;),
with 6, = 1 on K;,i = 1,2. Define

@j(x1,22) = 01(11)02(12) Pj(71, 72) = Z Wj.on 0201 (1) 25 0o (229) 257,

|1 +az|<m;

where @;q, .0, € C. Then ¢; belongs to D(€) @ D(€s) and for every o € N™ 72 (9%;)
converges uniformly to 0%p on K; x K,. Moreover, since supp(y;) C supp(6;) x supp(6s),
which is a fixed compact set, the sequence (¢;) converges to ¢ in D(£2; x €y). 0

Now, we consider the following theorem underlies many of the important applications of

convolutions on R™. If h is any function on R™ and € > 0, we set

he(x) = e "h(c 'a).

n

/ he(w) dw = / h(eNe)e " de = / hiy) dy.

Theorem 1.6. Suppose h € L'(R") and / h(x)dx = A.

n

We observe that if h € L'(R") then / he is independent of ¢

(i) If f € LP(R")(1 < p < o0), then f*h. — Af in the LP(R™) norm as € — 0.
(ii) If f is bounded and uniformly continuous, then f * h. — Af uniformly as e — 0.

(i) If f € L>*(R™) and f is continuous on an open set U, then f * h. — Af uniformly on

compact subsets of U as € — 0.

Theorem 1.7. Let f € C*(R™) and g € L} (R") (k € N). Then

loc
fxge CHR™ and 0“(fxg)=(0"f)xg for |a|<Ek.

In particular, if f € D(R™) and g € L},.(R"), then fx g € C>®(R").

Theorem 1.8. 1. D(R") is dense in LP(R™) for all 1 < p < 400.

2. D(Q) is dense in C*(Q) for all k € N and in LP(2) for all 1 < p < +o0.

Now, we consider the following application of the density theorem

Lemma 1.1. (Dubois-Reymond) Let u € L}, (Q). We assume that for all p € D(Q),

loc

/ﬂu(x)gp(x) dz = 0.

17



Chapter 1. Spaces of test functions

Then uw = 0 almost everywhere.

Proof. We write that €2 is a countable union of open sets w,, C €2 such that @,, is a compact

subset of Q). It suffices to take

1
wn:{xEQ:\x|§nandd(x,Qc)>E}.

It is therefore sufficient to show that © = 0 a.e (ie, almost everywhere) on an open set w C €2

such that @ is a compact subset of ().

Let g = ul, € L'(w). Let € > 0. By Theorem there exists ¢. € D(w) such that
g = YellL1(w) < e

For all ¢ € D(w), since /

w

gpdz :/ugpdx we have
Q

/w@/)esodfrz/wgsodwr/w(%—g)wd$=0+/(¢e—g)s&dw

/7/)590 dx

Let 0 > 0. Take ¢ as follows

Hence

s/ﬂ%—mwmxsﬂ@u.

W
PRI

||
V% + e

[
NEERE

By applying the dominated convergence theorem, we can pass to the limit when § — 0 to

D(w).
We have |p| <1 and
Yep =

Then,
Vo >0,

obtain
/ .| de < e.
Therefore,
I9llrwy < llg = ellprw) + [Pl < e +e=2e.
Thus g = 0 a.e on w, and by countable additivity, u is null almost everywhere on (2. 0O
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Chapter 1. Spaces of test functions

Exercises

Exercise 1.1. Determine whether the following statements are true or false. Justify
your answers.
1. It is always possible to construct a test function v € D(—1,1) such that y'(x) > 0
for allz € (—1,1).
2. The functions o(z) = e and 1q are test functions.

3. Let f: R — R be a function defined by f(x) = zp(x) with ¢ € D(R). Then
f € D(R).

4. If p € D(Q), then 0%p € D(Q) for all « € N™.

Exercise 1.2. Let ¢ : R — R be a function defined by

exp <—ﬁ) if |z] < 1,

p(z) =
0 if |x| > 1.

1. Verify that ¢ € D(R).

T

2. We set (x) = / o(y)dy. Is ¢ € C°(R)? Determine its support.

— 00

1
3. Let C = ———— and define p; by

pj(x) = Cje(jz) for all j € N\ {0}.
Show that ¢; is a reqularizing sequence.

Exercise 1.3. 1I) Letvy € C(R) and (¢;);en be a sequence in D(R) that converges

to ¢ in D(R). Show that

Jj—+oo

Ypj = Yo,
and
goga) 2270 @ YaeN,
in D(R).
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Chapter 1. Spaces of test functions

IT) Let ¢ € D(R). For t € R\ {0}, we define

oo +1) = p(z)
t

pr(z) =
1. Show that ¢; € D(R) for t # 0.

2. Show that ¢; converges in D(R) as t — 0 to a function that we will deter-

mine.

Exercise 1.4. Let p € D(R). Study the convergence in D(R) of the following sequences

by(x) = %m» ni(x) = }oux).

Exercise 1.5. Let ¢ € D(R) such that
0<w(x) <1, and supp(p)C]l,2].

Define p;(z) = e 7p(jx), j > 1. Show that p; € D(R) for all j > 1 and study its

convergence in D(R).
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Chapter 1. Spaces of test functions

Solutions of the exercises

| Exercise 1.1 |

1. False. The condition 9" > 0 means that v is increasing. Note that ¢(—1) = ¢(1) =0
this is only verified if ¥ = 0.

—* is a test function (false) because supp(¢) = R which is not

2. The functions p(z) =€
compact.
The function 1q is a test function (false). Indeed, the indicator function of the rational
numbers Q is defined by

1 ifxeq,
0 ifz¢Q.

1g(z) =

We have

supp(lg) = {z € R: 1g(z) #0} = Q =R.

Then 1q is not a test function.

We can say that 1q is not a test function on R because it is not continuous.

3. True. We set g(z) = z then f = gy. we have g € C®(R) and ¢ € C*(R) so
gy € C*(R). Since
supp(g ¢) C supp(g) N supp(y),

we obtain supp(g ) C supp(yp) and since supp(y) is compact we deduce that the
support of g ¢ is also compact then g p € D(R).

4. True. Since ¢ € C®(2) then 0% € C*(£2). Moreover, from the observation that for
all @ € N™, supp(0“p) C supp(p). Since supp(p) is compact, supp(0“p) must be as
well, and thus 0%p € D(Q) for all & € N™.

| Exercise 1.2 |

1. ¢ € C*(R) because it is composed of two functions of class C*°(R) and supp(p) =
[—1,1] is compact, we deduce that ¢ € D(R) (see details in example [1.6)).

2. We have ¢ = ¢ € C*°(R) then ¢y € C*(R).
Now, we determine the support of 1), We distinguish the following cases
(a) If z < —1 we have ¢(z) = 0 then ¢(x) = 0.
(b) If -1 <z <1,




Chapter 1. Spaces of test functions

v = [ w(y)dyz/mm)dy:/l w(y)dw/lxso(y)dy:/l o) dy > 0.

—00 -1 1 1

We deduce that supp(y)) = [—1,4o0[ which is not compact so 1 is not a test
function.
1
3. Let € = ———— and define ¢; by

/Rgo(x) dx
;j(z) = Cjp(jx) forall j € N\ {0}

Show that ; is a regularizing sequence.
Recall that a sequence (,) is called a mollifier (or regularizing sequence) if ¢; € D(R)
and for all 7 € N\ {0}, we have

©; >0, /%(fﬂ) dr =1, supp(p;) C [~¢j,¢5],
R

with lim;_, . e; = 0. Since ¢ € D(R), it follows that (¢;) C D(R). Let j € N\ {0}.
We have ¢ > 0, and thus ¢; > 0. We set y = jz and by using the definition of C', we

obtain

/Rsoj(w)dﬂfzCj/RsO(jw)dsz/RsO(y)dy: L.

The support of ¢ is [—1,1]. Since jz € [—1,1] then x € [—%, Jl], the support of ¢; is

[—%, %], and we clearly have lim;_,; % = 0. Therefore, the sequence (y;) is a mollifier

(or regularizing sequence).

| Exercise 1.3 |

I) Since ¢; — ¢ in D(R), there exists a compact set i C R such that

supp(;), supp(yp) C K.
We have
supp(¥p;) C supp(y)) Nsupp(yp;) C supp(p;) C K,

and

supp (¥ ) C supp(v’) N supp(p) C supp(yp) C K.

We need to show that for @ € N, the sequence of derivatives (wgaj)(a) converges uni-
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Chapter 1. Spaces of test functions

I1)

formly to (1¢)®. By the Leibniz rule for derivatives of products we get
(03 - «Q a—
() =) ( 5) P PP
B=0

and

()@ = za: (g) @B B,

B=0

Since ¢; — ¢ in D(R), for each fj, cpgﬂ) — ¥ uniformly on R. Since 1) € C*(R), so

each derivative ¢(®=#) is continuous so it is bounded on the compact set K. Therefore,
@Z)(a_ﬁ)gogf@) — @A B uniformly on K.
Since the sum is finite, thus

(ij)(a) — ()@ uniformly on K.

Then
Yy 5y,
in D(R).
Fix a € N, then for all j, 5 € N we have supp(goj(a)) C supp(yp;) C K and <p§.°‘) = %
% Aol getB,.
(¢§a>><ﬁ) _yY Pi _  (a+B)

dzP dxoth J ’
converges uniformly to (¢(®)® = p(@+8) and since a € N was chosen arbitrarily, this
holds for all @ € N and thus

<p§-°‘) 240 0@ Vo e N,

in D(R).

1. We need to show that ¢, € D(R). Indeed, since ¢ € C*°(R), the function =
e(x+1t) is also in C*°(R) (as a composition of functions in C*°(R)). Therefore, ¢,
is a linear combination of functions in C*°(R) and is itself C*°(R).

Let supp(p) C [-M, M] for some M > 0. Then supp(p;) C [-M — |t|, M + |t]]
which is compact. Therefore, ¢; € D(R).

2. Recall the Taylor-Lagrange’s inequality: Let f : I — R and a,b € I. Suppose that

f is n times differentiable on the closed interval [a, b], and n+1 times differentiable
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Chapter 1. Spaces of test functions

on the open interval |a, b[. Then there exists ¢ € [a, b] such that

a)nJrl

~(b—a)" SO0~

We can deduce Taylor-Lagrange’s inequality : under the same hypotheses, if there
exists C' € R, such that |f"*1)(y)| < C for all y € [a, b], then

R e

Now, if ¢, converges in D(R) as t — 0 to a function v, then it converges uniformly
and hence pointwise to ). We must therefore have ¢ = ¢'. Let M > 0 such that
supp(p) C [—M, M]. Since we are interested in the case ¢ — 0, we can restrict
ourselves to t € [—1,1]. For all t € [—1, 1], we have supp(¢:) C [-M — 1, M + 1],
so the support condition is satisfied.

Let @« € N. For all z € R and all t € [—1,1],

[0} a 1 a (07 (07 1t2
A7) = (@) = 1 [+ ) = o) — @) <

; o)

oo’

where we applied Taylor-Lagrange’s inequality between = and x4+t to the function
@ € D(R). Therefore,

(@) (a+1)
t

¥

|+ <1l o2, = 0

X t—0

Finally, we obtain ¢, e ¢ in D(R).
ﬁ.

| Exercise 1.4| Let ¢ € D(R) with supp(y) C K = [—a, a], where a > 0.

Convergence of the sequence (¢;) in D(R)

Study the pointwise convergence of ;. Let = be fixed in R. We have

lim ¢;(x) = lim 1(,o(x) = 0.

j—+oo J—+o0 j

Then 1; converges pointwise to the function ¢(x) = 0.

We note that supp(;) = supp(y). We have

(i) supp(y;) C K.

(ii) supp(¢) =0 C K .
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Chapter 1. Spaces of test functions

(iii) Let o € N, we have

[e% 3 1
Timsup ¢4 (2) = ¢ (2)] = lim = sup ¢ (z)| = 0.
J—=+00 pe K J=+00 ] zeK

Thus ¢; — 0 in D(R).
Convergence of the sequence (7;) in D(R)

Study the pointwise convergence. Let M = sup,cg [¢(y)|. For fixed x € R we have

M
0< lim |pj(z)] < lim — =0.
J—+0o0 J—+oo ]

S0, n; converges pointwise to the function n = 0. We have

(i) supp(n;) C [=5, 5] C K.

(i) supp(n) =0 C K .

(iii) Let o € N, we have

lim sup \nﬁa)(:c) —n®(2)] = lim j* 'sup | (jz)| = +o0, Va > 1.
zeK

J—=+00 pe K Jj—+oo

Therefore, we conclude that 7; does not converge in D(R).

| Exercise 1.5| The function ¢; € C*®(R) (as a composition of the two functions ¢ and

x + jz, both infinitely differentiable on R). Moreover, since supp(y) C [1, 2], we have

supp(p;) = {z € R|yp;(x) #0}
= {zeR|p(jz) # 0}

{r € R| jx € supp ¢}

{z € R | jx €]1,2[}

{1 2}
jaj 9
and thus ¢; € D(R).

It is easy to see that for all @ € N, we have

P\ (@) = 772D ().

Let us show that ¢; — 0 in D(R). We have

1 2
Supp(goj) C |:3, 5:| C [1,2] = K, VJ € N.
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Chapter 1. Spaces of test functions

Moreover,

sup [ (j)|
ael4.]

