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Abstract

The research work presented in this thesis focuses on improving the convergence speed of
numerical methods for solving integral equations. These equations often introduce a very
complex behavior, posing significant challenges to traditional numerical techniques, par-
ticularly in terms of convergence and accuracy. To address these challenges, we have de-
veloped and analyzed an adaptive spectral collocation method for Fredholm and Volterra
integral equations of the second kind, which can achieve fast convergence and high ac-
curacy despite the fact that its solution exhibits localized rapid variations, steep gradi-
ents, or a steep front. Adaptivity is implemented using a suitable family of one-to-one
mappings to generate a new equation with smoother behavior that can be approximated
more accurately. The proposed method can achieve exponential accuracy by adjusting a
parameter-dependent mapping in the modal approximation according to the given data.
Finally, several numerical examples are given to show that the proposed method is prefer-
able to its classical method and some other existing approaches with a relatively smaller
number of degrees of freedom.

Keywords: Linear integral equations, mappings for improved accuracy, adaptive spectral
collocation method, spectral accuracy, convergence analysis.
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Introduction

There is a long history in the development of integral equations (IEs, in short). In the mod-
ern scientific community, it is considered traditional that the first origins of the theory of
IEs go back to the work of Fourier (1768–1830) on the inversion formula of what is known
as the “Fourier transform” which represents, in fact, the inverse operator of an integral
operator. In 1823, Abel proposed a generalization of the Tautochrone problem, the solu-
tion of which involved solving an IE, which has more recently been designated “an IE of
the first kind”, and in 1837 Liouville demonstrated that finding a particular solution to a
second-order linear differential equation could be achieved by solving an IE of a different
type, known as an IE of the second kind, however, the term IE was first suggested by Du
Bois-Reymond in 1888. He defined it as an equation in which the unknown function ap-
pears under an integral sign (or more integral signs). Starting in 1896, the works of Vito
Volterra (1860–1940), Ivar Fredholm (1866–1927), David Hilbert (1862–1943), and Erhard
Schmidt (1876–1959) led to the development of IEs as a distinct discipline. (see [13, 2, 94,
71, 17, 21, 83, 64, 37], for more information).

Integral equations (IEs) play an important role in both theoretical and applied mathe-
matics, as they appear in many fields such as engineering science, mathematical physics,
biology, and so on [56, 42, 31, 45, 5, 84, 62, 29, 52, 81], and have a close connection to differ-
ential equations (DEs, in short). It is well known that numerous initial and boundary value
problems associated with both ordinary and partial differential equations can be reformu-
lated as IEs [44, 71]. Since, in many cases, IEs cannot be solved analytically, either the exact
solution does not exist or is hard to find. Thus, their solutions must be approximated us-
ing so-called numerical methods. Accordingly, several conventional numerical methods
have been developed and analyzed for solving IEs, including the degenerate kernel, Nys-
tröm and projection methods. For more details on these methods, we refer to [7, 8, 50, 34].
Among these methods, projection methods are the most commonly used approaches for
finding numerical solutions of IEs. These methods include the Galerkin method based on
the orthogonal projection and the collocation method based on an interpolatory projection
(see, e.g. [11, 9, 10, 82]). To improve the accuracy of numerical solutions for IEs, iterated
collocation and iterated Galerkin methods have been proposed as effective solution tech-
niques (see, e.g. [36, 11, 58]).
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In recent decades, researchers have increasingly focused on high-order numerical tech-
niques, such as spectral methods for solving IEs. These methods possess high-order accu-
racy and low computational cost. However, they are often not efficient for solving prob-
lems that exhibit localized rapid variations, steep gradients, or a steep front. To overcome
these challenges, we develop and analyze in this thesis an adaptive spectral collocation
method for linear Fredholm and Volterra IEs (FIEs and VIEs) of the second kind, where the
underlying solution exhibits localized rapid variations, steep gradients, or a steep front.
The proposed strategy involves transforming the given equation into an equivalent one
with smoother behavior by using suitable variable transformations, which can then be
approximated more accurately. One of the significant advantages of this approach is its
flexibility, which stems from the use of a parameter-dependent mapping that enables the
recovery of fast convergence and high accuracy, which standard spectral methods may not
achieve due to the aforementioned phenomena.

We close this introduction by a summary of the thesis.
This Chapter 1 introduces a detailed classification of IEs (Fredholm, Volterra, singular, lin-
ear, and nonlinear) and explores their close connections with DEs. It also introduces some
basic concepts of operator theory, such as bounded and compact operators, and compact
integral operators which will be required later in the Fredholm Alternative theorem.

Chapter 2 provides a concise overview of numerical methods and their convergence
analysis for solving IEs, such as the projection methods, including the Galerkin method
and the collocation method, and the quadrature or Nyström method.

Chapter 3 is divided into two sections. In Section 3.1, we review some notions and
properties of Jacobi and Legendre polynomials, and their associated Gauss quadrature
formulas, which will be used in Section 3.2. This section first introduces a new set of or-
thogonal functions named MJPs and MLPs, and their associated mapped Gauss quadra-
ture formulas. It also introduces the MLBFs based on the zeros of the MLPs, along with
some results on adaptive interpolation and integration errors. In addition, three functions
are approximated using the adaptive interpolation at the end of this section to verify its
spectral accuracy in comparison with the standard interpolation.

Chapter 4 is divided into three sections. In Section 4.1, we apply the Legendre spec-
tral Galerkin method and its iterated version to solve linear FIEs of the second kind and
discuss the convergence results. Finally, three numerical examples are presented to illus-
trate the convergence rates. In Sections 4.2 and 4.3, we develop and analyze an adaptive
spectral collocation method for linear Fredholm and Volterra IEs (FIEs and VIEs) of the
second kind, which can achieve fast convergence and high accuracy despite the fact that
its solution is exhibits localized rapid variations, steep gradients, or a steep front. Also, we
provide error estimates and convergence rates for the proposed numerical scheme in both
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the L2 norm and infinity norm. Finally, several numerical examples are given to demon-
strate that the proposed method is more effective than its classical method and some other
existing approaches.

Before closing this thesis with conclusion and perspectives, we study in detail how a
DE can be transformed into an equivalent IE, incorporating boundary and initial condi-
tions within the studied models, in Appendix A.
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Chapter 1

Classifications and some basic from
functional analysis for integral
equations

In this chapter, we present some concepts and basic results from functional analysis for
IEs, which will be used throughout this thesis. The main references of this chapter are [94,
44, 71, 49, 40, 7, 51, 25, 85, 16].

1.1 Classification of integral equations and their relationship to
differential equations

1.1.1 Definition

An equation in which the unknown function appears inside an integral is referred to as an
integral equation (IE). The standard form of a linear IE is

u(x) = f (x) + λ
∫ b(x)

a(x)
k(x, t)u(t)dt, (1.1)

where a(x) and b(x) are the limits of integrations, λ is a non-zero constant parameter, the
functions f (x) and k(x, t) are known functions, whereas the function u(x) is the only un-
known in the IE that will be determined to appear under the integral sign, and sometimes
outside the integral sign . The function k(x, t) is called the kernel of the IE and the function
f (x) is called the free term or the source function.

1.1.2 Classifications

Classification of linear integral equations

Linear IEs appear in many forms and can be classified according to the following basic
characteristics.

♦ The first characteristic is based on the appearance of the unknown function. If the
unknown appears only within the integral, the equation is referred to as an IE of the



Chapter 1. Classifications and some basic from functional analysis for IEs 5

first kind. In contrast, if the unknown function appears both inside and outside the
integral, the equation is of the second.

♦ The second characteristic is based on the free term. If the free term f (x) is identically
zero over the considered domain, i.e., f (x) = 0, the IE is homogeneous. Otherwise,
it is called nonhomogeneous or inhomogeneous.

♦ The last characteristic depends on the limits of integration;

(i) If the limits of integration are fixed (e.g., from a to b), the IE is called a Fredholm
integral equation (FIE) given in the form:

u(x) = f (x) + λ
∫ b

a
k(x, t)u(t)dt.

(ii) If one limit of integration is a variable (e.g., from a to x), the IE is called a
Volterra integral equation (VIE) given in the form:

u(x) = f (x) + λ
∫ x

a
k(x, t)u(t)dt.

(iii) If one or both limits of integration become infinite (e.g., from 0 to +∞, or from
−∞ to +∞), the IE is called a singular integral equation (SIE) given in the form:

u(x) = f (x) + λ
∫ +∞

0
k(x, t)u(t)dt,

or
u(x) = f (x) + λ

∫ +∞

−∞
k(x, t)u(t)dt.

Moreover, an IE is called a SIE if the kernel k(x, t) approaches infinity at one or
more points within the range of integration, such as the generalized Abel’s IE,

f (x) =
∫ x

0

1
(x− t)α

u(t)dt, 0 < α < 1,

and the Wiener-Hopf IE,

u(x) = f (x) + λ
∫ ∞

0
k(x− t)u(t)dt.

Remark 1.1. If the unknown function u(x) appears under the integral sign, and it is given
in the functional form G(u(x)) such as the power u(x) is no longer unity, e.g., G(u(x)) =
um(x), m 6= 1, or sin(u(x)), cos(u(x)), ln(u(x)) and eu(x) etc., the above IEs are classified
as nonlinear, for examples,

u(x) = f (x) +
∫ b

a
k(x, t)u2(t)dt,

and
u(x) = f (x) +

∫ x

a
k(x, t) sin(u(t))dt,
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are called nonlinear FIE and VIE of the second kind, respectively.

Classification of kernel functions

The kernel function is the main part of the IE. Therefore, we shall describe some kernel
functions as follows:

• A kernel k(x, t) is called the complex symmetric or Hermitian if k(x, t) = k(t, x), and
also it is called symmetric if k(x, t) = k(t, x).

• A kernel k(x, t) is called degenerate or separable if it can be expressed as the sum of
a finite number of terms, each of which is the product of a function of x only and a
function of t only, i.e.,

k(x, t) =
n

∑
j=1

pj(x)qj(x),

where pj(x) and qj(x), j = 1, . . . , n are linearly independent sets.

• A kernel k(x, t) is called non-degenerate or non-separable if it can not be separated as
the function of x and function of t.

• A kernel k(x, t) is called weakly singular type, in particular, algebraic and logarithmic
type if

k(x, t) =


m(x, t) |x− t|−α,

m(x, t) log |x− t|,

where m(x, t) is a sufficiently regular function with m(x, t) 6= 0, and α is a positive
number less than one.

1.1.3 Connection between differential equations and integral equations

There is a close connection between DEs and IEs. In fact, many initial and boundary value
problems (IVPs and BVPs, in short) associated with the ordinary and partial-differential
equations can be reformulated as IEs. The advantage of the IE reformulation is that associ-
ated boundary and initial conditions are incorporated within the IE, in contrast to ordinary
differential equations and partial differential equations on which boundary conditions and
initial conditions are imposed. For example, the second-order IVP

y′′(x) + p(x)y′(x) + q(x)y(x) = g(x), y(0) = α, y′(0) = β, x ≥ 0, (1.2)

can be rewritten as the VIE of the second kind

u(x) = f (x) +
∫ x

0
k(x, t)u(t)dt, x ≥ 0, (1.3)
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in which the kernel k(x, t) is given by

k(x, t) = −p(x) + q(x)(t− x)

and the free term f (x) is given by

f (x) = g(x)− [βp(x) + αq(x) + βxq(x)].