< e sup | (y)|
y€(1,2]

< ej%sup | (y)] — 0.
yeK J—+oo
Since this holds for all @ € N and all supports are contained in the fixed compact set K = [1, 2]
we conclude that ¢; — 0 in D(R).
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Chapter 1. Spaces of test functions

Additional exercises

Exercise 1.6. Let f,g € L'(R"). Show that f * g € L'(R") and
1f * gllorgny < Ifllzrgeyllgll 21 Rn)-

Exercise 1.7. Let f € L*(R). Consider the mapping

R — R
Sf: 1
/ T /0 flz —y).dy

1. Show that if f is continuous with compact support, then Sf is continuous.

2. Let (f;)jen be a sequence of continuous functions with compact support that con-
verges to f in L*(R).

(i) Show that (Sfj)jen converges to Sf uniformly on R.

(ii) Deduce that Sf is continuous on R.

Exercise 1.8. Let ¢ € D(R). Determine a necessary and sufficient condition on 1)
for there to ezist p € D(R) such that

o +p=1.

Exercise 1.9. I) Show that if ¢ € D(R") and x € R then 7,¢ € D(R™) where 7, is the

translation operator defined by
Tp(y) = ¢ly — ), VyeR™
1) Suppose ¢ € E(R™). Let (x;)j>1 C R™ be a sequence with x; — 0. Show that
Te; P = O, as j — oo,

in E(R™).

Exercise 1.10. Let 1) € D(R). Determine a necessary and sufficient condition on 1)
for there to exist ¢ € D(R) such that ¢' = 1.
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Chapter 1. Spaces of test functions

Exercise 1.11. Let ¢ € D(R"), h € R*\ {0} . Fort € R\ {0}, we define

p(z +th) — p(z)
t

pr(z) =
1. Show that ¢, € D(R™) fort # 0.

2. Show that p; converges in D(R™) ast — 0 to a function that we will determine.

Exercise 1.12. Let (p;) be a sequence of functions in D(R) defined by

= €XP (—;ﬁp) if |t] < J,
@;(t) = =

0 otherwise

()

1. Show that, for each o € N, the sequence of functions (¢; ) converges uniformly

on every compact set to a function ¢ € D(R) that should be specified.

2. Do we have convergence in D(R)?
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Chapter 2

Distributions

The theory of distributions is a field of mathematics that extends the concept of functions to
include objects called distributions. It is particularly useful in the analysis and solution of
differential equations, where classical functions may not suffice. The theory of distributions
enables the definition of derivatives for functions that are not necessarily differentiable in the

classical sense.

2.1 Definitions and examples

Definition 2.1. A distribution T € D'(Q2) is a linear functional on the space of test functions
T : D(Q) — K, which is continuous,

pi = in DQ) = T(p;) = T(p) nK. (2.1)

Remark 2.1. (i) We often write (T, ) instead of T'(¢).

(ii) By the linearity of T, the condition ({2.1)) is equivalent to
w; =0 in DQ)=T(p;) >0 inkK
Theorem 2.1. Let T : D(2) — K be a linear map. The following are equivalent

1. T eD ().

2. For each compact K C €, there exists a constant C' > 0 and m € N such that

(T)| <C Y sup|0®p(x)], for all p € D(K). (2.2)

la|<m rzeK
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Chapter 2. Distributions

Proof. (1 = 2) By contradiction: Assume that we have T € D’(Q2) but there exists K C Q
such that for all m € N

(Topm) >m 3 107 eullow-

|a|<m

for some ¢, € D(K) with [[0%¢n||c(x) = sup |[0%¢(z)| and ¢, # 0 .
reK

Thus
0 < llemllcw) < D 110%emlew)-
|| <m
Let
D) #m(2) for z€Q.

B mZm\gm 100l c(x)
Then v, € D(K) and for any 8 € N" and |#| < m we have

10° omll oy
m Z\odgm HaaQOmHC(K)

10% % llca) < <

1
—
Hence ¢, — 0 in D(2) as m — o0). On the other hand, we obtain

(T’ om)

Ta 77ij -
T ) = s 10"l

> 1,

therefore ((T, 1) )m does not tend to zero in K. This contradicts the fact that 7' € D’(Q).
(2 = 1) Let ¢; — 0 in D(2) with supp(p;) C K for all j. Choose C' > 0 and m € N

according to ([2.2). Then we have

(Too) < C Y 100slleu) =0 j — oo,

la|<m

hence T' € D'(Q2). 0

Let’s look the important examples

Example 2.1. 1. The Dirac distribution at a point xqy € €2

(020, 0) = (o) Vo € D(Q).

Linearity of 0,,: For all A,y € K and all ¢, ¢ € D(QY), we have
(020, AP +70) = Ap(x0) +70(20) = Mo, ) + V{020, 9),
Moreover, for ¢ € D(K), we have

{0z, ©)| = lp(20)| < llellow),
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Chapter 2. Distributions

where ||¢llcxy = sup |p(x)| then 6., € D'(Q) (the estimate (2.2]) holds with m = 0 and
zeK
Cc=1).

2. Let f € Li,.(Q) and define Ty : D(2) — K by
Tr.¢) = [ S@pla)ds. ¥ € D),
0

Clearly T is linear; we show that it also satisfies (2.2): Let K C § be a compact set
and ¢ € D(K), then

rmmﬂ—témwwm

< lellowo [ 1f(a)lda
= [ fllzraollellew)-
Thus we obtain (2.2) with m =0 and C = || f|| 11 (x)-

3. The Heaviside Function: Let H denote (the L>-class of) a function on R with

1 4if x>0,
H(z) =
0 if x<0O.

We define a linear functional on D(R), also denoted by H, by setting

<m@:AHmwwm:Amwwm Ve € DR).

If K CR, we have
[(H, )| < mes(K)|ll| o),

which proves (2.2) with m =0 and C = mes(K). Hence H € D'(R).
In the plane, we call the Heaviside function the function H defined by

1 4 >0, y>0,
H(z,y) =

0 otherwise.

We define a linear functional on D(R?) as follows

—+o00 —+o00
(H,o) = [ H(z,y)p(x,y)dxdy =/ / o(z,y)drdy, Ve e D(R?).
0 0

R2

We have H € D'(R?).
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Chapter 2. Distributions

In general, the Heaviside function H : R — R is defined by

1 o z1>0, 2o>0,---2, >0,
H(x) = [ 2

0 otherwise.

We define a linear functional on D(R™) by

(Hyp) = [ H(x)p(z)dr,--- dv, = /0+<>0 : --/:OO o(x)dxy - dx,, Ve € DR").

R

4. In general, we cannot define a distribution through the expression
T.) = [ f@)pla)da.
R

if the function is not locally integrable. This is the case for f(z) = %, as it s not
integrable around the origin in R. However, we can define an associated distribution in
the following way. Let T : D(R) — R be defined by

(T, p) :lii% - @dw. (2.3)

This expression defines a distribution and it is called the Cauchy principal value of %

rorv(l)

To prove that it is a distribution, we must ensure that the limit exists. For this, a

We denote it as

change of variable allows us to write

Now, know that ¢ has compact support, we can find a constant a > 0 such that the
support of @ is contained in [—a,al. Thus, the limit (2.3) becomes

plw) — o)

lim x.

e—0 c X

Using the characteristic function x, we have

<Pv(1>,<p>: lim OOX[;a}(x)de.

€T n—-+oo 0
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For any test function ¢ € C*(R), we know from the mean value theorem that for all x > 0,

there exists t € (—x,x) such that

p(r) — p(—2) = 200'(t).
Moreover, ¢ € D(R) implies that ¢’ € D(R), so it is bounded, and thus

p(z) — (=)

< 2[[lloo-

Thus, we can write

=D <o niato)

‘X[}l,a](x
and the integral remains bounded by an integrable function on R. By the dominated conver-

gence theorem, we have

(P ()) - [ sz
_ /0 plo) = (=) 4 (2.4)

T

Finally, the integral is finite because the singularity at x = 0 represents a removable discon-

tinuity. Indeed, we have

iy D= E0) )
After seeing the functionl is well defined, linearity is obtained using expression and the
linearity of integral. To verify continuity, consider a sequence (p;); converging to ¢ in D(R).
This means that their supports are contained in a compact subset K C R, and thus for some

sufficiently large a > 0, K C [—a,a]. Therfore,

<PVG> » —so> :/O“ pi(r) = o) = (pi(=2) —2(=2) \ i N,

T

Again, using the same reasoning, we have

0;(r) — p(r) = (p;(—x) — p(—))

< 2[[¢; = ¢'[| oo
Since @ — @' uniformly, there exists a constant M > 0 such that

10— ¢l < M, VjeN.
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Chapter 2. Distributions

Thus, by the dominated convergence theorem, we conclude that

1
lim <PV<—> P — gp> =0.
j—o0 x

This proves that PV(2) is continuous. Then PV(1) € D'(R).

Definition 2.2. (Regular Distribution) A distribution T € D'(QQ) is called regular, if
there exists f € L, (Q) such that

loc

(T, o) = / F(@)p(x) dz = (Tj, ) Vi € D(Q).

The lemma of Dubois-Reymond allows us to identify T with the function f in a unique
way. The map f + Ty is an injection of L, .(£2) into D'(Q).
Conventionally, one abuses notation by identifying T with f, provided no confusion can

arise, and thus the pairing between 7'y and ¢ is often written

<f>§0> = <Tf790>a V@GD(Q)

Remark 2.2. The Dirac distribution 6, is not a reqular distribution. Suppose the contrary,
that is, there exists a function f € L}, () with 6y, = T}.

loc

Choose ¢ € D(R"™) with supp(y) C B(0,1), ¢(0) = 1, and define p;(x) = ¢(j(z — o))
(j € N*). Then supp(p;) C B(xo, %), ©;(z9) =1, and we have

| (@)]|0; ()] d

1= |G| < [

B(mo,%)

< |
B(ﬂfo%)

< ol /|f<a:>|dx.
B(I(Jv%)

[ (@) (@ = w0))| d

Now, the function | f(x)| 155, 5y(x) is integrable (since f € Li..) and dominates |f(m)|1m(:p),

loc

which tends to 0 almost everywhere. By Lebesques dominated convergence theorem we obtain

/ |f(x)|de -0 (j — o0).
B(mo,%)

Therefore, 1 <0, a contradiction.

Definition 2.3. (Distributions of finite order) A distribution T' € D'(Q) is said to be of
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finite order, if in the estimate (2.2)), the integer m may be chosen uniformly for all K, i.e.,

ImeN,VK CQ,3C>0: [(T, )| <C Y 10°llcw) Ve € D(E).

la|<m
The least such m € N satisfying the above is called the order of the distribution.
Example 2.2. 1. A regular distribution and 6., are of order 0 (see Example [2.1)).

2. There exist distributions that are not of finite order. Let T be the linear form on D(R)
defined by

Vo € DR), (T.,¢) = Zso(j)(ﬁ-

Then T is a distribution on R of infinite order. Let [—a,a] C R and ¢ € D(R), with
supp(p) C [—a,a]. Let po = E(a) + 1, where E(a) is the integer part of a. We have

+oo ‘ Po '
> D) =DV 0)
j=0 j=0

Po ) Po 4
< DG <D 199G oo
§=0 §=0

(T )| =

Thus T € D'(R). By contradiction, we assume that T is of finite order m. Let
1
29

Yo € D(] — 1, 2]]), equal to 1 on [—1, 1] and positive. Let A > 1. Define
xm—i—l
U(z) = m%(x), for zeR,

and ¢(z) = YAz — (m + 1))). Consider the compact set K = [m + 5, m + 3] C R.
Since X > 1, ¢ is supported in K and is C*°.
By Leibniz’s formula, 1™+ (0) = 44(0) = 1. Furthermore, since supp(p) C K, we
have

(T, ) = @V (m + 1) = A" HpmHD () = X7+,

For 3 <m,
Ve R, | (x)| < N sup [pD(z)] < A"V
zeR

Now, T is assumed to be of order m, so for K = |m+ %,m + %], there exists C' > 0

(T, 9) < O 1l loo,
5=0

hence

AL < Cz)\j|’¢(j)||oo <C (Z ||¢(j)||oo> N
j=0 j=0
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This leads to a contradiction as A — 400, since
A<CY [[$9]leo < o0,
§=0

is impossible. Thus T cannot be of finite order.

2.2 Convergence in the sense of distributions.

The notion of convergence of distributions is also called weak convergence in the following

sense

Definition 2.4. (Sequential convergence in D'(Q2)) Let (T;) be a sequence in D'(Q) and
T € D'(Q). We say that (T;) converges to T in D'(R2), denoted T; — T as j — 400, if
lim (Tj,¢) =(T, ) Vo€ D).

Jj—+oo

Example 2.3. 1. Let (T;) be a sequence of distributions defined by
(T5, ) = / de, Vo € D(R).
jz|> 3
It is clear that T; € D'(R) since T; = Ty, where

i lal > 1,

fi(z) =

S B

if 2] < 1,

s a locally integrable function on R.
The sequence (Tj)nen+ converges in D'(R). Indeed, let ¢ € D(R) and supp(p) C
[—a,al, a>0. Then

(Tj, ) = [< ; @dﬂs
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2. Convergence of regular distributions: we consider f; € C(R) given by
fi(z) =¢€9" z€R, jeN.

The sequence (fj(x))jen converges as j — +o0 iff x € 2nZ, but (f;) converges to 0 in
D'(R). Indeed, let ¢ € D(R) we have

) = [ pla)da,
R
by integration by parts we get
1 wjx, /
(firp) = —= [ "¢ (z)dx.
17 JR

Then

1 ijx !
()| < Z.—j/R|e I/ (2)] de

1
< 7/\90'(x)\dx—>0 as j — +oo.
t] Jr

Remark 2.3. When a sequence of distributions is defined by locally integrable functions, it
is important to distinguish between pointwise (classical) convergence and convergence in the

sense of distributions.

The following theorem characterizes the sequences of functions for which the pointwise con-

vergence coincides with convergence in the sense of distributions.

1
loc

where in ), and suppose that | f;| < g with g € L, (Q). Then

loc

Theorem 2.2. Let (f;); be a sequence of functions in L;,.(S2) converging to f almost every-

fi—f  inD(Q).

Proof. Let ¢ € D(Q) and set K = supp(y). Then f; ¢ converges to fy almost everywhere
and |f;¢| < |g|l¢| for almost every = in K. Using the dominated convergence theorem, we
deduce that

Jim (T) =t [ fpde= tim [ feds
— [ fodi= [ fode= (1.0
K Q
which completes the proof. O
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Example 2.4. (i) To see that almost everywhere convergence of a sequence of locally in-

tegrable functions does not imply convergence in D'()), consider the sequence

2 iflel <

0 iflzl>

fi(x) =

Q= SR

This sequence converges to 0 almost everywhere. But if we choose ¢ € D(R) such that
=1 on(—1,1), it follows that

1
J

li ; = i ; d
Am (fe) = lim o fi(@)e(r) de
;
. 79
= lim Jjodx
J—4oo J_1
J
= lim 2j = +o0.
J—+00

(ii) Conversely, convergence in the sense of distributions does not imply pointwise conver-
gence, as can be seen by considering the sequence of functions h;(x) = sin(jx). Indeed,
for all p € D(R) we have

Jim (hy ) = lim th(l')sf?(l’)dx
1
= lim ——,/cos(jx)gp’(x)dxzo.
J=too 7 JR

It is clear that this sequence does not converge pointwise.

(iii) Finally, observe that even when a sequence of functions converges almost everywhere

and converges in the sense of distributions, the two limits may be different. Indeed, we

consider
Jooif |zl < 5;
Fi(z) =
0 if 2] > 55

We have /F](x) dx =1 and Fj converges to zero almost everywhere in R. On the

R
other hand, for all ¢ € D(R), we have

1

Fr0) = [ et ds
= w0+ [ (o) - o) do

2j
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Since

< |z[sup |¢'(z)],
z€eR

lp(z) — p(0)] =

/O " (5)ds

it follows that

1
3 %
‘/13(90(55)—90(0))% < sug\s@’(w)\/lj\w!dx
—3; € —35
1 , .
= —supl¢'(z)] =0 asj— +oo,
4] zeR

hence
lim (F}, ) = ¢(0) = (do, ¢)-

Jj—00

In other words, F; — do in the sense of distributions.

First, we shall use a tilde to denote the reflection of a function in the origin ¢(x) = p(—=x).

Theorem 2.3. Let h be a positive function and integrable on R™ such that / h(z)dx = 1.

n

Let he(x) = "h (f) ,€>0. Then he — 6y in D'(R") as e — 0.
Proof. If ¢ € D(R") by Theorem |1.6{ we have

lim(he, ) = lim [ h(x)p(x)dzx

e—0 e—0 Rn

= lim [ h(z)p(0—2x)dx

e—0

RTL

= 11—133 he % @(0)

= ¢(0)

= ¢(0)

= <507¢>'
Thus h. — dp in D'(R™) as € — 0. m

. . 1 .
Example 2.5. Let us consider the equality / 22 dx = 7 and define the function
R x

h(z) = 7r(1-1+12)' We will use the previous theorem to construct the sequence of functions

3

1 1
) =2 (m n <§>2>> RGE)

This sequence of functions h.(x) converges to the distribution 6y (the Dirac distribution at

the point 0) in the sense of distributions as € — 0.
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Theorem 2.4. Suppose (1) C D'(2) and define

(T, ¢) = lim (T}, ), Vo € D(Q).

Jj—o0
Then T is a disribution.

Remark 2.4. 1. In the statement of the Theorem [2.3|, we can replace R™ with any open

set §) containing the origin.

2. The previous result in Theorem [2.4) is quite strong and unusual in the classical frame-
work. To conuvince ourselves of this, consider, for example, a sequence of continuous
functions (f;); such that, for every x, f;(x) converges. It is clear that the limit is not

necessarily continuous.

2.3 Operations on distributions

Several operations defined for functions can be extended in the same way for distributions.

2.3.1 Addition and multiplication by a constant
Addition: The sum of two distributions 7" and S in D’(Q2) is defined by
(T'+5,0) = (T,0) +(S,¢), Yy eD(),

T + S is indeed a distribution because it defines a linear and continuous functional on D((2).

Multiplication by a constant: The multiplication of a distribution by a constant A € K
is defined by
(AT, ) = (T, Ap), Vo € D(Q).

It is obvious that this is a distribution (ie. AT € D'(Q2)).

Remark 2.5. [t is clear that, from the above, we have just provided the space D'(§2) with a

vector space structure on K.

2.3.2 Translation

If f is locally integrable in R™ and a € R"™, then the translation by a of f is the function
7.f defined by 7,f(x) = f(z — a). The regular distribution associated 7,f verifies for all
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¢ € D(R)

(1Tp ) = (Trpy0) = - flz —a)p(z)dx
= /. fWely +a)dy = (T, 7_ap).

This can be extended to distributions in the following way

Definition 2.5. The translation of T by a € R"™ is the distribution 7,T : D(R") — K defined
by
7T (p) = (1T, ) = (T, T-atp) -

Example 2.6. The translation of 6., by a € R™ is 0yy14 (€. Talzy = Oxora)- Indeed, we have

<Ta6x07 90> - <6r07 T—a@) - T—a@(xo) - QO(ZEO + (I) - <5$0+a7 §0>7 VC,O € D(Rn)

Remark 2.6. [t is possible to define translation on D'(2). For a € R™, consider the open
set

Q+a={r+a, z€Q}.

For any ¢ € D(Q + a), observe that 7_,p in D(Q). For T € D'(Q), we can define 17,T €
D'(Q2+a) by
(1.1, 0) = (T, 7_0p), Vo€ DQ+a).

2.3.3 Multiplication by a (" —functions

Theorem 2.5. (and definition) Let ¢ € C>*(Q) and T € D'(Q). The linear form YT on
D(Q) defined by
(WT, ) = (T,vg), Ve e D), (2.5)

1s a distribution.

Proof. Let ¢1, 05 € D(Q2) and A, A2 € K, we have

(T, A1 + Aagpa) = (T, (M1 + Aagpa))
= M{(T,vp1) + Ao (T, Ppa)
= M@T, 1) + X (UT, @2).

then 9T is linear.
Continuitry: we have ¢; — ¢ as j — 400 in D(2) then ¢p; — 1y in D(Q) as j — +oo.
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Since T € D'(2) and from the formula (2.5 we obtain

lim (YT, ¢;)

= lim
Jj—+o0 Jj—+oo

<T7 WP;) - <T7 ¢@> - <¢T= 90>

Example 2.7. 1. If¢ € C®(Q) and if f € L,.(Q), we have YT = Ty;.

loc
2. Ifp € C=(Q) and xy € Q we have Y6, = V(x0)0z,. In particular on R, xdy = 0.
Proposition 2.1. For T, S € D'(2) and ¢1,1¥s € C®(Q) we have

(V1 + )T =T + 0T, 1T = 1 (T),  hi(T+ S) = 1T + 1S
Proposition 2.2. Let T € D'(R), we have equivalence between

1. 27T =0.

2. T = cdy, where c € C.

Proof. We have already seen in the above example that 2 implies 1. Let us prove the

converse. For all ¢ € D(R), we have
(@T,¢) = (T, zp) = 0.
Thus, T vanishes on all functions of the form z¢ where ¢ € D(R). Equivalently
v=u1zp, ¢€DR) << e DR)and(0)=0. (2.6)

The implication = is evident. Conversely, if ¢ € D(R), supp(¢)) C [—a,a], and ¥ (0) = 0,

Taylor’s formula allows us to write

() = $(0) + 2 / W (t2)dt = z(z).

The function ¢ is C* and if || > a, so we have (z) = 0 hence ¢(x) = 0. ie. ¢ € D(R).
From (2.6), we deduce that 7' vanishes on all functions ¢ € D(R) such that ¢ (0) = 0.

Fix a function x € D(R), x = 1 for |z| < 1. Let ¢ € D(R) be arbitrary. We set ¢ = ¢—¢(0)x.
Then 1(0) = 0, so (T, 1) = 0. Consequently,

(T, ¢) = ¢(0)(T’ x) = c4(0),

with ¢ = (T, x). This proves 2. 0O
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2.3.4 Differentiation in the sense of distributions

One of the strengths of distributions is that we can naturally define their derivatives. This
notion generalizes the usual derivative for those distributions that come from smooth func-
tions. The idea behind the definition below comes from integration by parts: suppose a

distribution f is given by a smooth function, and let ¢ be a test function. Then
(o) = [ Faela)de = [ fa)d(a)da, (27)
Q Q

by integration by parts (the boundary terms vanish).

oT
Definition 2.6. Let T € D'(Q) and 1 < i < n. We define the partial derivative

of T by

(0T, ¢) = —(T,0ip) Ve € D(Q). (2.8)
If n =1, we denote the derivative by T" instead of 01T .

Remark 2.7. The definition of O;T : D(Q) — K is clearly linear. It is also sequentially
continuous, since p; — ¢ (as j — +00) in D(Q) implies O;p; — O;p in D(2). Hence

Jj—+oo

(0T, p5) = —(T,0ip5) —— —(T',0ip) = (0T ).

Thus, we obtain a map 0; : D'(2) — D'(Q).

Example 2.8. 1. By the integration by parts formula (2.7), if f is a smooth function,

then its usual derivative and distributional derivative agree.

2. We write the derivative of 6y with respect to variable x; where i € {1,--- n}, we get

a50 _ 8_30 . _8@ n
<(91:i’90> = <50, 8xl-> = o, (0), V¢ € D(R").

In particulier if n = 1, the derivative of dg is the distribution given by

(06, p) = —¢'(0).

3. Derivative of the Heaviside function: Let H be the Heaviside function on R. Then

I
|
5
=
S5
8
I
—~~
=

uﬂwz—wmvzﬁéwquw

Thus, H = 6y, where oy is the Dirac delta distribution.
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Since the classical derivative of the Heaviside function is zero almost everywhere (H'(z) =
0 a.e), this example shows that a function’s distributional derivative does not necessar-
ily coincide with its pointwise derivative defined almost everywhere. Therefore, for
the distributional derivative to be guaranteed to coincide with the pointwise (classical)

derivative, the function must be differentiable at every point in its domain.

4. Consider the discontinuous but locally integrable function

Fa) = ??+z ifr<l,

e if © > 1.

Then

1

(T} ) = —(Ty ) = — / (2 + 1)/ (x) do — / T e r(a)dz Vg € D(R),

o0

and

—/_ (2% + 2)¢ (2) dz = —(2* + x)go(a:)‘x:l + /_ 2z + 1)p(x) dz

T=—00
o

=—2p(1)+ /_ (2x + 1)p(x) dx

o0

It follows that

o0

(T}, ) = —2p(1) +/ (22 + Dp(x) dz + e Pp(1) — / 5¢ " p(x) dx

1

— e~ 2l1) + / " P @)ele) de,

where
2c+1  ifr <1,
f(x) =

—5e7%%  ifx > 1.

5. The derivative of In|z| in the sense of distributions exists and is given by PV(%).

Indeed, let ¢ € D(R) and a > 0 such that supp(yp) C [—a,a]. Let us denote T the
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distribution associated with the function In|x|. Then

To)=-0¢) = - [ ¢@miais
- —lin ( /_ _ () In(—z)dz + / " () ln(x)dx) |

But

/5 () In(@)de = [p(2) In(x)]" — / a@daz: —p(e) In(e) - / a%@’)dw’
and
| e@nai =@ - [ 88— pame - [ 42
Now

(=€) — p(e))| < 2¢ sup o' ()],
we conclude that

([ [ 42) - ((2)5)

Definition 2.7. Let T' € D'(Q). For any multi-index «, the distributional derivative 0°T &
D'(Q) is defined as
(0°T, ) = (~=1)°UT,0%), Yy € D(Q). (2.9)

Note that the right-hand side of (12.9) is well defined for any multi-index o and which repre-

sents a continuous linear functional in D({2) i.e. a distribution on .

Example 2.9. If a = (ay, -+ ,a,) € N*, then
(080, ) = (=1)19%9(0), Vi € D(R").
Proposition 2.3. Differentiation in D'(S2) is an operation that is
(i) linear, i.e.,

0%(aT + bS) = ad“T + b0*S, VT,S e€D'(Q) ,Va,beK, and Yo € N,

(ii) continuous, i.e., if (T;)jen converges to T in D'(S2), then (0*Tj);en converges to 0T
in D'(2), for all o« € N™.
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Proof.