Also, the second-order BVP

y′′(x) + p(x)y′(x) + q(x)y(x) = g(x), y(0) = α, y(1) = β, (1.4)

can be rewritten as the FIE of the second kind

u(x) = f (x) +
∫ 1

0
k(x, t)u(t)dt, 0 ≤ x ≤ 1, (1.5)

in which the kernel k(x, t) is given by

k(x, t) =


−(p(x) + (x− 1)q(x))t, 0 ≤ t ≤ x,

(p(x) + xq(x))(1− t), x ≤ t ≤ 1.

and the free term is given by

f (x) = g(x)− αq(x)− (β− α)[p(x) + xq(x).

The details of the conversion from the IVP (1.2) to the VIE (1.3) (see Appendix A.1) and
the BVP (1.4) to the FIE (1.5) (see Appendix A.2).

1.2 Basic concepts of operator theory and the Fredholm Alterna-
tive theorem

1.2.1 Bounded and compact operators

Definition 1.1 (Linear operator). Let T be an operator from a normed spaceX to a normed
space Y . T is called a linear operator if

T(αx + βy) = αT(x) + βT(y), for all x, y ∈ X and α, β ∈ C(or R).

For a linear operator T, we usually write T(x) as Tx.

Definition 1.2 (Bounded operator). A linear operator T : X → Y , where X and Y are
normed spaces, is called bounded if there is a real number M > 0 such that

‖Tx‖Y ≤ M‖x‖X , for all x ∈ X . (1.6)
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The smallest possible value of M that satisfy the inequality (1.6) is called the norm of
the linear operator T and it is denoted by ‖T‖, i.e.,

‖T‖ := sup{‖Tx‖Y : x ∈ X , ‖x‖X ≤ 1}.

We denote the set of all bounded linear operators from a normed space X to a normed
space Y by B(X ,Y). That is,

B(X ,Y) = {T : X → Y : T is linear and bounded} ,

and in the case that X = Y we denote it simply by B(X ).

Compact operators are very important in applications. For example, they play a cen-
tral role in the theory of IEs and in various problems of mathematical physics. Before
presenting the concept of compact operators, we first recall that a set U in a normed space
X is called compact if each sequence in U has a convergent subsequence. A set is called
relatively compact if its closure is compact.

Definition 1.3 (Compact operator). [7] Let X and Y be normed vector spaces, and let
T : X → Y be linear. Then T is compact if the set {Tx : x ∈ X , ‖x‖X ≤ 1} has compact
closure in Y . This is equivalent to saying that for every bounded sequence {xn} ⊂ X , the
sequence {Txn} has a subsequence that is convergent to some point in Y .

Definition 1.4. We use the notation Bc(X ,Y) for the set of all compact linear operators
from a normed space X to a normed space Y . If T ∈ Bc(X ,Y) then T is bounded.

The following theorem states conditions under which the limit of a sequence of com-
pact linear operators is compact.

Theorem 1.1 (Sequence of compact operators). Let {Tn} be a sequence of compact linear
operators from a normed space X into a Banach space Y . If {Tn} is uniformly convergent to an
operator T, say,

lim
n→∞
‖Tn − T‖ → 0.

Then the operator T is compact.

Proof. See [51, p. 408].

Definition 1.5 (Adjoint and self-adjoint operators). Let X and Y be (real or complex)
Hilbert spaces with inner products denoted by (·, ·).

(i) If T ∈ B(X ,Y), the operator T∗ ∈ B(Y ,X ) is said to be the adjoint of T if it satisfies

(Tx, y) = (x, T∗y), for all x ∈ X and y ∈ Y ;

(ii) T ∈ B(X ) is called self-adjoint (or Hermitian) if T∗ = T, i.e., if

(Tx, y) = (x, Ty), for all x, y ∈ X .
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If X is a real Hilbert space, such an operator is often called symmetric.

Theorem 1.2. If X and Y are Hilbert spaces and T ∈ Bc(X ,Y) is compact, then the adjoint
operator T∗ ∈ Bc(Y ,X ) is also compact.

Proof. See [49, Theorem 4.10].

1.2.2 Compact integral operators

We consider here two classes of compact integral operators on continuous and square-
integrable function spaces, that play an important role in studying numerical methods for
IEs in Chapters 2 and 4.

Let X be a Banach space, usually X = C(D) or X = L2(D) with norm ‖ · ‖∞ or ‖ · ‖L2 ,
respectively. Consider the linear integral operator K defined on X by the formula

(Ku)(x) =
∫

D
k(x, t)u(t)dt, x ∈ D, (1.7)

where the integration domain D is an often compact subset of Rn for some n ≥ 1, and the
function k(x, t) is called the kernel of the integral operator K. To prove that K is compact,
one needs conditions on the kernel k(x, t) that make K compact. To this end, we have the
following lemma and theorem.

Lemma 1. (i) If k ∈ L2(D× D), then the corresponding integral operator K given in (1.7) is
a compact operator in Bc(L2(D)).

(ii) If D is compact and k ∈ C(D × D), then the corresponding integral operator K given in
(1.7) is a compact operator in Bc(C(D)).

Proof. See [40, p. 168].

A more general criterion in the case of X = C(D) is the following.

Theorem 1.3. Let k(x, t) is Riemann integrable as a function of t, for all t ∈ D. If the following
assumptions hold:

A1. lim
h→0

w(h) = 0, w(h) ≡ max
x,y∈D
|x−y|≤h

∫
D
|k(x, t)− k(y, t)|dt,

A2. max
x∈D

∫
D
|k(x, t)|dt < ∞.

Then the integral operator defined by (1.7) is a compact operator in Bc(C(D)).

Proof. To prove this theorem, we first recall the Arzelà–Ascoli theorem which states that a
set S is relatively compact in C(D) if and only if S is uniformly bounded and equicontin-
uous ([22, Theorem A.43]).

Using A1, if the function u is bounded and integrable, then Ku is continuous with

|Ku(x)−Ku(y)| ≤ w(|x− y|)‖u‖∞, (1.8)
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and using A2, then K is bounded with

‖K‖ = max
x∈D

∫
D
|k(x, t)|dt.

To show that K is compact, it suffices to show that the set

S = {Ku : u ∈ C(D) and ‖u‖∞ ≤ 1}

is a relatively compact in C(D)”, i.e., the closure of this set is compact in C(D), which is
equivalent to show that S is uniformly bounded and equicontinuous. For any u ∈ C(D),
we have

‖Ku‖∞ = max
x∈D
|
∫

D
k(x, t)u(t)dt| ≤ max

x∈D

∫
D
|k(x, t)u(t)|dt,

and using A2, we obtain that
‖Ku‖∞ ≤ ‖K‖‖u‖∞,

hence for all function u such that ‖u‖∞ ≤ 1 it holds

‖Ku‖∞ ≤ ‖K‖.

Then, S is uniformly bounded. In addition, S is equicontinuous form (1.8). Thus, by
Arzela-Ascoli theorem, S is a relatively compact set in C(D), i.e., the closure of this set is
compact in C(D), then K ∈ Bc(C(D)) is compact.

1.2.3 The Fredholm Alternative theorem

The following theorems quoted from [7, p. 13] and [22, p. 500], respectively.

Theorem 1.4 (Fredholm Alternative). Let X be a Banach space, and let K ∈ Bc(X ) be com-
pact. Then the equation (λ− K)x = y, λ 6= 0, has a unique solution x ∈ X if and only if the
homogeneous equation (λ − K)z = 0 has only the trivial solution z = 0. In such a case, the
operator (λ−K) : X 1−1−−→

onto
X has a bounded inverse (λ−K)−1.

Let X be a Hilbert space, with inner product and norm (·, ·) and ‖ · ‖, respectively.
Consider the linear operator equation and its adjoint operator equation

(I −K)u = f (a); (I −K∗)v = g (b)

and the corresponding homogeneous equations

(I −K)u = 0 (c); (I −K∗)v = 0 (d)

respectively, where I is the identity operator and K∗ is the adjoint operator of K ∈ Bc(X ).
Also, the following theorem called the Fredholm Alternative.

Theorem 1.5. If K ∈ Bc(X ) is compact, then the following statements hold:
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(i) Equation (a) is uniquely solvable for an arbitrarily given f ∈ X if and only if equation (b)
is so for an arbitrarily given g ∈ X .

(ii) Equation (a) (or equation (b)) is uniquely solvable for an arbitrarily given f ∈ X (or g ∈ X )
if and only if the corresponding homogeneous equation (c) (or equation (d)) has only a zero
solution.

(iii) In the case that equation (c) only has a zero solution, the inverse operator (I −K)−1 exists
on the entire space X and is bounded, i.e., (I − K)−1 ∈ B(X ), so that the solution u ∈ X
of equation (a) satisfies

‖u‖ ≤ C‖ f ‖,

for a constant C > 0, independent of f ∈ X .

For more information on the Fredholm Alternative see e.g., Kress [49, Chapter 3].
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Chapter 2

Numerical methods for integral
equations

This chapter provides a concise overview of numerical methods and their convergence
analysis for solving IEs, for example, the projection methods, including Galerkin method
based on the orthogonal projection and the collocation method based on an interpolatory
projection, and the quadrature or Nyström method. For more details on these methods,
we refer to [7, 8, 6, 50, 49, 35, 70].

2.1 Projection methods

In this section, we describe the projection methods to solve approximately the following
operator equation of the second kind

u−Ku = f , (2.1)

where K is an integral operator defined on a Banach space X . Before describing these
methods, we first introduce the concept of projection operator in the following subsection.

2.1.1 Projection operator

Definition 2.1. Let X be a normed space and V ⊂ X a nontrivial subspace. A bounded
linear operator P : X → V is called a projection operator or a simply projection from X onto
V if for all x ∈ V we have

Px = x.

The element Px is called the projection of x onto V .

Theorem 2.1. Let P ∈ B(X ) be a bounded operator, where X be a normed space. Then P is a
projection operator on X if and only if P = P2. Moreover, in this case, if P 6= 0 then ‖P‖ ≥ 1.

Proof. Let P : X → V be a projection. Then for all x ∈ X we have

P2x = P(Px) = Px,
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Conversely, let P2 = P and set V := P(X ). Then for all v ∈ V we may write v = Px for
some x ∈ X and obtain

Pv = P2x = Px = v.

Finally, it follows from the equation P = P2 that

‖P‖2 ≥ ‖P2‖ = ‖P‖,

which imply that ‖P‖ ≥ 1 when P 6= 0.