(i) Let T, S € D'(2), a,b € K, @« € N", and ¢ € D(2). Then

(0°(aT +bS), ¢) = (—1)*NaT + bS,8°¢) = (—1)! (a(T, 9°¢) + b(S, 9*¢))
= a(—=1)*NT, 8*p) + b(—1)*I(S, 0°¢)
= (a0"T + 0" S, ).

(ii) By definition of the convergence of (7});en to T in D'(Q2), we have

lim (T}, ) =(T,¢), Ve €DQ).

j—+o0

Note that if ¢ € D(Q2) then 0%¢p € D(R) for all & € N"*. Therefore

lim (73,0%) = (T, 0%), Ve € D(Q),

j—+oo
or equivalently

lim (0°T}, ) = (0°T, ),  Vp € D(Q).

j—+oo

Theorem 2.6. Let T be a distribution. Then, for everyi,j € {1,--- ,n},

T T
8xi8xj B E)x](%z

Proof. It is an immediate consequence of the fact that test functions are infinitely smooth,

thus Schwarz’s theorem holds for them. O

Jump Formula
Proposition 2.4. Let f be a locally integrable function on R such that % exists in the

classical sense except at a finite number of points a; < ag < -+ < a,, where f(a;) and f(a;)

exist. Then, the derivative in the sense of distributions is given by
Tp=Tp+ Y (fla)) = £(a;))0a,, (2.10)
i=1

where f(a)), f(a;) are the right and left limits of [ at a; respectively.
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Proof. Let ¢ € D(R). We have

(Tt o) = —(Tr,¢)
_ / fa
+o0o

- - [rwewa-Y [T iwe@an- [ e

an

Using integration by parts, we obtain

n

(Tr0) = (fla)) = fla7))p(a) + | f(x)p(x)dx

i=1 R

= <Z (f(ai") = f(a]))ba, + Ty, so> :

=1

Example 2.10. We take the ezample2.8| By using (2.10) we obtain

(T, 0) = (Tpr, o) + ([f (1) = f(17)]01, ),

with f(17) = lim f(x)=e" and f(17) = lim f(x) =2. Then

(T ) /f z)dz + [ — 2p(1),

where

—5e7%  ifx > 1.

) = {2x+1 if x < 1,

Remark 2.8. The result also holds in the case of a countable number of discontinuity points

(a;)i>1. In this case, we have

+oo
Ty =Ty + 3 (flaf) = flar))on.

The derivation of a product T
Theorem 2.7. Let ¢y € C*(Q2), T € D'(Q) and 1 <i <n. Then we have

Q(T) = (D.0)T + VT, (2.11)
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Proof. For all ¢ € D(Q2), we have

(0:(4T),0) = =T, i)

—(T,¥:p)

= —(T,0;(¢p) — p0it))
—(T,0i(¥)) + (T, 00:0))

= (0T, do) + (T, p0ip)

= (Wo.T, ) +{(0)T, )

= (WoT + (0)T ,¢).

Example 2.11. By (2.11), we have
9;(¥do) = (9:¥)do + ¥0;0g = ¥(0)9;60 = (9;0)(0)do + ¥I;60,
(because 18y = 1(0)5,). Hence,
1305 = 1(0)8idy — (8:)(0)dy in D'(R™).

Forn =1, we have
oy = (0)3 — ¥/(0) in D'(R).

In particulier,
x0y+ 09 =0, a™oy =0, Vm >1.

Theorem 2.8. (Leibniz Rule) Let T € D'(Q) and i € C*(K2). Then for any o € N", the
following formula holds in D'(2)

(W)=Y (0‘) (9P4)9°T. (2.12)

BLa 5

2.4 Homogeneous distributions

Definition 2.8. Let T € D'(R™) and p € R. We say that T is homogeneous of degree p if for
all A > 0, we have
(T, ox) = A" (T, ¢), Ve eDR"),

where @y is the function x — o(A\x).
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Example 2.12. 1. The delta Dirac oy is homogenous distribution. Indeed, we have

(60, ox) = (0) = (bo, ), Ve € DR").

This shows that &g is homogeneous of degree —n.

2. The principal value is homogenous distribution. Indeed,

1 L o(Ax)
<PV(5),90A> = lim o dx
= lim _gp(u) du
e—0 |\u|>e u
1
= (PV(- )
( V(x),@

We deduce that PV(%) 1s homogeneous of degree —1.

Remark 2.9. (i) If T = T} is given by a continuous function, this definition coincides
with the classical notion of a homogeneous function of degree p, i.e., f(Ax) = N f(x)
forx € R" and A > 0. Indeed, if f is homogeneous in this sense, then for all ¢ € D(R™),

we have

<Tf> SOA> = (/, 90)\>

S pha)dr

= A" /nf (;) p(z) dx

= 2 | fe)et) de
= AT ).

Conversely, the reverse implication also holds.

or

(ii) If T is a homogeneous distribution of degree p € R, then 5= is homogeneous of degree

p — 1. Indeed, the distribution S = g—gi is homogeneous of degree p — 1 if
(S, dp) = AT 71(S, 9),

where ¢x(x) = ¢(Ax), and n is the dimension of the space.

Let T be a homogeneous distribution of degree p, i.e., for any test function ¢ and A > 0

<T7 ()0)\> = AP <T7 ()0>
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By definition of the derivative in the sense of distributions

5.0)=~(T.52 ).

Let ¢pr(x) = ¢p(Ax), we have

Now, compute the derivative

06, 0 doha) | (90
520 = g o)) =222 <5 (32) (o)

o= (a(3)

Since T is homogeneous of degree p, we have
0¢ e 0p
T | =— =\N"P(T, — ).
T (8551'))\) < ’8a:i>

R ——T
(S, ) = —\ +1<T’axi>'

(S, d2) = ATPHUS, g) = ATmPD(S, g,

Thus,

So
By the definition of S

Therefore,

Hence S = % s homogeneous of degree p — 1.

(iii) If ¥ is a homogeneous function of class C* of degree p1 and T a homogeneous dis-
tribution of degree py then YT is homogeneous of degree p; + pa. Indeed, let v be a
homogeneous function of degree py, i.e. Y(Ax) = NP p(z) for A > 0 and x € .

By definition, for any test function @ and X > 0 we have

(W, o) = (T, a),

where

Vea(r) = $(2) () = b )p(Ar) = NP ()pa(r).
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Then
<77Z}T’ 90)\> = <T7 AP ¢A¢A>a

since T is homogeneous distribution of degree ps we get

(WT px) = APATTPHT )
= ATPTPITP(T 4hp)
— )\ (pitp2) wT, <p>.

Theorem 2.9. A distribution T' € D'(R"™) is homogeneous of degree p € R if and only if

—~ 0T

i=— = pT.

=1

2.5 Even and odd distributions

If T} is a regular distribution defined by a locally integrable function f, we have
Tp0) = [ f@p@de= | f(-z)o(-a)ds.
Let us define p(z) = p(—x). If f is even, it follows that
(Ty, ) = o f(@)@(x) de = (T, @),
and if f is odd, we have
(Ty, ) = — . f(@)@(x) de = —(Ty, ¢).

The parity of a distribution is defined as follows
Definition 2.9. Let ¢ € D(R™) and let p(z) = p(—x). A distribution T' is said to be even if
and it is said to be odd if

Remark 2.10. Any distribution can be decomposed as the sum of an even and an odd distri-

bution, which are called respectively the even part (or the even component) and the odd part
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(or the odd component) of the distribution, and are defined by

(T, ¢) + (T, ¢)

(Twenri) = TALTELD g gy - LA ED)

2

It 1s straightforward to verify that T,.,e, is even, T,qq is odd, and T = Topen + Toqq. This

decomposition is unique.
Example 2.13. 1. The Dirac distribution 0q is even because p(0) = ¢(0).

2. The distribution o, , for xqg # 0, can be decomposed into the sum of an even distribution

and an odd distribution

f - 5900 + 5—960 + 5330 — 5—10
oo 2 2

3. The principal value is odd distribution. Indeed, we have

(rv(L).5) = [Fetn=etn,
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Exercises

Exercise 2.1. Are the maps Ty, Ts, T3 and Fp (x%) (finite part) defined for all ¢ €
D(R) by

and

distributions?

Exercise 2.2. Let PV(%) be the form defined by

(vp (1) , ) = lim @daz = /;oo de, Vo € D(R).

xT e—0t |z|>e T T

Show that PV (%) € D'(R) and it is of order 1.

Exercise 2.3. 1. For all j > 1. Calculate the limits of (1});>1 defined by

Ty = j(6y—02) in DR

J

2. Calculate the limits in D'(R) of the following sequence of functions

3. Let fj(x) = j2xe 9% Show that

Uy =2 [t voeDR),
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Prove that f; converges in D'(R). (Note that [, et dt = ﬁ)

Exercise 2.4. (i) Let g € C'([a,b]). Prove that

b
lim cos(vx)g(x),dx = 0.

Y=+ .

ii) Let T} be the distribution associated with sin®(jx). Study the convergence in D'(R
j
of the sequence (T;). (Hint: sin’(z) = 1*%5(2"”))

(ili) Let S; be a distribution associated with jsin(jz)H. Study the convergence in
D'(R) of the sequence (S;).

Exercise 2.5. (Translations and differentiation). Let T € D'(R). Show that

1 /
—(T —7,T) PR, 1 asa 0.
a

Exercise 2.6. 1. Calculate the derivative of the distribution PV (%) in D'(R).

2. Let f(z) = |2*> — 4z + 3] be a function on R. This function defines a distribution
denoted by Ty ). Calculate (Ty)' =Ty and (Ty)" =T+ (using the jump formula).

3. Let F': R — R be the function defined by F(x) = %|x! - Compute F" in the

sense of distributions.

4. Let T be defined by
Vo e DR, (T.¢) = [ (o, —a).do
R

- Show that T € D'(R?) and calculate the formula g—z — g—:yp.

Exercise 2.7. Let ¢ € C*(R) and let F = ¢ H, where H is the Heaviside function.
Show that for all k € N*, we have
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Exercise 2.8. Some differential equations. Solve the following differential equa-

tions in the space of distributions

T +2T =6, T'+T=H, zI'"+T=0.

Exercise 2.9. I) Prove that
<T poy>=-A<T,¢ >, VeeDR),

where py(x) = p(Ax) and Yx(z) = ¢'(Ax). Deduce that if T is homogeneous of degree
p then T is homogeneous of degree p — 1.
II) Prove that the distribution 0%6y is homogeneous of degree —n — |a| with o € N™.
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Solutions of the exercises

| Exercise 2.1 | The maps T} and T do not define distributions because they are not linear.

It is easy to verify that T3 is linear.
Continuity: for every compact set K C R and every ¢ € D(K), by the mean value theorem

we have for each k > 1

‘% (gp (%) - gp(O))‘ < % <% = 0) sup [ (z)] < %ig\s&’(fﬁ)l-

Since the series Y., 75 converges, it follows that the series

SHAGRIO]

converges absolutely. Moreover, we have

[(T5, )| < C'sup |¢'(z)],
reK

1
where C' = Z =k This shows that T3 is a distribution of order at most 1.
k>1
It is easy to verify that T} is linear. Let ¢ € D(R) with supp(y) C [—a,al, a > 0. We have

n n

(Ti @) <) [e(0) < sup [ ()],

k=0 k=0 xe[—a,a]

Then T} is continuous and therefore Ty € D'(R).
1
Now, we prove that Fp (—2> is a distribution. Indeed, the linearity is clear.

T
Let ¢ € D(R) with supp(¢) C [—a,a], where a > 0. Define

uE:/_gwder/amdx—Q@.

2 2 €

Write the Taylor expansion of order 2 for ¢ around zero

2

pl2) = p(0) +20(0) + 5¢"(&), & € (0,2)

o) = p(0) + 26 (0) + S (n.), 1o € (,0).
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Therefore,

—€ —& ! 1 —€&
| o0, / P, 1 [
_ x _ T 2 J_

a a

. / O / @daj * % / o (€)dr — 220

x? e

Since z — x% is even

[ [€0y,
R . T
—E& / a /
/ 14 (O)dx = —/ @dx.
y .
So, we obtain

“ (0 1 [ 1 [ 0
ug:2/ Mdl’—i—é/_ @//(ﬁm)dl'—i——/ @"(ﬁx)d:v—Qw ).

x? “ 2 €

Since z — % is odd

Moreover, we have

Therefore,

Hence,

Taking the limit as ¢ — 0 we obtain

<Fp (%) 790> = —2@50) + %yg% {/_ " (nz)dz + / w”(ﬁx)dw}

From the above expression, we have

’<Fp <%> ,<p>‘ < 2“020)' + % '/_z @" (1) dz
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Since [¢(0)] < [|¢]loo and [¢"(72)] < [[¢"]|o We get

(mo (%)) <2 sw ol +a s |l

z€[—a,al z€[—a,al

1
Then Fp <—2> is a distribution of order at most 2.
X

|Exercise 2.2 | It is clear that PV (%) is linear. Indeed, for all v1,7v2 € R and all ¢y, vy €
D(R) we have

1 . Y191(2) + Yaip2(x)
P l =1 d
< Vv (x) ,Y1P1 + 72902> lim . . x
= lim 1(2) dxr + v lim #2(2) dz
e—=0t \x|25 X e—=0t |CE‘2€ xr

() ) enfre (2 )

Continuity: For every compact set K C R, there exists a > 0 such that K C [—a,a] and

for all ¢ € D(K)
(v () )l

JEEE

x
a 1
/ / o' (tx)dtdx
0o J-o1
a 1
< / / |’ (tz)|dtdx
0 J-1

< 2asup |¢'(z)].
zeK

Therefore, PV (%) is distribution of order < 1. To show that the order of the distribution
PV (%) is m = 1, it suffices to prove that the order is not 0. That is, we need to show that

there exists a compact set K C R such that for every constant C' > 0, we have

35 € D(K), ‘<PV G) ,¢>

Consider a sequence of test functions (¢;) € D(R) defined as follows

> Cl|¢lloc-

Supp(gpj) C [_272]7 0< P < 17

1
QOJ(.T) =1, Va € |:;71:| ’
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and .
j(z) =0 Va 6}—2,2—],[.

We have ||¢;||cc = 1 and on the other hand we have

1 ,
<PV (—) ,goj> = lim 216 dz
x e—0 |z|>e x

1
Therefore lim <PV (—) ,g0j> = 400. We deduce that the order of PV (%) is not 0. So it
x

J—+o0
is of order 1.

| Exercise 2.3 |

1. Let ¢ € D(R). Then

(Ty,0) = j<5;,<ﬂ> —j<57;,<ﬂ>
2

Therefore,

lim (Tj,¢) = lim

j—+oo

= 2¢/(0)
= 2(bg, d)
- _2<66’ §0>7

ie. lim T; =-20, inD'(R).

Jj—+oo
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For all ¢ € D(R), we have

(hs.0) = | Tszela) da,

we set s = jx we obtain

On the other hand, it is clear that

1 s 1 (O)
- a.e.
1127\ 1127

and that

1 S 1
“)i<cC <C
‘1+s2¢(j)’— 1482~ 77

where C' = sup |¢(t)].
tesupp(y)
Using the dominated convergence theorem, it follows that

. 1 1 8

1
Ri—=too 1+ s J

— gp(())/R 1_&52 ds
= 7mp(0)
= 7{dy,p) Ve € D(R).

In other words,
lim h; =mdy in D'(R).

j—+oo

Let ¢ € D(R) such that supp(yp) C [—a,a]. By using a simple integration by parts we

obtain

fg) = J / re 9 () de
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We set s = /jx we get

{fis) = %/RG_SZSO' (i> ds V¢ € D(R).

On the other hand, it is clear that

e (W) — e p(0) ae.

and that

—s2

e

4 (i)‘ < Ce® <C where C = sup |p(t).
Vi t€supp()

Using the dominated convergence theorem, it follows that

. 1 _s2 S
i e = s [ (55)
1 2 S
= = [ lim e ¢ (—=)d
2Aﬁﬁf W(ﬂ>s
1

= Y0 = Y, o)
VT

In other words

| Exercise 2.4 |

(i) By using an integration by parts we get

/ab cos(yz)g(z) dx = E sin(vx)g(x)E - %/ab sin(yz)g (z)dz.

But
1, b1 .
[ammmwﬂ = - (sin(7)g(t) — sin(Aa)g(@)).

a

and this tends to 0 when v — 400, since sin(ya) and sin(yb) are bounded. Similarly,

L [t <5 [ g < (=
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(ii) We reduce to the previous question using the following trigonometric identity

.9, 1 cos(2jx
sin?(jz) = 5~ %

We then have, for all ¢ € D(R) with supp(¢) C [a, b],

b
(Tp) = [ sinialote) do =5 [ lw)da = [ costziaota) de

The integral tends to 0 according to the result of the previous question and therefore
the sequence (T}) tends to the distribution associated with the constant function equal

to %
(iii) We integrate by parts we get
+oo
Sop) = [ dsinGiaipla) do

0

= [—cos(jx)p / cos(jx)¢'(z) dx

= 40+ / cos(ja)g!(a) d

0

According to the result of the first question (we actually only integrate over a bounded
interval since ¢ has compact support), the last integral tends to 0. Thus, we have

proved that \S; converges to 9.

| Exercise 2.5 | Let ¢ € D(R), for all a € R*,

(T, ¢) = (T, 7—a9p))
- (rese)

. From exercise 1.4, the sequence ¢, converges to ¢’ in

<¥,¢> = (T¢) ~ (nT,¢)
1

a
D(R) when a — 0. By continuity of 7" on D(R), we get

<T—7‘aT

a 790> = _<T7 9011) io) _<T7 (20/> = <T,790>7

hence the result.

| Exercise 2.6 |
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1. For all ¢ € D(R), we have

() ) - ()

lz|>e L
—€ / oo /
= —lim(/ SD(JE)CZ:U—I—/ S0<x)0lzzc),
e—0 oo X c xr
By an integration by parts, we obtain

(WG] o) = (2 [ 5e)

-y ((200C) [ ety

= —lim
e—0

e—0 £

(because p(—x) + p(x) — 20(0) = O(2?) in the neighborhood of 0). Hence

(v () )= (e (i) )
e, (PV (1)) = —Fp ()

2. The function f is continuous (and therefore defines a distribution), and consequently

has no jumps. Thus
(Ty)" =Ty = 0.

We observe that f can be written as

f(x):{ —(z—D(x-3) if z€1,3]

(x —1)(z —3) outside this interval.

We have

2c — 4 outside this interval,

—2r+4 if x€]l,3],
o=
Moreover, we have a; = 1, as = 3 and

PO - £07) =4,
P35 - £(37) =4
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Therefore, according to the jump formula

(Ty)" =T = ((T5)") = Tpn
= (1) - Ty
= Ty + Z (f(af a; ))0a, — Tpr
= (f (1+) F A7)0+ (f(3%) = f(37))0s
= 4(61 + 93).

3. Let us first compute the derivative of F' in the sense of distributions. Let ¢ € D(R).

Then

<T]/~“a ()0> = TF7

- / leso

1 , 1 [t
= — z¢'(x)dr — = ' (z) dz.
2] . 2 J,

Integrating by parts, we obtain

(@) = =3 [ ewydnsg [ o
- [s@s@
= <Tg’90>7

where
{-% if €] —o00,0]

1 if =z €]0,+o0],
(ie. (Tr) = T with F' = g).

By the jump formula we have (in the sense of distributions)
(Tr)" = ((Tp)")' = (Tp)" = (F'(07) = F"(07))do = do.

Therefore, in the sense of distributions, we have (Tr)” = d.

Let K be a compact subset of R%. Let ¢ € D(R?) with support contained in K. Let us
set K1 = {x € R; (z,—x) € K} which is compact since K is compact.

(T, 0] < ( / dx) s Jole)
1 T,y)€
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Thus, 7T is a distribution on R? of order 0.
We set ¢(x) = @ o f(z) where f(x) = (fi(z), fo(z)) = (z, —x), by differentiating we
find for each t € R

Y'(a)t = di(t)
= dyysa) o dfa(t)
= dogw((fila), f5(a))t)
= des(t, 1)
D
= %(f(a))t—a—y(f(a))t-

Considering t = 1 we obtain

, B 0
Vs € R./(s) = 5 (5:—9) = Zrels, =)

or _ oT
ox dy

or _or N _ _/[p 9 0
Ox 03/’%0 N "0 Oy

Hence to compute we write for every ¢ € D(R?)

Thus

| Exercise 2.7| We have

0
F'= (H) = ¢'H +yH = ¢'H + 90 = o' H +9(0)0 = o'H + Y_ ¢0(0)8y,
=0

then the property is true for k = 1.

Suppose that the property is true at order k and let us show that it remains true at order
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k + 1. Using the definition of F**1 and the recurrence hypothesis, we obtain
JAlanD - (F(k))'

k-1 !
= <w(k)H+Zw(kli)<O)5éi))

i=0
k—1

= ¢(k+1)H + ¢(k)H’ + Z w(k—l—i)(o)(s(()z-i-l)
i=0

k
m=1

hence
k

Fle+1) w(k+1)H + Z ¢(k—m)(0)5ém)_

m=0

22
Exercise 2.8 | We multiply 7" + 2T = §y by ez we get

T (T +2T) = e? &,
then %(eéT) = 0o (since eéég = 0p). Thus 7T = H(z)+c (le. T=(H(x)+ C)B_TQCQ).
T'+T=H<&e"(T'+T)=c¢"H(z) & L(c"T) = e"H(z) < T = / H(t)e' dt + c. Since

/ H(t)e'dt =0 for x <0, e®—1for x>0 we get
T=(H(x)(e"—1)+c)e™™".

The equation 7" + T = 0 is equivalent to (z71")" = 0. Therefore there exists ¢; € R such that
1 = ¢y.

We have 2 PV (1) = 1. Indeed, for all ¢ € D(R),

<x PV G) ,¢> - <PV (i) ,xg0> — lim . wf)dag /ch(x)dx = (1, ).

Therefore PV (1) =1 in D'(R).
We deduce that 2T = ¢; (:z; PV (%)) then

(roarv(2)) <o

Using the proposition [2.2] we get

1
T— &1 PV (—) = C(S(],
T
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where ¢ is an arbitrary constant. Therefore the solutions of T = ¢; take the form

1
c; PV <—> ~+ cdy.
x

| Exercise 2.9 |I) We have

(ea(x))" = (p(Az))" = A" (Az) = A(@)a(),

then
(T, 0x) = —(T, (p2)) = =MT, (¢")n)-

Consequently if T" is homogeneous of degree p, then

(T'03) = =MT, (@) = =W (T)
= AL = XTI ) = XTI )

i.e. T is homogeneous of degree p — 1.
IT) The distribution 9§ is homogeneous of degree —n — |a|. Indeed, for all p € D(R™) we

have

(0°6,00) = (=118, 0%0) = (—=1)l*U(5, (97¢),)
= (=Dl (0) = (—1)*INN(5, 0%p)
Mal(gag, o) = xTn=Enmlagag o).
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Additional exercises

Exercise 2.10. Let T be a linear form defined by
(T, @) = / ¢ () dt Vo € D(R).
R

Show that i
(T, ) = / ﬁm) dz Vo€ D),

where H 1s the Heaviside function.

Deduce that T defines a distribution on R. What is its order?

Exercise 2.11. - Calculate in D'(R) the following products

1 1 1
ZL‘PV(—) , xFp (—2) and x*Fp (—2) :
x X X

Calculate products (xPV(2)))8y and PV(2)(xdy). What can we deduce?

Exercise 2.12. Calculate the derivative in the sense of distributions of the following

functions

(0, 2) xr st x>0, f(z) 0 if v <0,
ry =mazx(0,z) = x) =
i 0 st x<0. vz ifz > 0.

Exercise 2.13. 1. Show that in the sense of distributions,

H(@) |

(H(z)lnz) = Fp (

where

H oo
<Fp ( @)) ,¢> — lim (/ ) 1+ o(0) 1n5> , Vo eDR).
xT e—0 5 €T
2. Show that, for all m € N, we have xé(()m) = —m5(()m_1).
Show that a distribution T € D(R) satisfies the relation x™T = 0 if and only if

T = codg + 100+ - - - + cm,léémfl), where ¢j, 0 < j <m — 1, are constants.
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Exercise 2.14. I) Show that
1) for alln € N

n k
di;n( *H) = ¢"H + Z T
2) for all n € N* , o
mdx”( " H) = d.
II) Show that, for alln € N, we have a:é( —n(5 " Deduce that

g _ [ O 1) s 5 1<
0 if m > n.

Exercise 2.15. Determine the limits in D'(R) as j — 400 of the following sequences
1) fi(z) = % 7 and Fj(x / f(t)dt.
2) Tj = j*(01 + 0-1 — 2dp).

J J

222

Exercise 2.16. For j € N, we set

(i) Show that
! WH )G+ B0 in DR

Deduce that

—jx

1
fi+fi=

1
H + arctan(j) 6 — = In(1 + j3) 8y in D'(R).
02

—xt

dt. Show that for all j € N and

T e
(ii) Let f(x) = H(z)h(x) with h(z) :/0 1+ 2

all x € R, we have

e—a:t

142

+o0
0< f(z) - f,(x) = H(x) /

dt < g — arctan(j).

(ili) Deduce that f; — f i D'(R) and show that f] —— f" in D'(R), and
Jj—+oo

Jj—+oo
by using the result from question (i),

s 1
f”—i—f——é’—i— lim <1 ‘ H—§1H(1+j2)50) in D'(R).

j—+oo T
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Support and convolution of distributions

In this chapter, we will introduce for distributions a notion of support, the convolution

product and application to differential equations.

3.1 Support of a distribution

Definition 3.1. Let T € D'(Q2) and w be an open set contained in Q. We say that T vanishes
n w if

(T,p) =0, V€ Dw).
Lemma 3.1. Let (w;)ier be a family of open sets of Q and w = Ujegw;: If T € D'(2) vanishes

i each w; then T vanishes in w.

Proof. Let ¢ € D(w), let K = supp(p). Since K C |J,.;wi, the Borel-Lebesgue property
implies that there exists a finite subset of indices J C I such that K C |J,.;w;. Let (Xi)ies
be a partition of unity relative to the covering (w;);cs of K, i.e., x; € D(w;), and Y., x; = 1
for x € |J;c,wi- Since supp(yp) = K we have

pla) = 3" xile)e(a)

and thus

<T7 90> = Z(Tv Xi90>a

ieJ

but x; € D(w;) and T=0in w;, so (T, xip) =0, and (T,¢) =0, ie, T=0 in w. g

This lemma shows that for any distribution T € D'(2), there exists a largest open set where

T vanishes: it is the union of all open sets where 7' = 0. We introduce the following definition
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Definition 3.2. For T € D'(Q), the support of T, denoted by supp(T), is the complement

of the largest open set on which T vanishes.