2.1.2 Collocation and Galerkin methods

For introducing these methods, let X be a Banach space and consider the linear integral
operator K defined on X by the formula

(Ku)(x) =
∫

D
k(x, t)u(t)dt. (2.2)

From (2.2) and (2.1), it follows that

u(x)−
∫

D
k(x, t)u(t)dt = f (x), (2.3)

To solve the equation (2.3) numerically, we choose a sequence of finite dimensional sub-
spaces Xn ⊂ X , n ≥ 1, with Xn having dimension Nn. If {φj : j = 1, . . . , Nn} is a basis of
Xn, then we seek a function un ∈ Xn so that it can be written as

un(x) =
Nn

∑
j=1

cjφj(x). (2.4)

Since un(x) in general will not solve (2.3) exactly, we consider the function rn(x) given by

rn(x) = un(x)−
∫

D
k(x, t)un(t)dt− f (x)

=
Nn

∑
j=1

cj[φj(x)−
∫

D
k(x, t)φj(x)]− f (x). (2.5)

where rn(x) is called the residual in the approximation of the equation when using u ≈ un.
Symbolically, we write (2.3) as

(I −K)u = f , (2.6)

and also the quantity (2.5) as
rn = (I −K)un − f . (2.7)

The unknown coefficients cj, j = 1, . . . , Nn are chosen by forcing rn(x) to be approximately
zero in some sense. The hope is that the resulting function un(x) will be a good approxi-
mation of the exact solution u(x). How this is done depends on the method used. We will
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review some of the principal strategies for making rn small, as presented in the following
methods

• Collocation method

For the collocation scheme, the most common choice for X is C(D). The idea behind this
method is to make the residual rn(x) small by forcing rn(x) to be zero at the collocation
points xj, j = 1, . . . , Nn, that is,

rn(xi) = 0, i = 1, . . . , Nn, (2.8)

or equivalently,
un(xi)− (Kun)(xi) = f (xi).

This yields the linear equations

Nn

∑
j=1

cj
[
φj(xi)− (Kφj)(xi)

]
= f (xi), i = 1, . . . , Nn. (2.9)

Let us denote

En =
[
φj(xi) : i, j = 1, . . . , Nn

]
, Kn =

[
(Kφj)(xi) : i, j = 1, . . . , Nn

]
,

and
cn =

[
cj : j = 1, . . . , Nn

]
, fn =

[
f (xj) : j = 1, . . . , Nn

]
.

Then, (2.9) can be written in the matrix-vector form

(En −Kn)cn = fn. (2.10)

If this linear system have a unique solution, then the unknown vector cn can be determined
and the approximation un(x) is well defined.

• Galerkin’s method

For the Galerkin scheme, the standard choice for X is L2(D) or another Hilbert space, with
inner product denoted by (·, ·). The Galerkin method is based on the principle of making
the residual rn "small" by requiring that

(rn, φi) = 0, i = 0, . . . , Nn, (2.11)

this is equivalent to
(un, φi)− (Kun, φi) = ( f , φi).

This yields the linear equations
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Nn

∑
j=1

cj
[
(φj, φi)− (Kφj, φi)

]
= ( f , φi), i = 1, . . . , Nn. (2.12)

Let us denote

En =
[
(φj, φi) : i, j = 1, . . . , Nn

]
, Kn =

[
(Kφj, φi) : i, j = 1, . . . , Nn

]
,

and
cn =

[
cj : j = 1, . . . , Nn

]
, fn =

[
( f , φj) : j = 1, . . . , Nn

]
.

Then, (2.12) can be written in the matrix-vector form

(En −Kn)cn = fn. (2.13)

If this linear system have a unique solution, then the unknown vector cn can be deter-
mined and the approximation un(x) is well defined.

According to [7, pp. 52–54], (2.8) and (2.11) may be written as

Pnrn = 0,

is equivalent to
Pn(I −K)un = Pn f , un ∈ Xn. (2.14)

where Pn is a projection onto Xn. Since Pnun = un, the above equation can be written as
follows:

(I − PnK)un = Pn f . (2.15)

We may consider this as the defining equation for the Galerkin and collocation methods,
with the appropriate choice of Pn. In the Galerkin method, Pn is the orthogonal projection
from X := L2(D) to Xn, defined by

(Pnu, φ) = (u, φ), for all u ∈ X and φ ∈ Xn

while for the collocation method, Pn is the interpolatory projection from X := C(D) to Xn,
defined for u ∈ X by

Pnu(xi) = u(xi), for all i ∈ {1, . . . , Nn},

where {xi}Nn
i=0 is a set of distinct nodes in D.

2.1.3 Theoretical aspects of projection methods

The following results for projection methods quoted from [7, pp. 55-58].
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Lemma 2 ([7]). Let X be a Banach space, and let {Pn} be a family of bounded projections on X
with

Pnu→ u as n→ ∞, for all u ∈ X .

Let K ∈ Bc(X ) be compact. Then,

‖K − PnK‖ → 0 as n→ ∞.

Theorem 2.2. Assume K : X → X is bounded, with X be a Banach space, and (I −K) : X →
X is one-to-one and onto. Further if

‖K − PnK‖ → 0 as n→ ∞,

then for all sufficiently large n, say n ≥ n0, the operator (I −PnK)−1 exists as a bounded operator
from X to X . Also, it is uniformly bounded:

sup
n≥n0

‖(I − PnK)−1‖ < ∞.

Proof. See [7].

Theorem 2.3. For all solutions un and u to (2.15) and (2.6), respectively, one can obtain that

1
‖I − PnK‖

‖u−Pnu‖ ≤ ‖u− un‖ ≤ ‖(I − PnK)−1‖‖u−Pnu‖.

Proof. See [7].

Theorem 2.3 shows that un converges to u if and only if Pun converges to u. Further, if
convergence does occur, then ‖u− un‖ and ‖u−Pnu‖ tend to zero with exactly the same
speed.

According to the above lemma and theorems, we can conclude if equation (2.1) is
uniquely solvable for all f ∈ X , then the equation (2.15) is uniquely solvable for all suffi-
ciently large n, say n ≥ n0, and the inverse operators (I −PnK)−1 exists and are uniformly
bounded for n ≥ n0.

2.1.4 Condition numbers

In the context of approximate methods, we need to introduce the concept of the condition
number of a linear operator, which is used to indicate how sensitive the solution of an
equation may be to small relative changes in the input data. A problem is called well-
conditioned if the perturbation of the input error is not much larger than "1". While if the
error is strongly increased, the problem is called ill-conditioned.

Definition 2.2. Let T ∈ B(X ,Y) be a bounded operator from a Banach space Y into a
Banach space Y with bounded inverse T−1 ∈ B(Y ,X ). The quantity

cond(T) = ‖T‖‖T−1‖
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is called the condition number of T, denoted by κ := cond(T).

Clearly, the inequality κ := cond(T) ≥ 1 is always satisfied, as demonstrated below

‖T‖‖T−1‖ ≥ ‖TT−1‖ = ‖I‖ = 1.

Theorem 2.4. If det(En) 6= 0 and denoting by An = En − Kn the matrix of the system of
equations (2.10) then the condition number of the linear system (2.10) of the collocation method
satisfies

κ := cond(An) ≤ ‖Pn‖2
∞ cond(En) cond(I − PnK).

Proof. See [7, pp. 90–92] or [22].

Corollary 2.1. If φj = hj is the j-th Lagrange interpolation polynomial associated with distinct
nodes

{
xj, j = 1, . . . , N

}
in D, then the condition number of the linear system (2.10) of the collo-

cation method satisfies

κ := cond(An) ≤ ‖Pn‖2
∞ cond(I − PnK),

where

‖Pn‖∞ := max
x∈D

Nn

∑
j=1
|hj(x)|.

Theorem 2.5. Denoting by An = En − Kn the matrix of the system of equations (2.13) then the
condition number of the linear system (2.13) for the Galerkin method has the bound

κ := cond(An) ≤ cond(En) cond(I − PnK).

Proof. See [7, pp. 96–97] or [22].

Corollary 2.2. If (φi, φj) = δi,j, i, j = 1, . . . , Nn, then the condition number of the linear system
(2.13) for the Galerkin method has the bound

κ := cond(An) ≤ cond(I − PnK).

2.2 Quadrature methods

In this section we introduce the quadrature (Nyström) method for solving IEs of the sec-
ond kind with continuous kernel. This method discretizes the IE by directly replacing the
integral appearing in the IE by numerical quadratures.

2.2.1 Numerical quadratures

Let Ω := [a, b] ⊂ R be a bounded interval and g ∈ C(Ω). To approximate the integral

Q(g) :=
∫ b

a
g(t)dt, (2.16)



Chapter 2. Numerical methods for integral equations 18

we consider numerical quadrature rules of the form

Qn(g) :=
n

∑
j=1

ω
(n)
j g(t(n)j ), (2.17)

where t(n)j , j = 1, . . . , n are quadrature nodes (distinct) and ω
(n)
j j = 1, . . . , n are real quadra-

ture weights.

Remark 2.1. It is easily seen that Q and Qn defined in (2.16) and (2.17) respectively, are
linear functionals from C(Ω) to R. The norm of Qn is defined with

‖Qn‖ = sup
‖g‖=1

|Qn(g)| =
n

∑
j=1
|ω(n)

j |,

plays an important role in the convergence of Qn(g) to Q(g) for all continuous functions.

There are many well-known numerical methods for computing a definite integral, such
as the trapezoidal rule, Simpson’s rule, and Gaussian quadrature, the latter of which is
generally the most accurate. In the following, we quote some examples of quadrature
rules from [47, pp. 481–497].

Example 2.1. Consider the trapezoidal quadrature rule

Th(g) := Qn(g) = h
[

1
2

g(t(n)0 ) + g(t(n)1 ) + · · ·+ g(t(n)n−1) +
1
2

g(t(n)n )

]
,

=
n

∑
j=0

ω
(n)
j,T g(t(n)j ), (2.18)

for the integral Q(g), where h := (b− a)/n, t(n)j = a + jh, j = 0, . . . , n and

ω
(n)
j,T =


h
2 , j = 0, n,

h, otherwis.

(2.19)

When g ∈ C2(Ω), the error of the trapezoidal rule has the estimate [47, p. 481]

|Q(g)− Th(g)| ≤ b− a
12

h2‖g(2)‖∞.

Example 2.2. Consider the Simpson quadrature rule

Sh(g) := Qn(g) =
h
3

[
g(t(n)0 ) + 4g(t(n)1 ) + 2g(t(n)2 ) + · · ·+ 2g(t(n)n−2) + 4g(t(n)n−1) + g(t(n)n )

]
,

=
n

∑
j=0

ω
(n)
j,S g(t(n)j ), (2.20)
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for the integral Q(g), where h := (b− a)/n (n is even), t(n)j = a + jh, j = 0, . . . , n and

ω
(n)
j,S =



h
3 , j = 0, n,

2h
3 , j = 2, 4, . . . , n− 2,

4h
3 , otherwis.

(2.21)

When g ∈ C4(Ω), the error of the Simpson’s rule has the estimate [47, p. 483]

|Q(g)− Sh(g)| ≤ b− a
180

h4‖g(4)‖∞.

This example illustrates that, as the step size h tends to zero, the error associated with
Simpson’s rule diminishes more rapidly than that of the trapezoidal rule. This implies that
the Nyström method using the Simpson’s rule has a faster convergence than the trape-
zoidal rule.

Example 2.3. Let {φj : 1 ≤ j ≤ n} be a set of orthogonal polynomials of degree ≤ n on Ω
with respect to a non-negative weight function w. Consider the Gaussian quadrature rule

Gn(g) := Qn(g) =
n

∑
j=1

ω
(n)
j g(t(n)j ),

for the integral Q(g), where the points t(n)j are the zeros of the function φn and

w(n)
j :=

∫ b

a
w(t)

n

∏
i=1
i 6=j

t− t(n)i

t(n)j − t(n)i

dt, j = 1, . . . , n.