Proposition 3.1. 1. ¢ ¢ supp(T') <= IV, neighborhood of xo such that

(T,p) =0, Yo€&Vy.

2. xzg € supp(T') <= YV, neighborhoods of x¢, p € V,, such that (T, p) # 0.
3. supp(T) C F <= T =0 dans F*°.
4. T =0<«= supp(T) =0.

Example 3.1. 1. Let f € C(Q2), we have

supp(Ty) = supp(f).

Indeed, if xo ¢ supp(f), there exists V., such that f(z) =0 for all x € V,,. Then, if
w0 € DVy,) f(x)p(x) =0 in Q and therefore (T, p) = 0 i.e. xo & supp(f).
Conversely, if xo ¢ supp(Ty), it exists Vy, such that

Ty ) = / f(@)p(a)de =0, Yo € D(Vy),

which implies that f(x) = 0 almost everywhere (therefore everywhere since f is contin-
uous) in Vy, then xo ¢ supp(f).
This result can be generalized to the case of a function f € Li, ().

In particular, the support of the distribution Ty associated with the Heaviside function

s Ry.

2. Let a function f: R — R be defined as

f(z) =0, zeR\{x}.

This function is piecewise continous and its support is

supp(f) ={r € R, [f(z) # 0} = {z1} = {@}.

The support of the distribution Ty € D'(R) generated by the function f, is the empty
set O (ie, supp(Ty) = 0). Indeed, for all ¢ € D(R) we have

Ty, ) = / f(@)p(z) de,

hence Ty = 0 on R.
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3. Let Q) be an open set of R™ and let xo € ). Then

supp(dz,) = {xo}-

Indeed, let us show that the largest open set on which &, vanishes is equal to Q\{zo}.
Let us first note that Q\{xo} is an open set such that o,, vanishes. Indeed, if ¢ €
D(Q\{zo}), then p(xo) = 0 and therefore (0.,,p) = 0. Suppose then that Q\{xo} is
not the largest open set on which 6., vanishes. It follows that ) is the largest open set

such that 4., vanishes and, consequently, d,, = 0. Which is absurd.

Proposition 3.2. (Support and operations) Let T, S € D'(Q2). We have

L. Tio\supp(r) = 0.
2. supp(S +T') C supp(S) + supp(7T).

3. For all multi-inder o« € N™, we have

supp(0°T") C supp(T).

Theorem 3.1. Let T € D'(Q) and ¢ € D(Q) such that supp(T) Nsupp(p) = 0 then

(T, ) =0.

Proof. We have supp(¢) C (supp(T))¢, so for every = € supp(yp), there exists an open
neighborhood V, such that
(T, o) =0, YeeDWV,).

Therefore,
supp(p) € |J Ve

xEsupp(p)
since supp(p) is compact, the Borel-Lebesgue property shows that there exist points

x1,%a, ..., Ty in supp(p) such that

N
supp(p) C UVwi-

i=1
Let (x:) be a partition of unity associated with the cover (V,,)i=1.. n, i.€., xi € D(V,,) and

N
sz(x) =1 for x € supp(p). Then
i=1

-----

N N
o= ingo and hence (T, ¢) = Z(T, Xip) =0, because y;o € D(V,,).

i=1 i=1
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O

Proposition 3.3. For all function b € C*(R2), we have

supp(¢T") C supp(+) N supp(7T).

Proof. Let zq € (supp(¢))° U (supp(T))c. If z¢ € (supp(¢))€, there exists a neighborhood
Vo Of 2o such that ¢(z) = 0 for all z € V,,. Then if ¢ € D(V,,), we have, for all z € Q,
(z)p(x) = 0. Hence

(WT,p) = (T,¢p) =0 and o ¢ supp(¢T).

If 2y € (supp(7T))¢, there exists V,, such that (T',¢) = 0 for ¢» € D(V,,).
Let ¢ € D(Vy,)). Then ¢ € D(Vy,) so (YT, ¢) = (T, ¢p) =0 and 20 ¢ supp (¥T). Qg

3.1.1 Distributions with compact support

Definition 3.3. The linear map T : E£(2) — K belong to E'(Q) if

lim T'(p;) = T(¢),

J—00
for any sequence (p;); C E(2) which converges to ¢ in E(2).
Note that if T" € £'(€2), then since D(2) is a subspace of £(2), T : D(2) — K is a linear

map. Moreover, we know that if (¢;); is a sequence converges to ¢ in D({2), then it also
tends to ¢ in £(2). Thus T' € £'(Q2) is naturally an element of D'(2), we have

£(Q) c D'(Q).

We are justified then in referring to elements of £'(€2) as distributions. Moreover, the inclusion
map i : £'(Q) — D'(Q) is continuous (E'(NN) — D’'(2)) and &'(R) is dense in D’'(12).

We can give a useful characterisation of continuity for linear maps from £(£2) to K as follows

Theorem 3.2. Let T : £(2) — K be a linear map. The following are equivalent

1. T e&(Q).

2. There exists a compact K C €}, there exists a constant C' > 0 and m € N such that

(T, )| <C Z sup [0%p(x)|, for all p € E£(Q). (3.1)

la|<m zeK
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Proof. The proof of this theorem is very similar to the proof of Theorem [2.1 m

Theorem 3.3. The elements of the space E'(Q) are distributions with compact support.
Proof. Let K C Q be compact set as in (3.1). For any ¢ € D(Q2) we have
supp(p) N K =0,

and by using (3.1]) we obtain
(T ) =0.

Therfore supp(7') C K. 0O

3.2 Convolution of distributions

In this section, we come to the main objective : the convolution of distributions. The general
notion of convolution of distributions is defined in terms of the tensor product. We therefore

begin by defining this product.

3.2.1 Tensor product

Tensor product of two functions

Let 1,5 be two open subsets of R™, R"? respectively.

Definition 3.4. For f; € C°(;),i = 1,2, define the function f = f1® fo (read as ”f tensor
fg”) on Ql X QQ by

(f1 ® f2)(@1, 22) = fi(z1) folwa), (21,72) € X Q. (3.2)

Then fl X fQ € CO(Ql X Qg)
Example 3.2. The tensor product of the Heaviside function by
1 ifxel-1i1,
H(l‘) _ f [ 2 2]

0 otherwise.

is the function

(H oMy = Hau) = 7720 mdvelasl

0 otherwise.
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Tensor product of two distributions

Lemma 3.2. (Derivation under the bracket) Let ¢ € D(R] x R}) and let 2 be an open
subset of R™. Assume that for every x € RY, supp ¢(z,-) C Q. Let T € D'(QQ). Define, for
x €RY, 0(x) =(T,p(x,-)). Then, 8§ € D(RY) and we have

Va € N, Yz € R?, 0°0(x) = (T, 0, ¢(x,-)) ,
where 02 denotes a derivative of order o with respect to x.

Let us now define the tensor product of two distributions. Let f; € C°(£),i = 1,2, for
v € D(Qy x Qy), by Fubini’s theorem, we have

U ® farg) = // @) )l ) do dy

~ [ 5@ ([ nsenay)
= U ().

We write also

<Tf1 ® Tf2>(p> = <(Tf1)x7 <<Tf2>y? @(x,y))), Vp € D<Ql X Q2)

In particular, if p(z,y) = ¢1(x) p2(y) where ; € D(€;), then

(f1 ® fa, 01 ® ) = (f1,01)(f2, p2)-

ie.
<Tf1 ® Tf2a P11 ® 302> = <Tf17 901><Tf27 302>'
We can therefore generalize this operation to distributions.

Theorem 3.4. (and definition) Let T; € D'(Q;), i = 1,2. There ezists a unique distribution
T € D'(Q x Q) such that, for all functions p; € D(SY), i = 1,2, we have

(T, 01 ® @2) = (T, 1) (T2, p2). (3-3)
Moreover, for ¢ € D(2; x Qy) we have
<T7 90> = <T17 <T27 90(‘7‘17 )>> (34)

and

(T, ) = (To, (T1, (-, 9)))- (3.5)
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We write also

(T, ¢) = (T1)a; ((T2)y, 0(2,9))) = ((T2)y, (1), (2, 9)))-

If T, € E(Q),i = 1,2, the same formulas hold for ¢ € C>®(Q; x Q). We denote thus
T=Ti®T, =T, ®RT] and T s called the tensor product of the distributions T\ and T5.

Proof. Let 6 :  +— (T3, ¢(x,)). Then by the Lemma [3.2] 6 is a function in D({).

We define (T, ¢) = (11,0) and prove that it is a distribution in D’(; x Q). Indeed, by
successively applying the characterization of a distribution to T} then 75, we obtain for every
compact K = K; x Ky C R™ x R™, the existence of constants C; > 0 and Cy > 0 and
integers my and msy such that, for every ¢ € D(€; x Q) with supp(¢) C K,

(T, )| = [(T1,0)|
< O Y I 0w, N o
k|<ma
< GGy Z ||3585<P(x7y)||oo‘

|| <my,|B]|<ma

Therefore, T' is a distribution in D'(Q; x Qo). If p(x,y) = p1(x)p2(y) with ¢; € D(€;) and
P9 € D(QQ), then

(T, o1 @ p2) = ((T1)a, (T2)y, p1(7)p2(y)))
= ((T1)z, p1(2)((T2)y, p2()))
= (T, p1)(T, ).

Now, we use the density of D(2;) ® D(£22) in D(€; x €s) to prove uniqueness (see Chapter
1 Proposition [1.6]). Indeed, let ¢ € D(Q; x Qy), then

0= ;}Eilow’“ ® o),

where ¥, € D(21), ¢ € D(§22). Let T, S be two distributions satisfying (3.3)), then U = T'—S

satisfies,

(U,p) = ]}LIEO<U7 Ur @ dr) Ty, V) (T2, x) — (T1, Yr) (To, P)) = 0.

= lim
k—+o0

Finally, the distribution 7', defined by (T', @) = (Ts, (T}, p(-, y))), also satisfies (3.3). Unique-
ness shows that 7' = T, hence (13-5)- 0O
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Chapter 3. Support and convolution of distributions

Example 3.3. The tensor product of distributions &y and H for all ¢ € D(R?),

(b0 @ H,0) = (o, (H,p(,")))
= <5o,/0 o(z,y) dy)

“+oo
= / ©(0,y) dy.
0

The tensor product of distributions 6, and oy is

<5a ®5ba90> = <(5a)xa <(6b)y7(10($’y)>>
= <(5a)wu gO(I’,b))
= ¢(a,b) = (6ap), ¥)-

Remark 3.1. - If T} € D'(21) and Ty € D'(€)y) then we have

0 oT,

T nen) =) en, Vi k=1,

8xk( 1® 2) (8%) X 2 ) ; ni,
and 5 5

T
%(T1®T2):Tl®(ay_i)> Vm, m=1,-+ ns.
For example, if H(t) denotes the Heaviside function on R, then for x = (x1,29,...,2,) € R"
we have
a’l’L

FT S (H(x1) @ H(w2) ® -+ @ H()) = 03,20 ® 0gy—0 @+ * @ Ozpy—0 = (0,.-- ,0)-

Let Ty € D'() and Ty € E'(Qy). Let x € D(Qs), with x = 1 in a neighborhood of the
support of Ty. Then for ¢ € D(Q1 X Q) we have

(Th @ Ty, ) = (T1 ® Tn, xp).
Indeed,
(Th @ Ty, ) = (Th, (To, p(,-))) = (T, (To, x( (@, ) = (T2 @ To, xp).

This shows that we can extend Ty @ Ty to functions ¢ € C®(Qy x Qo) such that xp €
D(Ql X QQ)

Proposition 3.4. The tensor product of two distributions is commutative, continuous and
associative.

The tensor product of distributions satisfies distributivity with respect to addition. In other
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words, if Ty, Ty, and T3 are distributions, then the following property holds
1R (To+T3) =TT+ T) ®Ts.

Moreover, we have

(i) If (T})j50 converges toT in D'(2;) and S € D'(§d), then (T;®S) = T®S as j — +00
in D'(Q x Qy),

(ii) if (T})j50 converges to T in D'(§2;) and (S;)j>0 converges to S in D'(Qy) (j = +00),
then (T; ® S;)j>0 converges to T ® S as j — +oo in D'(2; x €1y).

Proposition 3.5. For (T1,T3) € D'(Q) x D'(§2), it holds that

supp(Ty ® Ty) = supp(T1) x supp(73).

Proof. Let yy ¢ supp T5. There exists a neighborhood V of y, such that for all ¥ € D(V),
(Tp,v) = 0. Thus, for ¢ € D(R™ x V), we get

(I © Ty, ) = (1, (T2, ) = (T1,0) = 0,
which shows that supp(77 ® T») C R™ x supp(73). The same way we obtain
supp(T7 ® Tz) C supp(T3) x R™,
and thus
supp(T1 ® T3) C (R™ x supp(12)) N (supp(T1) x R™) = supp(71) x supp(1z).

Conversely, assume that (zg,v0) € supp (71) x supp (73). Let W be a neighborhood of
(xo,%0). There are neighborhoods U of zy and V of yg such that W O U x V. Since
xo € supp (71) and yo € supp (T3), there is p; € D(U) and py € D(V) such that

(Th @ Ta, 1 ® o) = (T1, 1) (T, pa) # 0.