When g ∈ C2n(Ω), the error of the Gaussian quadrature rule has the estimate [47, p. 497]

Q(g)− Gn(g) =
g(2n)(ξ)

(2n)!

∫ b

a
q2

n(t)w(t)dt, (2.22)

where ξ ∈ (a, b) and qn is the polynomial

qn(t) =
n

∏
i=1

(t− t(n)i ).

Remark 2.2. If Ω := [−1, 1], w(x) = 1 and {φj(x) := Pj(x) : 1 ≤ j ≤ n} is chosen to be the
set of LPs see Chapter 3, then the error term (2.22) is given by [76, p. 105] or [32]

Q(g)− Gn(g) =
22n+1(n!)4

(2n + 1)!((2n)!)3 g(2n)(ξ), −1 < ξ < 1.

This example demonstrates that the Nyström method, when combined with the Gaus-
sian quadrature formula, achieves rapid convergence.
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Definition 2.3. A sequence (Qn) of quadrature rules is called convergent if

Qn(g)→ Q(g) as n→ ∞, for all g ∈ C(Ω),

i.e., if the sequence (Qn) converges pointwise1 to the functional Q on C(Ω).

The following theorem guarantees the convergence of many common quadrature for-
mula, and in particular of the trapezoidal rule, Simpson’s rule and Gaussian quadrature
rules.

Theorem 2.6 ([50], Theorem 12.4). The quadrature rules (Qn) converges if and only if

Qn(g)→ Q(g) as n→ ∞, for all g in some dense subset2 U ⊂ C(Ω) and

sup
n∈N

n

∑
j=1
|ω(n)

j | < ∞.

2.2.2 Nyström’s method

The quadrature (Nyström) method is among the simplest numerical methods for solving
IEs. It was originally introduced to handle approximations based on the numerical inte-
gration of the integral operator in IEs. To describe this method, we consider the linear
functional equation of the form

u(x)−Ku(x) = f (x), (2.23)

where the operator K is given by

(Ku)(x) :=
∫ b

a
k(x, t)u(t)dt, x ∈ Ω, (2.24)

with a continuous kernel k ∈ C(Ω × Ω). To solve the equation (2.23) numerically, we
consider a sequence (Qn) of numerical quadrature rules for the integral operator (2.24).
This integral operator is approximated by a sequence of numerical integration operators
defined by

(Knu)(x) =
n

∑
j=1

ω
(n)
j k(x, t(n)j )u(t(n)j ), x ∈ Ω, (2.25)

where t(n)j in Ω are quadrature nodes and ω
(n)
j are real quadrature weights of a quadrature

rule Qn(g) with g = kxu, where kx(·) = k(x, ·). The most natural way of approximating
the solution of (2.23) is to replace the integral (2.24) by a numerical quadrature given in
(2.25), it follows that

u(x)−
n

∑
j=1

ω
(n)
j k(x, t(n)j )u(t(n)j ) ' f (x),

1A sequence (Qn) of functions defined on C(Ω) is said to be converge pointwise to a functional Q on C(Ω)
if, for every g ∈ C(Ω) and very ε > 0, there exists N ∈N such that for all n ≥ N we have |Qn(g)−Q(g)| < ε.

2A subset W of a normed vector space V is said to be dense in V if for each v ∈ V and each ε > 0 there
exists an element w ∈W such that ‖v− w‖ ≤ ε.
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If un(x) is defined as the solution to

un(x)−
n

∑
j=1

ω
(n)
j k(x, t(n)j )un(t

(n)
j ) = f (x) (2.26)

then evaluating un(x) at x = x(n)i , i = 1, . . . , n, gives the following set of algebraic equa-
tions for u(n)

i := {un(t
(n)
i )}n

i=1:

u(n)
i −

n

∑
j=1

ω
(n)
j k(x(n)i , t(n)j )u(n)

j = f (x(n)i ), i = 1, . . . , n. (2.27)

If the above linear system has a unique solution, then the solution reads as

un(x) :=
n

∑
j=1

ω
(n)
j k(x, t(n)j )u(n)

j + f (x), x ∈ Ω.

Equation (2.23) can be rewritten as

u−Ku = f , (2.28)

and also the numerical IE (2.26) as

un −Knun = f . (2.29)

We summarize the above discussion in the following theorem.

Theorem 2.7 (Nyström’s method). For the solution un of (2.26), let u(n)
j := u(t(n)j ) and k(n)ij :=

k(x(n)i , t(n)j ), j = 1, . . . , n for n ∈N. Then [u(n)
1 , . . . , u(n)

n ]T satisfies the following linear system


1−ω

(n)
1 k(n)11 −ω

(n)
2 k(n)12 · · · −ω

(n)
n k(n)1n

−ω
(n)
1 k(n)21 1−ω

(n)
2 k(n)22 · · · −ω

(n)
n k(n)2n

...
...

. . .
...

−ω
(n)
1 k(n)n1 −ω

(n)
2 k(n)n2 . . . 1−ω

(n)
n k(n)nn




u(n)

1

u(n)
2
...

u(n)
n

 =


f (x(n)1 )

f (x(n)2 )
...

f (x(n)n )

 . (2.30)

Conversely, if [u(n)
1 , . . . , u(n)

n ]T is a solution of (2.30), then the function un defined by

un(x) := f (x) +
n

∑
j=1

ω
(n)
j k(x, t(n)j )u(n)

j , x ∈ Ω (2.31)

solves equation (2.26).

Proof. The first statement is trivial. Next, if [u(n)
1 , . . . , u(n)

n ]T is a solution of (2.30), then we
have from (2.31) and (2.30) that

u(x(n)i ) = f (x(n)i ) +
n

∑
j=1

ω
(n)
j k(x(n)i , t(n)j )u(n)

j = u(n)
i , i = 1, . . . , n. (2.32)
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From (2.31) and the above equation, we find that un satisfies (2.26).

The error estimate for the Nyström method is quite straightforward using the results
given in [50, 22]. Recall that the error analyses of projection methods depended on show-
ing ‖K −Kn‖ converges to zero as n increases, with Kn = PnK the approximation to the
integral operator K. This cannot be done here; in fact,

‖K −Kn‖ ≥ ‖K‖.

To see this, for any small positive constant ε we can choose a function ϕε ∈ X = C(Ω)

such that ‖ϕε‖∞ = 1, ϕε(x) = 1 for all x ∈ Ω with minj∈{1,...,n} |x− xj| ≥ ε and ϕε(xj) = 0
for all j ∈ {1, . . . , n}. For this choice of ϕε, we have that

‖K −Kn‖ = sup
u∈X ,‖u‖∞≤1

‖(K−Kn)u‖∞ ≥ sup
u∈X ,‖u‖∞≤1

sup
ε>0
‖(K−Kn)(uϕε)‖∞

= sup
u∈X ,‖u‖∞≤1

sup
ε>0
‖K(uϕε)‖∞

= sup
u∈X ,‖u‖∞≤1

‖Ku‖∞ = ‖K‖.

Theorem 2.8 ([22]). If the sequence of quadrature rules is convergent, then the sequence {Kn}
of quadrature operators is collectively compact and pointwise convergent on C(Ω). Moreover, if u
and un are the solution of equations (2.23) and the Nyström method, respectively, then there exist
a positive constant c and a positive integer N such that for all n ≥ N,

‖u− un‖∞ ≤ c‖(Kn −K)u‖∞.

Theorem 2.8 indicates that the error ‖u− un‖∞ converges to zero in the same order as
the numerical integration error

‖(Kn −K)u‖∞ = max
x∈Ω

∣∣∣∣∣ n

∑
j=1

ω
(n)
j k(x, t(n)j )u(t(n)j )−

∫
Ω

k(x, t)u(t)dt

∣∣∣∣∣ . (2.33)

Implementation

In order to obtain the approximate solution of (2.23), one needs to employ a quadrature
rule to approximate the integral in (2.24). The straightforward application of the repeated
trapezoidal rule (2.18) or the repeated Simpson’s rule (2.20) to the integral in (2.24) takes
the form

(Knu(x) =
n

∑
j=0

w(n)
j K(x, t(n)j )u(t(n)j ), x ∈ Ω, (2.34)

where w(n)
j = w(n)

j,T or w(n)
j,S are given by (2.19) and (2.21), respectively. This gives the

following approximating equation

un(x)−
n

∑
j=0

w(n)
j k(x, t(n)j )un(t

(n)
j ) = f (x). (2.35)
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Substituting xi = t(n)i , i = 0, 1, . . . , n in (2.35), we get

u(n)
i −

n

∑
j=0

w(n)
j k(t(n)i , t(n)j )u(n)

j = f (t(n)i ), i = 0, 1, . . . , n,

where u(n)
i is the approximate value of the exact solution at the points t(n)i . The Nyström

interpolation formula is given by

un(x) =
n

∑
j=0

ω
(n)
j k(x, t(n)j )u(n)

j + f (x), x ∈ Ω.

From (2.33), the numerical integration error for the trapezoidal rule is

‖(Kn −K)u‖∞ ≤
b− a

12
h2 max

x,t∈Ω

∣∣∣∣ ∂2

∂t2 k(x, t)u(t)
∣∣∣∣ , (2.36)

under the assumption u ∈ C2(Ω) and k(x, t) ∈ C2(Ω ×Ω). Similarly, for the Simpson’s
rule is

‖(Kn −K)u‖∞ ≤
b− a
180

h4 max
x,t∈Ω

∣∣∣∣ ∂4

∂t4 k(x, t)u(t)
∣∣∣∣ , (2.37)

under the assumption u ∈ C4(Ω) and k(x, t) ∈ C4(Ω×Ω). From (2.36) (or (2.37)), we see
the Nyström method using the trapezoidal rule (or the Simpson’s rule) converges with an
order of O(h2) (or O(h4)). This shows that, as the step size h tends to zero, the error for
Simpson’s rule converges to zero faster than the error for the trapezoidal rule.

Numerical test

Consider the following IE

u(x)− 1
5

∫ 1

0
extu(t)dt = f (x), x ∈ Ω := [0, 1], (2.38)

where f (x) is chosen so that the exact solution is u(x) = e−x cos(x). Table 2.1 shows the
absolute error between the approximate and exact solutions at the some selected points
on Ω. In this table, |u(x) − uT(x)| and |u(x) − uS(x)| denote the absolute errors of the
Nyström method using Trapezoidal and Simpson’s rules for n = 4, respectively.

TABLE 2.1: Numerical results for Eq. (2.38)

x |u(x)− uT(x)| |u(x)− uS(x)|
0 4.59e−04 1.04e−05
0.25 9.95e−05 8.02e−06
0.5 2.69e−04 4.45e−06
0.75 6.44e−04 5.56e−07
1 1.01e−03 2.61e−06
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Chapter 3

Generalities about spectral
approximation

Spectral approximations including Legendre, Chebyshev and Gegenbaure approximations,
which are special cases of Jacobi approximations, have gained tremendous success in a
variety of applications, such as root-finding algorithms, Gaussian quadrature rules and
spectral methods for differential, integral and integro-differential equations (see, e.g., [57,
91, 20, 89, 18, 32, 14, 90, 78, 23, 93, 48, 46, 77, 80, 38, 92, 69] and the references therein).
One of the most significant advantages of these approximations is that their convergence
behavior depends solely on the smoothness properties of the functions involved and fast
convergence can be achieved if the functions to be approximated are sufficiently smooth.
These approximations have certain limitations; for example, they are not efficient in ap-
proximating problems that exhibit localized rapid variations, steep gradients, or a steep
front. To address this, we develop in this chapter an adaptive approach which has the ad-
vantage of accelerating convergence even when the functions to be approximated exhibit
such complex behaviors.