Therefore (zg,y0) € supp (71 ® T3) . 0O
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3.2.2 Convolution
Let f € C.(R™) and g € C(R™), the convolution f % g € C(R") is defined by

frg(x) = o fy)g(r —y)dy = . flx—y)g(y)dy, z=e€R"

We may consider f % g as a regular distribution on R" and calculate its action on a test

function as follows

(f*xg,0) = . fxg(2)p(z)dz

= //an f(z=y)g(y)e(z) dy d=

= // f(z=y)g(y)e(z) dz dy,
R7L><R7L
we set © = z — y we obtain

f*g.¢ // Jo(z + y) dz dy,

by Fubini’s theorem we have

(fxg,0) = /Rnf [/Rng p(r +y)dy| dx
= {(f)z ® (9)y: p(z +y))-

This suggests to generalize the convolution to distributions 77,7, by

(Ty Ty, ) = ((T1): @ (T2)y, p(z +y))
= (1), ((T2)y, p(x +¥))), Ve € DR"). (3.6)

However, we immediately see that it will not be possible to define in general the convolution
of two distributions, since the function (x,y) — ¢(x +y) has not compact support in R” x R™
for a general ¢ € D(R™). The support of ¢(x + ) is not bounded. Indeed, if the support of
©(x) is contained in

{r eR": ||z|]| < a, a > 0},

then the support of ¢(z + y) is contained in the infinite strip

{zy) i lz+yl <a, a>0} C{(z,y) : | +y| <a,i=1,2,...,n}.
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Thus, we can give meaning to the definition (3.6]) if we assume that one of the two distributions

has compact support. Indeed, since
supp(T1 ® T») = supp(T1) x supp(1),
then supp(71 ® T5) Nsupp(p(z + y)) is bounded for every ¢ € D(R™). For example, if
supp(¢) C {x € R": ||z|| < a, a >0} and supp(Ty) C {z € R":||z|| < b, b> 0},

then

[supp(71) x supp(72)] N supp(p(z +y))
={(z,y) : |z]| <b, |z +y|| < a}
- {(xay) : ’xll < ba ‘xl—i_yly <a,t= 1727---7n}7

which is indeed bounded. Then, if T} € £'(R"), T, € D'(R"), and let x € D(R") with x(z) =1
in a neighborhood of the support of T} and equal to zero outside a larger neighborhood. Then
0(x,y) = x(z)¢(z +y) € D(R*) for € D(R") and we have

<T1 * T, 90> = <T1’ <T27 X(ZE)(,O(I + y)>> = <T17 X(x><T27 QO(J] + y)>>7 (37)

since the value of the distribution 77 depends on the value of the test function ¢ in a neigh-
borhood of the support of the distribution and is not altered by a change of values of ¢
outside any neighborhood of the support of T;. That is, the definition (3.7) is independent

of the choice of x(z), and therefore we can write

(T # Tz, ) = (Th)a ® (T2)y, p(x +y)) = (T1)a, (T2)y, p(z + 1)), Ve € D(R").

Thus, we have the following result

Theorem 3.5. Let T} € E'(R") and Ty € D'(R™) (or the reverse). Then the convolution
product Ty * Ty given by (3.6) is a distribution in D'(R™).

Example 3.4. We have

(00 %0, 0) = ((0a)e @ (0)y, 0(z +y)),
= (0a)z, {(0)y, 0(z +9))),
= (0a)a: p(z + D)),
= pla+b),
= (Qatb; )-
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Hence 64 * 0y = dqyp-

Proposition 3.6. 1. Commutativity. Let T} € £&'(R™) and T, € D'(R"). The convolu-

tion product Ty x Ty, is commutative, i.e., T x Ty = Ty x T}.

2. Associativity. For Ty, Tz, and T3 € D'(R™) such that at least two of them have
compact support. Then (Ty x Ty) x Ty = Ty * (T x T3).

3. Differentiation. T} € £'(R") and Ty € D'(R"), then for every o € N™ we have
30‘(T1 * TQ) = 8Q(T1) x T2 = T1 * 8"‘(Tg).
If n =1, we have
(Tl * TQ), = (Tl)/ * T2 = Tl * (TQ)/,

and
(T} % T) @ = (1)@ % Ty = Ty = (T),

when o € N.

4. Let T € D'(R"™) we have
g T =T %6, =1,T.

In particular 6o * T =T x5y = T.

5. The convolution product of distributions satisfies distributivity with respect to addition.
In other words, if Ty € E'(R™) and Ty, Ty are distributions, then the following property
holds

Ty« (To +T3) =Ty Ty + 17 * Ts.

Proof. For all ¢ € D(R™) we have

1.
(T To, ) = ((T1)2, {((T2)y: p(x + 1))
= ((T2)y, ((T1)a, o(y + x)))
= (I x Ty, ).
2.

(N To) x Ta, ) = ((Th % To)a, (T5)=, (x + 2)))

= ((T1)z, ((T2)y((T3); p(x +y + 2))))
= (Tvx(ToxT), ).
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(0(T1  S), ) = (=1) T+ Tz, 0%0) = (= 1)(T1)a, (T2)y, (0°0)( +y)))-

Now, (0°¢)(z +y) = 85(¢(z +y)) and ((T2)y, 05 (p(z +y))) = (=1)*N0*Ts, p(x +-)).

Hence,

(%11 % 5), 0) = ((T1) 2, ((0°T2)y, p(z + y))) = (11 % (0°T2), ).

The other equality is proved similarly using (0%¢)(x 4+ y) = 0% (p(z + y)).

4. (1, T, p) = (T, 7_np), and

<5a * Ta 90> =

Then 6, xT' = 7,T. We also show that T x 9, = 7,T. In particular, we have oy x T =
T % 50 =T.

5. It’s enough to use the distributivity of the tensor product and the linearity of distribu-

tions.

O

Remark 3.2. 1. In general (Ty x Ty) x Ty # Ty % (Ty * T3). It suffices to choose T} =1,
Ty =6, and Ty = H (Heaviside distribution). We have

(TyxTy) Ty =(1%x6)«H=1xH=0xH=0.
Similarly, we have
Tyx (ToxT3)=1% (g« H)=1xH =1%§y = 1.

Therefore, (Ty * To) x T # Ty * (Ty x T5).

2. Let Ty € D'(R") and Ty € E'(R™). Then

supp(T * T3) C supp(71) + supp(7). (3.8)
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But the reverse inclusion in (3.8]) is not true in general. It suffices to take two locally

integrable functions f and g with
f=1 and / g(x)dx = 0.

Then f* g = 0, hence supp(Ty * T,) = 0, while supp(Ty) + supp(T,) = R™ since
supp(Ty) = R™.

Proposition 3.7. 1. If ((Sj);en) C E'(R™) and (S;)jen converges to S in E'(R™) and
T € D'(R"). Then (T * S;)jen converges to T xS in D'(R™).

2. If (T})jen) C D'(R™) and (1})jen converges to T in D'(R") and S € E'(R™). Then
(T * S)jen converges to T .S in D'(R").

Proof. Let ¢ € D(R"), we have

(T Sj,0) = (S = T, 0) = (5, (T, o(y +)))-
Since the function y — (T, ¢(y + -)) is C*°(R") and S; — S in £'(R") we have

(T*Sj,0) = (S, (T, oy +))) = (S*T, ).

Similarly for the case (T});en € D'(R™). 0O

J

Now, we consider the following density theorem

Theorem 3.6. Let Q be an open subset of R*. Then D(Q) is dense in D'(2).

Proof. We know that € is the union of an exhaustive sequence of compact sets, {2 = Uj:l’ K;
(see Theorem [1.4]). Let

o

Xj S D(Kj+1)7 X; = 1 on Kg

Let
8 € D(R"), supp(f) C {x € R": |z| <1} and /G(x) dr = 1.

Set §; = j"0(jx). Then for j sufficiently large, supp(x;) + supp(f;) C €2
On the other hand, x,;T" € £'(2) C £'(R™). Set

T; = (x;T) * 0;.

Then T; € D(Q) for j sufficiently large, because supp(7};) C supp(x;) + supp(d;) C Q. Let

83



Chapter 3. Support and convolution of distributions

us show that
T; — T in D'(Q).

Let ¢ € D(2). We have
(L5, ) = (G T (05, (2 + ).

But

(0, 0(z +y)) = /Hj(y)so(x +y)dy = (0; % ¢)(x) where 0;(y) = 0;(—y).
Therefore
(T, 0) = (T, x;(0; * ).

The sequence (x;(0; *¢)); converges to ¢ in D(2). Indeed, if j, is sufficiently large, we have,
for ] > j07

- 1 1
supp(6; * ) C supp(p) + B(0, ;) C supp(yp) + B(0, j—) =K cc.
0

If j is sufficiently large, x; = 1 on K (since the K are increasing) and therefore

supp(x;(6; * ¢)) = supp(f; * ¢) C K.

Let us show that, for every a € N, (8“(9}- %)) converges to 0%¢ uniformly on K. We have

@ @ 0):) - 00 = [ 0ot~ iy~ [ 6,-s)ay) 0ot

Setting —jy =t in the integrals, we get

B @ o)) - 00 = [000) [0 (2450 ) = %)

Iellce,

therefore,

~ C
sup [(6; * (0%9))(2) — 0%p(2)| < 7 — 0 asj — +oo.
K

Then x;(8; * ¢) = ¢ in D(Q). Since T € D'(Q) we get

(T, 0) = (T, x;(0; %)) = (T, ) asj— +oo.
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3.3 Application to differential equations

A linear differential operator with constant coefficients can conveniently be expressed in

multi-index notation as

P = Z Ca 0 (cq € C).

laj<m
If for some multi-index « of length m we have ¢, # 0, then P is said to be of order m. If
also the coefficients ¢, satisfy ¢, = 0 for all |a| < m, then we say that P is homogeneous of
order m.

We can view P as a mapping from D’(R") to D'(R").

Example 3.5. In one dimension (n = 1) a linear differential operator with constant coeffi-
cients has the form

Pu = cou + eyt 4 cou” + - + cpu™.
The Laplace operator (or Laplacian) given by

_ J%u N 0%*u T 0%*u
- 0z 03 Ox2’

n

Au

15 a special case of a linear differential operator with constant coefficients, of order 2.
Definition 3.5. A distribution E € D'(R") is called an elementary solution of the differential
operator P if PE = dy.

The existence of an elementary solution is guaranteed by the following result.

Theorem 3.7. (Malgrange-Ehrenpreis) Every differential operator with constant coeffi-
cients in R™ admits an elementary solution.

The notion of elementary solution is used to find solutions to certain PDEs.

Theorem 3.8. Let P be a differential operator with constant coefficients in R™ and let E €
D'(R™) be an elementary solution of P. Then for every f € E'(R™), the equation Pu = f has
at least one solution u € D'(R™) of the form u = E x f.
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Proof. We have f has compact support, then the expression for u makes sense and

Pu = P(Exf)
= ) cd*(Exf)

la<m

= Z Ca(0°E) x f

laj<m

= ( Z caao‘E) x f

laj<m

= PExf.
Since F is an elementary solution we have
Pu=PExf)=0oxf=F.

O

Example 3.6. 1. [t is easy to verify that H is an elementary solution of Pu = u'. There-

fore u = H % f is a solution of u' = f.

2. Consider the equation v’ = f (i.e. Pu=u"). A solution is given by w = E x f where

E satisfies E" = 0g, i.e. E' = H + ¢y and consequently
E=2"+cx+c, cyc €R,

where T = max(z,0).

3. Let f € L} (R) with compact support. We aim to find a solution u € D'(R) of the

loc

ordinary differential equation
v +u=f. (3.9)

Since E(x) = e *H(x) is an elementary solution of the operator Pu = u'+u, a solution
of (3.9) is given by u = E x f. As both E and f are functions, u is also a function
given by

u(x) :/RE(x—t)f(t) dt:/m e~ @V (1) dt.

—0o0

(because H(x —t) =0 when t > x).
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Exercises

Exercise 3.1. Let T% be the a-th derivative of an arbitrary distribution T. Show
that supp(T®) C supp(T). Is the converse true? Justify your answer.

Exercise 3.2. I) Let u(x,t) be the function defined in R* by

a ift?P—a22>0, t>0,
u(z,t) =
0 otherwise,

Show that u(z,t) defines a distribution in R* and determine its support.
I1) Determine the support of V.P(%).

Exercise 3.3. Let T' be a distribution on R™ and f a C* function on R™.

1. Show that if fT =0, then the support of T is included in the set
Z(f)={z eR", f(z) =0}
2. Determine the C* functions f such that fé) = 0.

Exercise 3.4. For ¢ € D(R), define

1. Show that T is a distribution.

2. Determine the support of T.

Exercise 3.5. 1. Compute &) 6, H(x)x (z*H(x)) and %(H x H).

2. LetT) € D'(R) and Tz € E'(R). Prove that e® (T *Ty) = (e**T7) x (e**T3), a € R.

3. LetT and S be two distributions on R, with S having compact support, x" denotes

the function x — x™. Prove the following formula

n

(TxS) =Y (Z) (2T) % (z"*3).

k=0
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Exercise 3.6. In R, consider the function

1 o2
Gy (x) = U\/%e_'z?, o> 0.