3.1 Standard spectral approximation

In spectral methods for non-periodic problems, the approximation is based on the expan-
sion of a function in terms of an infinite sequence of orthogonal trial functions, which is
given by

u(x) =
∞

∑
n=0

ûnφn(x), (3.1)

where u(x) is the function to approximate and {ûn} represents the spectral coefficients
associated with a set of polynomials φn(x). The set {φn(x)} is orthogonal with respect to
a positive weight function w(x) on the interval J, if the following equality holds

(φn, φm)w =
∫ b

a
φn(x)φm(x)w(x)dx = γnδn,m, (3.2)

where γn = (φn, φm)w and δn,m is the Kronecker delta function. The integral of (3.2) repre-
sents the weighted inner product of the functions φn and φm. In case the weighted inner
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product of a function with itself is taken the square of the norm is given by

‖u‖2
L2

w
= (φn, φm)w =

∫ b

a
u2(x)w(x)dx, (3.3)

where the weighted space L2
w(J) defined by

L2
w(J) := {u : u is measurabe and ‖u‖L2

w
< ∞}. (3.4)

3.1.1 Orthogonal projection and discussion of convergence

Definition 3.1. Let V ⊂ X be a subset of a normed space X . An element φ∗ ∈ V is called
a best approximation to an arbitrary element u ∈ X if it minimizes the distance to u among
all elements of V ; that is

‖u− φ∗‖X = inf
φ∈V
‖u− φ‖X .

i.e., φ∗ ∈ V has smallest distance from u.

Lemma 3 ([78]). For any u ∈ L2
w(J) and N ∈N, there exists a unique q∗N ∈ PN , such that

‖u− q∗N‖L2
w
= inf

qN∈PN
‖u− qN‖L2

w
,

where PN denotes the space of polynomials of degree at most N,

q∗N(x) =
N

∑
n=0

ûnφn(x), ûn =
(u, φn)w

‖φn‖2
w

,

and {φn}N
n=0 forms an L2

w−orthogonal basis of PN .

In particular, we denote the best approximation polynomial q∗N by PNu, which represents
the L2

w−orthogonal projection of u and is characterized by the following orthogonality
conditions

(u−PNu, p)w = 0, ∀p ∈ PN , (3.5)

where

PNu(x) =
N

∑
n=0

ûnφn(x), ûn =
(u, φn)w

‖φn‖2
w

. (3.6)

with the truncated error

u−PNu =
∞

∑
n=N+1

ûnφn.

It is not difficult to show that PNu is the orthogonal projection of u onto PN under the
inner product defined in L2

w(J). To do this, we first have form (3.5) that

(u−PNu, pm)w =
∞

∑
n=N+1

ûn(φn, pm)w.
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Since the polynomials φn, (0 ≤ n ≤ N) form a basis for PN , any polynomial p ∈ PN can
be expanded with respect to this basis. Eq. (3.5) follows noticing that for m ≤ N,

(φn, pm)w = 0, for all n ≥ N + 1

because of orthogonality property.
The convergence of the orthogonal projection is established in the following theorem.

Theorem 3.1. For any u ∈ L2
w(J), we have

lim
N→∞

‖u−PNu‖L2
w
= 0.

Proof. See [32].

3.1.2 Jacobi polynomials and Gauss quadrature

An important class of classical orthogonal polynomials (OPs) called the Jacobi polynomi-
als, named after mathematician Carl Gustav Jacob Jacobi, are a two parameter family of
ordered complete sets of classical OPs on the standard interval I, orthogonal with respect
to the Jacobi weight

wα,β(y) = (1− y)α(1 + y)β, α, β > −1.

It is well known that the Jacobi polynomials (JPs) with basis parameters α and β are typi-
cally denoted by Jα,β

n (y), n ∈N, and satisfy the orthogonality condition [39]:

∫ 1

−1
Jα,β
n (y)Jα,β

m (y)wα,β(y)dy = γ
α,β
n δn,m, (3.7)

where δn,m is the Kronecker function, and the normalizing constant γ
α,β
n is given by [39]:

γ
α,β
n =

2α+β+1

2n + α + β + 1
Γ(n + α + 1)Γ(n + β + 1)
Γ(n + 1)Γ(n + α + β + 1)

.

Also, they satisfy the following three-term recurrence relation [87, (1.4.3)]:

Jα,β
0 (y) = 1, Jα,β

1 (y) = 1
2 (α + β + 2)y + 1

2 (α− β),

Jα,β
n+1(y) = (aα,β

n y− bα,β
n )Jα,β

n (y)− cα,β
n Jα,β

n−1(y), n ≥ 1,

(3.8)

where 

aα,β
n =

(2n + α + β + 1)(2n + α + β + 2)
2(n + 1)(n + α + β + 1)

,

bα,β
n = − (α2 − β2)(2n + α + β + 1)

2(n + 1)(n + α + β + 1)(2n + α + β)
,

cα,β
n =

(n + α)(n + β)(2n + α + β + 1)
2(n + 1)(n + α + β + 1)(2n + α + β)

.

The following important Gauss-Quadrature theorem, which established in [78].
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Theorem 3.2 (Gauss Quadrature). Let
{

xj
}N

j=0 be the set of zeros of the orthogonal polynomial

pN+1. Then there exists a unique set of quadrature weights
{

ωj
}N

j=0, defined by

ωj =
∫ b

a
hj(x)w(x)dx

where

hj(x) =
N

∏
i=0
i 6=j

x− xi

xj − xi
, 0 ≤ j ≤ N, (3.9)

is the Lagrange basis polynomials (LBPs) associated with
{

xj
}N

j=0 , such that

∫ b

a
p(x)w(x)dx =

N

∑
j=0

p(xj)ωj, ∀p ∈ P2N+1.

Moreover, the quadrature weights are all positive and are given by

ωj =
kN+1

kN

‖pN‖2
w

pN(xj)p′N+1(xj)
, 0 ≤ j ≤ N,

where k j is the leading coefficient of the polynomial pj.

Lemma 4. If x0, x1, . . . , xN are the zeros of the polynomial pN+1(x), then the LBPs (3.9) can be
expressed as

hj(x) =
pN+1(x)

(x− xj)p′N+1(xj)
. (3.10)

Proof. Let pN+1(x) be the polynomial of degree N + 1 having N + 1 distinct real roots are
the interpolation nodes xj, defined by

pN+1(x) ≡
N

∏
j=0

(x− xj)

which is equivalently
pN+1(x) = (x− xj)qN+1(x), (3.11)

where

qN+1(x) ≡
N

∏
i=0
i 6=j

(x− xi).

Differentiation of (3.11) gives

p′N+1(x) = qN+1(x) + (x− xj)q′N+1(x),

in which setting x = xj yields
p′N+1(xj) = qN+1(xj).
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Assuming

hj(x) = aj
pN+1(x)
(x− xj)

,

the requirement hj(xj) = 1 leads, via l’Hôpital’s rule to

1 = aj lim
x→xj

pN+1(x)
(x− xj)

= aj p′N+1(xj) = ajqN+1(xj).

Therefore, for any j = 0, . . . , N the LBPs defined in (3.9), can also be expressed more
succinctly in the following form

hj(x) =
pN+1(x)

(x− xj)p′N+1(xj)
.

Figure 3.1 illustrates the LBPs hj(x) for 0 ≤ j ≤ 3, defined on the interval [−1, 1],
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FIGURE 3.1: LBPs hj(x) with j = 0, 1, 2, 3, defined on the interval [−1, 1].

One of the most widely used methods in numerical integration is Jacobi-Gauss quadra-
ture rule. This quadrature rule is of importance in the numerical analysis for the approxi-
mate evaluation of integrals, which is demonstrated in [78]:

Lemma 5 (Jacobi-Gauss quadrature). Let {σj := σ
α,β
N,j}N

j=0 be the zeros of Jα,β
N+1(y), while the

quadrature weights {ωα,β
N,j}N

j=0 are given by

ω
α,β
N,j =

Γ(N + α + 2)Γ(N + β + 2)
(N + 1)!Γ(N + α + β + 2)

2α+β+1

(1− σ2
j )[∂y Jα,β

N+1(σj)]2
. (3.12)

Then ∫ 1

−1
p(y)wα,β(y)dy =

N

∑
j=0

p(σj)ω
α,β
N,j, ∀p ∈ P2N+1. (3.13)
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3.1.3 Legendre polynomials

The Legendre polynomials (LPs) are important special cases of the JPs obtained by seeting
α = β = 0. They are denoted by Pn(y) := J0,0

n (y), n ∈ N, from the recurrence relation of
the JPs (3.8), we can find that Pn(y) satisfy the three-term recursion [79]:

(n + 1)Pn+1(y) = (2n + 1)yPn(y)− nPn−1(y), n ≥ 1,

with P0(y) = 1 and P1(y) = y (In Figure 3.2, the graphs of the LPs Pn(y) for 1 ≤ n ≤ 4,
are drawn.). They form an L2(I)-orthogonal system on the interval I with respect to the
uniform weight function, that is

∫ 1

−1
Pn(y)Pm(y)dy = γnδn,m, γn =

2
2n + 1

, n = 0, 1, · · · . (3.14)

For N ∈N, let {σN,j := σ0,0
N,j}N

j=0 be the Legendre-Gauss nodes, and there holds

∫ 1

−1
φ(y)dy =

N

∑
j=0

φ(σN,j)ωN,j, ∀φ ∈ P2N+1, (3.15)

where {ωN,j := ω0,0
N,j}N

j=0 are the corresponding quadrature weights given by

ωN,j =
2

(1− σ2
N,j)[P

′
N+1(σN,j)]2

, 0 ≤ j ≤ N.

The discrete inner product for U, V ∈ C(I) is define as

(U, V)N =
N

∑
j=0

U(σN,j)V(σN,j)ωN,j. (3.16)

The Legendre-Gauss interpolation operator IN : C(I)→ PN , is defined by

INU(y) ∈ PN , such that INU(σN,i) = U(σN,i), i = 0, 1, . . . , N. (3.17)

Moreover, such polynomial is unique and can be written in Lagrange form as

INU(y) =
N

∑
j=0

U(σN,j)hj(y),

where

hj(y) =
N

∏
i=0
i 6=j

y− σN,i

σN,j − σN,i
. (3.18)

For additional properties of JPs/LPs, see e.g. [19, 86, 4, 27]).
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FIGURE 3.2: LPs Pn(x) with n = 1, 2, 3, 4 defined on the interval [−1, 1].

3.2 Improved spectral approximation via use of mappings

3.2.1 Mappings for improvement accuracy

Mappings are used most frequently for the treatment of geometries that differ from stan-
dard intervals. They can also be used to improve accuracy and reduce computational costs
in spectral methods. Before presenting these mappings defined on the standard interval I,
we first define the general form of a mapping between the intervals I and J by

x = ϕa,b(ν; y) :=
b + a

2
+

b− a
2

ρ(ν; y), y ∈ I, x ∈ J, ν ∈ Dν, (3.19)

where ν is a parameter vector, Dν is the feasible domain of ν and ρ(ν; y) is an appropriate
mapping of the standard interval I onto itself with ρ(ν;±1) = ±1. Moreover, we assume
the following properties hold

dx
dy

= ϕ′a,b(ν; y) =
b− a

2
ρ′(ν; y) > 0, ν ∈ Dν, (3.20)

and
ϕa,b(ν;−1) = a, ϕa,b(ν;+1) = b, ν ∈ Dν.

The mapping (3.19) is explicitly invertible, and denote its inverse mapping by

y = ϕ−1
a,b (ν; x) = ρ−1

(
ν;

2
b− a

x− b + a
b− a

)
= ψa,b(ν; x), x ∈ J, ν ∈ Dν. (3.21)

In the literature, there are many one-to-one mappings defined on the standard interval
I that can be used to describe the above strategy. In this context, we present two valuable
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sets of one-to-one mappings, the first one is given by:

z = ρ1(ν; y) :=
arcsin(νy)
arcsin(ν)

, y ∈ I, ν ∈ Dν, (3.22)

its inverse, consisting of

y = ρ−1
1 (ν; z) = sin(θz)/ν, y, z ∈ I, ν ∈ Dν,

where θ = arcsin(ν), Dν is the feasible domain of ν defined by Dν := {ν : 0 < ν < 1}, and
the second one is given by:

z = ρ2(ν; y) = ν2 + tan(a1(y− a0))/ν1, y ∈ I, ν ∈ Dν, (3.23)

its inverse, consisting of

y = ρ−1
2 (ν; z) = a0 + arctan(ν1(z− ν2))/a1, y, z ∈ I, ν ∈ Dν,

where the feasible domain of ν = (ν1, ν2) is defined by:

Dν := {(ν1, ν2) : ν1 > 0, −1 ≤ ν2 < 1} ,

and the values of a0 and a1 are chosen to satisfy the condition ρ′2(ν; y) > 0 for all y ∈ I.
In Figures 3.3 and 3.4, we plot the mapping derivatives of ρ1(ν; y) and ρ2(ν; y) for various
values of the mapping parameter ν. Note that, when ν→ 0 the mapping (3.22) reduces to
a unity mapping, and also with the mapping (3.23) when ν1 → 0.

The major effect of the combination of ρ1(ν; y) with the mapping (3.19) is to obtain a
more uniform distribution of the grid points in the interval J when ν→ 1 (see Figure 3.5),
while the combination of ρ2(ν; y) clusters the points near (see Figure 3.7)

x =
b + a

2
+

b− a
2

ν2 for ν1 > 1.

3.2.2 Mapped Jacobi polynomials

For α, β > −1, let Jα,β
n (y) be the classical JP of degree n defined on the standard interval I,

whose properties are summarized in Subsection 3.1.2. According to (3.21), we define the
so-called mapped Jacobi polynomial (MJP) of degree n on the finite interval J by

jα,β
ν,n(x) = Jα,β

n (ψa,b(ν; x)), n = 0, 1, . . . , ν ∈ Dν, (3.24)

and denote its the weight function by

wα,β
J,ν (x) = wα,β(y)

dy
dx

= wα,β(y)(ϕ′a,b(ν; y))−1 > 0, (3.25)
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FIGURE 3.5: Illustration of the effect of the combination of ρ1(ν; y) with the
mapping (3.19) for various values of the mapping parameter ν.

with wα,β(y) = (1 − y)α(1 + y)β is the original Jacobi weight function. From (3.20) and
(3.21), we have

ψ′a,b(ν; x) =
dy
dx

=

(
dx
dy

)−1

= (ϕ′a,b(ν; y))−1,



Chapter 3. Generalities about spectral approximation 33

−2 −1 0 1 2

ν
1
=1; ν

2
=0

ν
1
=10; ν

2
=0

ν
1
=20; ν

2
=0

x

FIGURE 3.6: Illustration of clustering of grid points near x = 0 using the
combination of ρ2(ν; y) with the mapping (3.19) for various values of the

mapping parameter ν1 and fixed ν2 = 0.

−2 −1 0 1 2

ν
1
=1; ν

2
=−1

ν
1
=10; ν

2
=−1

ν
1
=20; ν

2
=−1

x

FIGURE 3.7: Illustration of clustering of grid points near x = −2 using the
combination of ρ2(ν; y) with the mapping (3.19) for various values of the

mapping parameter ν1 and fixed ν2 = −1.

and substituting y = ψa,b(ν; x) in (3.25), we obtain that

wα,β
J,ν (x) = wα,β(ψa,b(x))ψ′a,b(ν; x).

Let us now present important properties of the MJPs.

Lemma 6. For α, β > −1, the MJPs jα,β
ν,n(x) are orthogonal with respect to the weight function

wα,β
J,ν (x), i.e., ∫ b

a
jα,β
ν,n(x)jα,β

ν,m(x)wα,β
J,ν (x)dx = γ

α,β
n δn,m. (3.26)
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Proof. Using the substitution y = ψa,b(ν; x), we have

∫ b

a
jα,β
ν,n(x)jα,β

ν,m(x)wα,β
J,ν (x)dx =

∫ 1

−1
Jα,β
n (y)Jα,β

m (y)wα,β(y)dy.

Then we have the orthogonality (3.26) from (3.7).

Theorem 3.3. The MJPs are generated using the following three-term recurrence relation:

jα,β
ν,0 (x) = 1, jα,β

ν,1 (x) = (aα,β
0 ψa,b(x)− bα,β

0 ),

jα,β
ν,n+1(x) = (aα,β

n ψa,b(x)− bα,β
n )jα,β

ν,n(x)− cα,β
n jα,β

ν,n−1(x), n ≥ 1,

(3.27)

where aα,β
n , bα,β

n and cα,β
n are as in Equation (3.8).

Proof. The three-term recurrence relation (3.27) is a straightforward result from the corre-
sponding three-term recurrence relation of JPs with the mapping (3.21).

By using Lemma 5, we introduce the following lemma.

Lemma 7 (Mapped Jacobi-Gauss quadrature). For α, β > −1, let {σα,β
N,j , wα,β

N,j}N
j=0 be the set of

Jacobi-Gauss quadrature nodes and weights. Denoting the set of mapped Jacobi-Gauss quadrature
nodes and weights by {

ζ
α,β
ν,j := ϕa,b(ν; σ

α,β
N,j), ω

α,β
ν,j := ω

α,β
N,j

}N

j=0
.

Then ∫ b

a
q(x)wα,β

J,ν (x)dx =
N

∑
j=0

q(ζα,β
ν,j )ω

α,β
ν,j , ∀q ∈ Q2N+1,ν,

where
QN,ν := span{1, ψa,b(ν; x), (ψa,b(ν; x))2, . . . , (ψa,b(ν; x))N}.

Proof. According to Lemma 5, for any polynomial p ∈ P2N+1 we have

∫ 1

−1
p(y)wα,β(y)dy =

N

∑
j=0

p(σα,β
N,j)ω

α,β
N,j. (3.28)

Since p = q ◦ ϕ ∈ P2N+1 if q = p ◦ ψ ∈ Q2N+1,ν, we can obtain that from the above
Gauss-Jacobi quadrature rule,

∫ b

a
q(x)wα,β

J,ν (x)dx. =
∫ 1

−1
q(ϕa,b(ν; y))wα,β(y)dy

=
N

∑
j=0

q(ϕa,b(ν; σ
α,β
N,j))ω

α,β
N,j =

N

∑
j=0

q(ζα,β
ν,j )ω

α,β
ν,j .
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3.2.3 Mapped Lagrange basis functions

According to (3.21), we define the j-th mapped Lagrange basis function (MLBF) related to
the mapped points {ζN,i := ζ0,0

N,i}N
i=0 in J as

h(ν)j (x) :=
N

∏
i=0
i 6=j

ψa,b(ν; x)− ψa,b(ν; ζν,i)

ψa,b(ν; ζν,j)− ψa,b(ν; ζν,i)
, 0 ≤ j ≤ N. (3.29)

It is clear that the new basis functions (3.29) satisfies the property of the Kronecker delta,
h(ν)j (ζν,i) = δi,j at ζν,i, which reduces the computational cost. The first four LBPs and
MLBFs using the two-parameter mapping (3.23) are illustrated in Figure 3.8.

−1 −0.5 0 0.5 1
−1

0

1

h
0

−1 −0.5 0 0.5 1
−1

0

1

h
(5,0)

0

−1 −0.5 0 0.5 1
−1

0

1

h
(5,−1)

0

−1 −0.5 0 0.5 1
−1

0

1

h
1

−1 −0.5 0 0.5 1
−1

0

1

h
(5,0)

1

−1 −0.5 0 0.5 1
−1

0

1

h
(5,−1)

1

−1 −0.5 0 0.5 1
−1

0

1

h
2

−1 −0.5 0 0.5 1
−1

0

1

h
(5,0)

2

−1 −0.5 0 0.5 1
−1

0

1

h
(5,−1)

2

−1 −0.5 0 0.5 1
−1

0

1

h
3

−1 −0.5 0 0.5 1
−1

0

1

h
(5,0)

3

−1 −0.5 0 0.5 1
−1

0

1

h
(5,−1)

3

FIGURE 3.8: LBPs hj and MLBFs h(ν1,ν2)
j with j = 0, 1, 2, 3, defined on the

interval [−1, 1].

Lemma 8. If ζν,0, ζν,1, . . . , ζν,N are the zeros of the mapped polynomial πν,N+1(x), then the
MLBFs (3.29) can be expressed as

h(ν)j (x) = aj
πν,N+1(x)

ψa,b(ν; x)− ψa,b(ν; ζν,j)
, ν ∈ Dν, (3.30)

where

aj =
ψ′a,b(ν; ζν,j)

π′ν,N+1(x)|x=ζν,j

, 0 ≤ j ≤ N.
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Proof. Let the mapped polynomial πν,N+1(x) whose N + 1 distinct real roots are the mapped
interpolation nodes ζν,j defined as

πν,N+1(x) =
N

∏
j=0

(ψa,b(ν; x)− ψa,b(ν; ζν,j)),

which is equivalently

πν,N+1(x) = (ψa,b(ν; x)− ψa,b(ν, ζν,j))qν,N+1(x), (3.31)

where

qν,N+1(x) ≡
N

∏
i=0
i 6=j

(ψa,b(ν; x)− ψa,b(ν; ζν,i)).

Differentiation of (3.31) gives

π′ν,N+1(x) = ψ′a,b(ν, x)qν,N+1(x) + (ψa,b(ν; x)− ψa,b(ν; ζν,j))q′N+1(x),

in which setting x = ζν,j yields

π′ν,N+1(x)|x=ζν,j = π′ν,N+1(ζν,j) = ψ′a,b(ν, ζν,j)qν,N+1(ζν,j),

where
ψ′a,b(ν; ζν,j) > 0 for all j ∈ {0, 1, . . . , N}.