This function represents the normal (or Gaussian) density. The number o > 0 is the

standard deviation. Prove the relation
Gg * GT = GW

Exercise 3.7. Let P be a constant coefficient differential operator defined by

Let z be the unique solution of the homogeneous differential equation

Pz=0;
2(0)=0, %£(0)=1.

1. Verify that E = zH s an elementary solution of P.

2. Find a particular solution of the equation

Pu=xp1 inD'(R).

g2
Exercise 3.8. We consider in R? the function E(z,t) = \}/IT%eT.

1. Show that we can associate to the function E a distribution of order 0 on R2.
2. The heat operator is defined by

o 0

ot Ox2

Prove that for allt > 0 and all x € R, we have

Q(Le%ﬁ?) — a_z(Leiff)
Ot " \/4Art 922 /At .

3. Let e > 0 and let p € D'(R?), we set

+o0 0 +00 82
I—— / / B, t) ol ) dedr, J. = - / / B, t)-gepla, #) di .
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(i) Show that

+00
L / E(z,&)p(s, ) dz + / / 9 (B(w,))ola, 1) dt da.
R RJe at
Deduce that
+oo 82
Ia:/E(:v,e)go(x,s) dx+// 9 Bz, ) p(x, ) dt da.
R RJe Ox?

(ii) Using Fubini’s theorem and two integrations by parts, show that

I. = / E(z,e)p(z,e)dr — J..
R

(iii) By using a change of variables, show that

1 —y2
I+J:—/e4 gy, e) dy.
ctde== | p(Vey,e) dy
Using the dominated convergence theorem, deduce that

ll_{%(ls + Je) - 90(07 0)

_y2

1
Hint: —— [ e+ dy = 1.
\/47T/R J

4. Show that in D’'(R?)
PE == 5(070).
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Solutions of the exercises

|Exercise 3.1 |

Let Q; be the largest open set on which T' = 0, and €, the largest open set on which 7(®) = 0.
By definition, we have supp(T) = Q$ and supp(T®) = Q5. Since T = 0 on €2, it follows
that 7(® = 0 on ;. Therefore, Q2 D Q1, and consequently Q5 C Q¢. The converse is false.

Indeed, consider the distribution 7" = constant. Then supp(7') = R, whereas supp(7®) = ().

|Exercise 3.2 |

I) The function u(z,t) defines a distribution on R? because it is locally integrable. The sup-
port of u(x,t) is the cone t* — 22 >0, > 0.

IT) Let F' = supp (PV (%)) and denote by F¢ the complement of F'. By definition, F'is the
smallest closed set such that PV (%) vanishes on F°. This means that <PV (%) ,g0> = 0 for

every function ¢ € D(R) with support contained in F°. To show that F' = R, we proceed by
contradiction. Suppose that F' # R, with <PV (%) ,<p> = 0 for every ¢ € D(R) with support
in F¢ # (). We will show that in this case one can construct a function ¢y € D(R) with
support in F¢ such that <PV (i) ,z/1> # 0, which is a contradiction. Indeed, since F¢ # ()
and F'° is open in R, every point ¢ € F€ is interior to F°, i.e, there exists » > 0 such that
l[c—r,c+r] C F° In other words, F° is a neighborhood of ¢. Consider a function ¢ € D(R)
defined by 1(z) = zp(x), where

N N
e ?==? if |z —¢| <,
plr) =
0 if |x—c| >

We have supp(¢)) = [¢ — r, ¢+ 7] and

<PV <1> ,¢> = lim () 42 = tim lxbeg@(m) dz = /+ () da.

€T e—0 |I‘>6 €T e—0 —r

Since @(x) > 0 for all z € [¢ — r,c+ 7], it follows that <PV (%) ,¢> > 0, which is a contra-
diction. Therefore, F' = R.

| Exercise 3.3 |

1. Let T" € D'(R) such that fT" = 0. Show that supp(7") C Z(f). Since f is continuous,
Z(f)is closed. Let = ¢ Z(f), there exists an open interval I such that x € I C R\ Z(f).
For every ¢ € D(I) C D(R), the function f does not vanish on a neighborhood of
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supp(y), and therefore %gp is well-defined and belongs to D(I). Then

(T, ) = <fT, %s0> =0.

Hence T'|; = 0 and « ¢ supp(7’). Therefore, supp(7T’) C Z(f).

2. We have
(00: fo) = = f(0)¢'(0) — £'(0)0(0),

and this is identically zero if and only if f(0) = f'(0) = 0.

| Exercise 3.4 | It is clear that 7" is well-defined and linear. Let us show that 7" is continuous

at 0. Let (¢;) C D(R) be such that ¢p; — 0. As j — +oo. By definition of convergence in
D(R), there exists a compact K C R such that

supp(p;) C K, Vj €N,

(pga) — 0, uniformly on K, Va € N.

We have
a2 .
(@l < [ e lesing)]da
< Vmsup |g;(z)| = 0,
rzeK
so T' is continuous at 0.
supp(T) = [—1,1]. Indeed, since the image of the sin function is [—1, 1], only the values of

¢ on [—1,1] matter for T Let us show that supp(7’) C [—1,1]. Let ¢ € D(R) such that
[—1,1] Nsupp(p) = 0. Then

(T, @) = /Rengo(sin(:c)) dx = 0.

Conversely, let us show that [—1,1] C supp(T'). Let zp €] — 1,1[ and £ > 0. We show that
there exists ¢ € D(R) such that supp(y) Clzg — &, z0 + €[ and (T, ) # 0. Using the function
@ defined by

e T if lz] <1,
plr) =
0 if |x| > 1,

aacle) = o (22

we obtain a function ¢,,. € D(R) supported on |xzg — 5, 2o + 5[ such that ¢, .(29) = 1 and

and we set

Proe = 0.
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N[ —=

By continuity of ¢, ., there exists n € N such that ¢y, .(z) > 5 on I =|zg— =, 29+ =[. Then

(T, @) = /Feeﬁ(pxoys(x)(sin(:c))dx

1
> — / e dx > 0.
2 arcsin([/)

We deduce that supp(7') = [—1, 1].

| Exercise 3.5 |

1. We have

(0 % 0g, ) = (8 @ g, p(x +y))
= (0, —¢'(2))
= ¢"(0).

(H(x)* (#°H(x)),¢) = (H(z)® (y*H(y)),e(z+y))
= (H(x), (y*H(y), o(z +y)))
- <HI), y¢x+y)dy>

= / / y<p1:+y dy dx
0o Jo

:/ (/ gox—l—ydx)y%ly.
0 0

(
(

Let ¢ (y) = / ¢(x + y) dx, hence
0

(H(x) % (2H(z)), ) = Amw@wwy

AN I LY

= Lo —3 | vvwa
1 o

- —5/0 Yy (y) dy.
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Now ¥(y) = /00 ¢(u) du, where u =z + y, so ¢¥'(y) = —¢(y) and

(H(x)* (2 H(2)), ¢) =

Therefore

Hr) * (22H(x)) = = H(z)
We have
%(H*H):H*%:H*&):H,
then P .
@(H*H):%:%.

. Let Ty e D'(R), Ty € £'(R) and a € R. For every ¢ € D(R), we have

(e(Ty+Tz),p) =

hence

. We have

(x™(T % S),0) = (T xS, z")
(

> (Z) (2"Ty) @ (y""S,), o(z + 1))

- <:O (Z) (2FT) % 2"*S), g0> .
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|Exercise 3.6 | Let = € R, we have

400 +oo 1 ﬁ (z—t)2
GJ*GT(J;):/ G ()G ( — ) dt — — / SHEEE)

2moT

o0 —00

Moreover, we have

o2 72 o2 + 72 o272 o2 + 72
then
1 22 +00 102472 ' 2
o o) = g e [ )
2ot e

1 _ 2% +00 w2
GU * G’T )= ——— ¢ 2(c2+72) / e du.
( ) 27T 0.2 +T2 Cw

+o0 w2
Since / e 2 du = 27 we obtain

o0

1 ___a?
Go_ * GT<I’) = \/ﬁme 2(02472) — GW(LE)

| Exercise 3.7 |

1. £ = zH is an elementary solution of P if and only if PFE = §;. We have

dE d(zH)
dx dz
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and
’E d?z dz
— = —H —0
dx? dz? () + dx °
d*z dz(0) dz(0)
B @H(@ * dz % < dr 1)
d?z
Therefore
d’E  dE
PEF = — — — —2F
dax? dx
d?z dz
= @H(x) do — %H(x) —2zH(x)
d?z  dz
= Pz H(.I') + 50,

since Pz = 0 we get PE = 0.

2. The solution to the equation Pu = X[ in D’(R) is therefore
u=FEx X[0,1]

where F is an elementary solution of P.

| Exercise 3.8 |

1. Let K be a compact subset of R%. There exists a > 0 such that K C [—a,a]?>. Then we

have

| EllLixy = /KE(a:,t)dxdt

Then E € L (R?) and defines a distribution of order 0 on R?.
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. Standard calculations show that for all £ > 0 and all z € R, we have

o) - Sl sk 9
ot Art ot At Art Ot

1 x? 2
—_ + = e 4
( 2V/Art3 4\/Etz)
— 8_2 1 67%
022 VAart .

. Let £ > 0 and let ¢ € D(R?). Define

+00 a(p +00
—// E(x,t)a(x,t) dtde and J.= // xt (x t)dtdx.
RJe

i) A simple integration by parts, combined with the identity proved in part 2, shows
that

L = —/R[E(:ct) (=, t+°°da:+//+oo (2, )l 1) dt da
_ /R Bz, e)p(z,¢) dz + /R / +Oo%—t(x,t)gp(x,t)dtdx

400 aQE
= /E(:U,e)go(x,e)dx+// —— (@, t)p(x,t) dt dz.
R RJe Ox

ii) Using part i), Fubini’s theorem and integrating by parts twice, we obtain

+ooa2
I. = /E(xa :cad:c—i—// Jo(z,t) dt dz
R
+o0o

— /E(x e)o(z,e dx+/ 85@ t)p(x, t) de dt
; +oo
— /E(w g)é(v,e) d:p+/ iE(xj)@(x’t)]i:rz dt

+00
— / &'0 —(x,t)dx dt

=0
8

+oo
= /E(:Bs xadx—/ / x,t)dedt
R

_ /R Bz, )z, ) dz — / Bz, 1) ai(az D= dt

3 [\ /

~0
+oo 8290

= /RE(:U,s)go(:):,e) dx — J..

96



Chapter 3. Support and convolution of distributions

iii) From part ii), we have

1 o2

I€+J€:/Ex,5 x, € d.r:/ e wp(r,e)dr.
B ejptec)dr= [ e o2

We set y = \/% we get

y

I+ J.= \/—/ “To(Vey,e)

Using the dominated convergence theorem, we deduce that

fim(l+ 1) = = [ time T e (VE.) dy
= \/E/Rll—%e T(0,0)dy
= (0, )\/— Rggg)e 5 dy
= ¢(0,0)
= (0(0,0), %)

4. Using distributional differentiation, we obtain
(Gimam)2) = ()~ (5e)
ot 0z? ot Ox?
- (e (e )
.

_ // xt(at:pt) g—‘p(m))dxdt
hm

Je).

Then

0 0? )
9% 02 E,¢) = (000),9) Vo€ DR?).

9 0 _
<§ - @) E = 5(070) 1mn D/<R2)

In other words,

(ie PE = 0(0,0) and E is an elementary solution of P).
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Additional exercises

Exercise 3.9. Let h be a Cl-diffeomorphism from R to R. Let T be a linear map
defined by

Vo€ DR, (T.¢) = [ oo, hla))da.
R
1. Show that T € D'(R?). What is its order?

2. Determine the support of T.

Exercise 3.10. Consider the linear form T on D(R) given by

=1 1 1
reen B (o) o (1)
P vk k k
1. Show that T is a distribution, of order 1.

2. Show that the support of T is

A:{O}U{%, ke z).

Exercise 3.11. Let T be defined by

Vip € D(RY), (T, ) /Rgo(a:, 1), d.

Determine the support of T.

Exercise 3.12. I) Calculate 0!, ® 0;.
II) Let ¢(z) € C*(R™). Show that

Y(z) [T @ Ty] = [(x)Th ® T3],

where Ty € D'(R™), T, € D'(R™).
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Exercise 3.13. I) Calculate
6l x 515”), box H and (Ligy * lieq)”
II) Let fi, fo € L},.(R). Show that
Tup *Tup, =Tapsmf = TF,

where H the Heaviside function and

F(z) = H(z) / " L) fol — t)de.

Exercise 3.14. Consider the differential operator P = % + a% +b, a,b €R, acting
on D'(R).

Let f and g be two functions of class C* on R such that Pf = Pg = 0, f(0) = ¢(0)
and f'(0) — ¢'(0) = 1. Consider the function h defined by

flz) o =<0
g(x) if z>0.

Vz € R, h(z) =

Finally, let T be the distribution defined by,
Yo € DR), (T, ¢) = - [ hla)pla)ds

Show that PT = &y, in the sense of distributions.

Exercise 3.15. Consider the distribution defined in the plane by the locally integrable

function

Lift—|z| >0,

E(x,t) = s o

0 ift—|z|<O.
Let [0 be a wave operator defined by

0? 0?

O=—— —.
ot?  0x?

Solve LJE in the sense of distributions.
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