Assuming

h(ν)j (x) = aj
πν,N+1(x)

ψa,b(ν; x)− ψa,b(ν; ζν,j)
,

the requirement h(ν)j (ζν,j) = 1 leads, via l’Hopital’s rule to

1 = aj lim
x→ζν,j

πν,N+1(x)
ψa,b(ν; x)− ψa,b(ν; ζν,j)

= aj
π′ν,N+1(ζν,j)

ψ′a,b(ν; ζν,j)
= ajqν,N+1(ζν,j).

Therefore, for any j = 0, . . . , N the MLBFs, defined in (3.29), can also be expressed more
succinctly in the following form

h(ν)j (x) = aj
πν,N+1(x)

ψa,b(ν; x)− ψa,b(ν; ζν,j)
.

3.2.4 Mapped Legendre polynomials

The mapped Legendre polynomials (MLPs) can be obtained directly by setting α = β = 0 in
the MJPs as follows:

L(ν)
J,n (x) = j0,0

ν,n(x), n ∈N, ν ∈ Dν.



Chapter 3. Generalities about spectral approximation 37

Also, from the recurrence relation of the MJPs (3.27), we can find that L(ν)
J,n (x) satisfy the

three-term recursion

L(ν)
J,0 (x) = 1, L(ν)

J,1 (x) = ψa,b(x),

(n + 1)L(ν)
J,n+1(x) = (2n + 1)ψa,b(x)L(ν)

J,n (x)− nL(ν)
J,n−1(x), n ≥ 1.

(In Figure 3.9, the graphs of the LPs Pn and MLPs L(ν)
n , with n = 1, 2, 3, 4, defined on the

interval [−1, 1], are drawn). The set of MLPs is orthogonal on J with respect to the weight
function denoted by

wJ,ν(x) := ψ′a,b(ν; x) =
1

ϕ′a,b(ν; y)
=

2
(b− a)ρ′(ν; y)

, ν ∈ Dν. (3.32)

According to (3.26), the orthogonality relation for the MLPs therefore changes to

∫ b

a
L(ν)

J,n (x)L(ν)
J,m(x)wJ,ν(x)dx =

∫ 1

−1
Pn(y)Pm(y)dy = γnδn,m, ∀n, m ∈N,

Let us define the weighted space L2
wJ,ν

(J) by

L2
wJ,ν

(J) = {u : u is measurable and ‖u‖wJ,ν < ∞},

where

‖u‖wJ,ν :=
(∫ b

a
|u(x)|2wJ,ν(x)dx

) 1
2

.

Let u, v : J → R be two continuous functions. Their inner product is defined by

(u, v)wJ,ν :=
∫ b

a
u(x)v(x)wJ,ν(x)dx.

For ν ∈ Dν, let X ν
N denotes the finite-dimensional subspace on J that is spanned by the

first N + 1 MLPs, namely,

X ν
N := span{L(ν)

J,n (x) | x ∈ J, n = 0, 1, . . . , N}.

Applying the mapping (3.19) to the standard Legendre-Gauss quadrature formula (3.15)
leads to the mapped Legendre-Gauss quadrature

∫ b

a
φ(x)wJ,ν(x)dx =

N

∑
j=0

φ(ζ
(ν)
N,j)ω

(ν)
N,j, ∀φ ∈ X ν

2N+1, (3.33)

where
ζ
(ν)
N,j = ϕa,b(ν; σN,j), ω

(ν)
N,j = ωN,j, 0 ≤ j ≤ N.
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Accordingly, the discrete inner product and the corresponding discrete norm can be de-
fined as follows

(u, v)wJ,ν,N =
N

∑
j=0

u(ζ(ν)N,j)v(ζ
(ν)
N,j)ω

(ν)
N,j, ‖u‖wJ,ν,N = (u, u)

1
2
wJ,ν,N . (3.34)

The mapped Legendre-Gauss interpolation operator Iν
N : C(J)→ X ν

N , is defined by

Iν
Nu ∈ X ν

N such that (Iν
Nu)(ζ(ν)N,i) = u(ζ(ν)N,i), i = 0, 1, · · · , N.

By setting Uν(y) := u(x) = u(ϕa,b(ν; y)), we have

Iν
Nu(x) = (INUν)(y) = (INUν)(ψa,b(ν; x)). (3.35)
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FIGURE 3.9: LPs Pn and MLPs L(ν1,ν2)
n with n = 1, 2, 3, 4, defined on the

interval [−1, 1].
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3.2.5 Adaptive interpolation and integration errors

In order to estimate the error between u and its interpolant Iν
Nu, we introduce the follow-

ing differential operator

∂yUν = µν(x)
du
dx

=: Dxu, µν(x) =
dx
dy

,

∂m
y Uν = µν(x)

d
dx

(
µν(x)

du
dx

(
· · ·
(

µν(x)
du
dx

)
· · ·
))

=: Dm
x u, m ≥ 1.

For ν ∈ Dν and a non-negative integer m, define

Hm
wJ,ν

(J) = {u | Dr
xu ∈ L2

wJ,ν
(J), 0 ≤ r ≤ m},

with the following norm

‖u‖Hm
wJ,ν

=

(
m

∑
r=0
‖Dr

xu‖2
L2

wJ,ν

) 1
2

,

and the seminorm on Hm
wJ,ν

(J) is defined by

|u|Hm;N
wJ,ν

=

(
m

∑
r=min(m,N+1)

‖Dr
xu‖2

L2
wJ,ν

) 1
2

,

which implies that if N ≥ m − 1 then |u|Hm;N
wJ,ν

= ‖Dm
x u‖L2

wJ,ν
, In particular, H0

wJ,ν
(J) =

L2
wJ,ν

(J) and
‖u‖H0

wJ,ν
= ‖u‖L2

wJ,ν
= ‖Uν‖L2 . (3.36)

The following error estimate is satisfied if u ∈ Hm
wJ,ν

(J), for some m ≥ 1,

‖u− Iν
Nu‖L2

wJ,ν
≤ CN−m|u|Hm;N

wJ,ν
. (3.37)

where C is independent of N. To prove this error estimate, we use the estimate (5.4.33) in
[19, p. 289], it is mentioned that if Uν ∈ Hm(I) with m ≥ 1, we have

‖Uν − INUν‖L2 ≤ CN−m|Uν|Hm;N . (3.38)

Also, if N ≥ m− 1, we have |Uν|Hm;N = ‖∂m
y Uν‖L2 , where

‖∂m
y Uν‖L2 =

(∫ 1

−1
|∂m

y Uν(y)|2dy
)1/2

=

(∫ b

a
|Dm

x u(x)|2wJ,ν(x)dx
)1/2

= ‖Dm
x u‖L2

wJ,ν
.

(3.39)
Then, by (3.38), (3.39) and (3.36), we obtain the desired estimate (3.37). From the inequality
(3.37) (or inequality (3.38)), it can be seen that for a sufficiently regular function, the dif-
ference between u and its interpolant Iν

Nu (or Uν and its interpolant INUν) decays faster
than any finite power of 1/N. It implies that the error decays exponentially.
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Moreover, using the interpolation estimate (3.37), it can be proved the following inte-
gration error estimate if u ∈ Hm

wJ,ν
(J), with m ≥ 1,∣∣∣∣∣

∫ b

a
u(x)wJ,ν(x)dx−

N

∑
j=0

u(ζ(ν)N,j)ω
(ν)
N,j

∣∣∣∣∣ ≤ C̃N−m|u|Hm;N
wJ,ν

, (3.40)

where C̃ is independent of N. To prove the above estimate for the mapped Legendre Gauss
quadrature error, we have

N

∑
j=0

u(ζ(ν)N,j)ω
(ν)
N,j =

∫ b

a
Iν

Nu(x)wJ,ν(x)dx, (3.41)

and ∫ b

a
wJ,ν(x)dx =

∫ b

a
ψ′a,b(x)dx = 2.

Applying the Cauchy–Schwarz inequality, we obtain the following result∣∣∣∣∣
∫ b

a
u(x)wJ,ν(x)dx−

N

∑
j=0

u(ζ(ν)N,j)ω
(ν)
N,j

∣∣∣∣∣ =
∣∣∣∣∫ b

a
u(x)wJ,ν(x)dx−

∫ b

a
Iν

Nu(x)wJ,ν(x)dx
∣∣∣∣

=

∣∣∣∣∫ b

a
(u(x)− Iν

Nu(x))wJ,ν(x)dx
∣∣∣∣

≤
√

2‖u− Iν
Nu‖L2

wJ,ν
.

Consequently, combining (3.37) leads to the desired result (3.40).

3.2.6 Numerical experiments

Here, we approximate three functions defined on the interval [a, b],

f1(x) = cos(kx)e−x2
, x ∈ J1 := [−4, 4],

f2(x) = exp
(
− (x− λ)2

2k2

)
, x ∈ J2 := [0, 10],

f3(x) =
r

(x− λ)2 + k2 , x ∈ J3 := [−1, 1],

by Iν
N f for which the computational errors eν,N := ‖ f − Iν

N f ‖L2
wJ,ν

. The first one has the
localized rapid region for some k, the second and third functions have the steep gradients
near x = λ for some k. In Figure 3.10, we show the convergence curves for the adaptive
interpolation error of the function f1(x) obtained by the adaptive interpolation using the
combination of ρ1(ν; y) with the mapping (3.19) and its standard interpolation. Also, in
Figures 3.11 and 3.12 (top), we show the convergence curves for the adaptive interpola-
tion error of the functions f2(x) and f3(x) obtained by the adaptive interpolation using the
combination of ρ2(ν; y) with the mapping (3.19) and its standard interpolation. In addi-
tion, Figure 3.12 (bottom) illustrates the adaptive integration error for f3(x). The advan-
tage of the presented adaptive interpolation is that only a small number at the adaptive
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data points gives satisfactory numerical results, rather than using the standard interpo-
lation which required a large number at the data points of the shifted Legendre-Gauss
nodes. The adaptive interpolation approaches the standard interpolation, if the parameter
mapping ν→ 0.
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FIGURE 3.10: Behavior of the interpolation error for the function f1(x) =

cos(kx)e−x2
defined on the interval J1.
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FIGURE 3.11: Behavior of the interpolation error for the function f2(x) =

e−(x−λ)2/2k2
defined on the interval J2.
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Chapter 4

Accurate spectral solution methods
for Fredholm and Volterra integral
equations of the second kind

Over the years, various numerical techniques have been developed and successfully ap-
plied to solve a wide variety of differential, integral, and integro-differential equations,
where the main goal of these techniques has been to produce computationally efficient
and highly accurate numerical methods (see, e.g., [54, 41, 15, 28, 68, 72, 75, 12, 66, 65, 33,
46] and the references therein). Within this context, spectral methods are one of the high
accuracy numerical tools that have been used to solve IEs. For instance, truncated Bern-
stein series have been proposed to approximate some classes of IEs in [60]. The so-called
Boubaker Polynomials Expansion Scheme (BPES) has been used for obtaining an analyt-
ical solution of Love’s IE in [53], and has been also successfully applied for obtaining its
approximate solution in [63]. Chebyshev and Legendre polynomials have been employed
to obtain the approximate solution of FIEs in [55] respectively in [59, 30]. A Legendre
spectral-collocation method was proposed for linear VIEs of the second kind in [88]. Also,
a spectral Petrov-Galerkin methods was proposed in [95] for linear Volterra type IEs of
the second kind. Spectral collocation methods based on the scaled Laguerre functions and
the mapped Gegenbauer rational functions (MGRF) have been proposed in [73] and [74],
respectively, to solve linear FIEs on the half-line and the whole line.

Unfortunately, the despite excellent property of very high accuracy, the effectiveness of
spectral methods may be hindered in situations, such as localized rapid variations, steep
gradients, or a steep front. This chapter deals with this issue by proposing an efficient and
accurate spectral approach for solving linear IEs of the second kind of the following form:

u(x)−
∫

Ω
k(x, t)u(t)dt = f (x), a ≤ x ≤ b, (4.1)

where k and f are given functions, and u is the solution to be determined. Depending on
the domain Ω = [a, b] or Ω = [a, x], Equation (4.1) is named a linear FIE or a linear VIE,
respectively.

The content of this chapter is divided into three sections. In the first Section 4.1, we
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apply the Legendre spectral Galerkin method and its iterated version to solve linear FIEs
of the second kind and discuss the convergence results. In the second and last Sections 4.2
and 4.3, we develop and analyze an adaptive spectral collocation method for FIEs and
VIEs of the second kind, even if the equation exhibits localized rapid variations, steep
gradients, or a steep front.

4.1 Solving FIEs by using an accurate spectral Galerkin method

Let Ω ≡ [−1, 1] in the equation (4.1), then this equation becomes

u(x)−
∫ 1

−1
k(x, t)u(t)dt = f (x), −1 ≤ x ≤ 1. (4.2)

where k and f are given functions, and u is the solution to be determined. Equation (4.2)
can be written in a compact symbolic form as follows

(I −K)u = f , (4.3)

where the operator K is given by

(Ku)(x) :=
∫ 1

−1
k(x, t)u(t)dt.

If the kernel function k(x, t) ∈ L2(I × I), then K ∈ Bc(L2(I)) is compact (see Lemma 1 in
Chapter 1). The importance of K being compact is that the Fredholm theory then applies
to the solvability theory for (4.3) (see, Subsection 1.2.3 in Chapter 1).

In this section, we apply the Legendre spectral Galerkin method and its iterated ver-
sion to solve the equation (4.2) and discuss the convergence results. Finally, some numer-
ical examples are presented to show effectiveness of the presented method.

4.1.1 Numerical scheme

Before describing the Legendre spectral Galerkin method and its iterated version for solv-
ing FIE (4.2), we first recall some notations. Let XN be the set of all LPs of degree ≤ N
defined on I, and let the orthogonal projection operator PN : X := L2(I) → XN be de-
fined by

(PNu, φ) = (u, φ), for all u ∈ X , φ ∈ XN .

where ( f , g) is the L2 inner product given by

( f , g) =
∫ 1

−1
f (x)g(x)dx,

and the associated norm is

‖ f ‖L2 =

(∫ 1

−1
f 2(t)dt

) 1
2

.
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The Galerkin method for solving (4.2) is to find uN ∈ XN such that (see Section 2.1.2 in
Chapter 2)

uN −PNKuN = PN f , (4.4)

or equivalently,
(uN , φ)− (KuN , φ) = ( f , φ), for all φ ∈ XN . (4.5)

To find uN , write

uN =
N

∑
n=0

ũnφn,

with {φn : n = 0, . . . , N} a basis for XN , then the coefficients ũn are obtained by solving
the linear system

N

∑
n=0

ũn [(φn, φm)− (Kφn, φm)] = ( f , φm), m = 0, . . . , N. (4.6)

If the basis is orthonormal, then (φm, φn) = δm,n; The integrals (Kφn, φm) must be calcu-
lated numerically. For the inner product, the discrete inner product (3.16) is used. For the
integral operator Kφn, the Gauss-Legendre quadrature formula (3.15) is used.

4.1.2 Convergence analysis

The convergence analysis for the Galerkin method (4.4) is quite straightforward using the
results given in [7]. According to Lemma 2 in Chapter 2, the compactness of the operator
K, it follows that

‖K − PNK‖L2 → 0, as N → ∞.

In the classical Galerkin method, (4.2) is approximated by

(I − PNK)uN = PN f . (4.7)

and its corresponding iterated Galerkin solution is defined by

ũN = KuN + f , (4.8)

Using PN ũN = uN and from the equation (4.8), it follows that

(I −KPN)ũN = f , (4.9)

this iterated solution may converge to u at a faster rate than the approximation uN does.
From the theory of FIEs (see Theorem 1.5 in Chapter 1), the inverse operator (I −K)−1

exists as a bounded operator on L2(I). By Theorem 2.2 in Chapter 2, we can conclude
if (4.3) is uniquely solvable for all f ∈ X , then the Galerkin equation (4.7) is uniquely
solvable for sufficiently large N, say N ≥ n0, and the operator (I − PNK)−1 exists as a
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bounded operator from L2(I) into itself and is uniformly bounded,

M ≡ sup
N≥n0

‖(I − PNK)−1‖ < ∞.

Also, we have (see [7, Lemma 3.4.1])

(I −KPN)
−1 =

[
I +K(I − PNK)−1PN

]
.

The existence and boundedness of (I − PNK)−1 follows from that of (I −KPN)
−1,

c ≡ sup
N≥n0

‖(I −KPN)
−1‖ < ∞.

From the equation (4.7), it follows that

u− uN = u−PN f + PNKuN . (4.10)

Moreover, applying the projection PN to both sides of operator equation (4.3) yields

PNu−PNKu = PN f .

and substituting this equation into (4.10) leads to the equation

u− uN = PNK(u− uN) + u−PNu.

Solving for u− uN from the above equation gives

u− uN = (I − PNK)−1(u−PNu), (4.11)

and by applying ‖ · ‖L2 on both sides of (4.11) yields

‖u− uN‖L2 ≤ ‖(I − PNK)−1‖‖u−PNu‖L2 .

For the error in ũn, first rewrite (4.3) as

(I −KPN)u = f +Ku−KPNu. (4.12)

Subtracting (4.12) from (4.9) gives

(I −KPN)(u− ũN) = K(I − PN)u,

or equivalently,
(u− ũN) = (I −KPN)

−1K(I − PN)u.

Hence,
‖u− ũN‖L2 ≤ ‖(I −KPN)

−1‖‖K(I − PN)u‖L2 .
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Since (I − PN)
2 = (I − PN), we have that

‖K(I − PN)u‖L2 ≤ ‖K(I − PN)‖L2‖(I − Pn)u‖L2 .

Since K is compact, we also have that K∗ is compact (see Theorem 1.2 in Chapter 1). Then
by compactness of K∗ and Lemma 2 in Chapter 2, we have (see [7, p. 74])

‖K(I − PN)‖L2 = ‖ [K(I − PN)]
∗ ‖L2 = ‖(I − PN)K∗‖L2 → 0, as N → ∞.

Thus, we conclude that

‖u− ũN‖L2 ≤ c‖(I − PN)K∗‖L2‖u−PNu‖L2 .

and see that ‖u− ũN‖L2 converges to zero more rapidly than does ‖u−PNu‖L2 , or equiv-
alently, ‖u− uN‖L2 . The improvement in rate of convergence will depend on the rate at
which ‖(I − PN)K∗‖L2 → 0 as N → ∞.

4.1.3 Numerical experiments

In the following we present some numerical examples to verify the convergence results
discussed in the previous subsection.

Example 4.1. Consider

u(x)−
∫ 1

−1
e

1
8 (x+1)2(t+1)u(t)dt = ex+1 − 8(e

1
4 x(x+2)+9 − 1)
x2 + 2x + 9

, −1 ≤ x ≤ 1,

where the exact solution of this equation is u(x) = ex+1. Some numerical results are listed
in Table 4.1. In this table, |u(x)− uN(x)| and |u(x)− uit

N(x)| are denote the absolute solu-
tion errors, where uN(x) and uit

N(x) := ũN(x) are the corresponding the approximate and
iterated solutions, respectively. In Figure 4.1, we plot the exact solution, the approximate
and iterated solutions with N = 2, 3. It can be seen from both the table and figure that
the iterated Legendre spectral-Galerkin solution is more accurate than the Legendre spec-
tral Galerkin solution in approximating the exact solution. Figure 4.2 also illustrates the
convergence order in the L2 norm for both the Legendre spectral-Galerkin method and its
iterated version.

Example 4.2. [1] Consider

u(x)− 1
2

∫ 1

−1
x2tu(t)dt = f (x), −1 ≤ x ≤ 1, (4.13)

where f (x) is chosen so that for a non-negative constant k, the exact solution of this equa-
tion is u(x) = erf(x/

√
k), which has a steep front at x = 0 for small k � 1. We solve this

example for k = 1/100 and 1/1000. The error in L2 norm of the Legendre spectral Galerkin
method and its iterated version are shown in Table 4.2. Moreover, Figure 4.2 also illustrates
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TABLE 4.1: Some numerical results for Example 4.1.

x |u(x)− u2(x)| |u(x)− uit
2 (x)| |u(x)− u3(x)| |u(x)− uit

3 (x)|
0.999 2.43e−01 1.76e−03 3.26e−02 2.21e−05
0.753 1.38e−02 2.74e−04 1.07e−02 3.75e−06
0.352 8.61e−02 7.17e−04 6.50e−04 6.67e−06
0.001 1.29e−03 1.00e−03 9.98e−03 9.21e−06
−0.001 7.31e−03 1.01e−03 9.98e−03 9.22e−06
−0.352 7.06e−02 1.11e−03 5.69e−04 9.98e−06
−0.753 8.55e−03 1.15e−03 7.97e−03 1.02e−05
−0.999 1.48e−01 1.16e−03 2.19e−02 1.03e−05

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

x

u
it N
(x

)

 

 

u
it

2
(x)

u
it

3
(x)

Exact

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

1

2

3

4

5

6

7

8

9

10

x

u
N
(x

)

 

 

u
2
(x)

u
3
(x)

Exact

FIGURE 4.1: Plots of the exact solution, iterated (left) and approximate
(right) solutions with N = 2, 3 for Example 4.1.
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FIGURE 4.2: The convergence order under L2 norm for Example 4.1.

the convergence order in the L2 norm for both the Legendre spectral-Galerkin method and
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its iterated version. As shown in both the table and figure, the iterated Legendre spectral-
Galerkin solution is more accurate than the Legendre spectral Galerkin method.

TABLE 4.2: The error in L2 norm for Example 4.2, with k = 1/100 and
1/1000.

‖u− uN‖L2 ‖u− ũN‖L2

N k = 1/100 k = 1/1000 k = 1/100 k = 1/1000

8 2.64e−01 3.82e−01 5.76e−03 7.18e−03
16 8.87e−02 2.36e−01 5.04e−04 1.76e−03
32 5.58e−03 1.17e−01 2.32e−07 3.35e−04
64 1.22e−06 2.75e−02 5.22e−14 1.11e−05
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FIGURE 4.3: The convergence order under L2 norm for Example 4.2, with
k = 1/100 and 1/1000.

Example 4.3. [68] Consider

u(x)−
∫ 1

0
xtu(t)dt =

r
(x− 1/2)2 + r2 − x arctan

(
1
2r

)
, x ∈ [0, 1],

whose solution is
u(x) =

r
(x− 1/2)2 + r2 .

The transformed IE is

u(s)− 1
8

∫ 1

−1
(s + 1)(ξ + 1)u(ξ)dξ =

4r
s2 + 4r2 −

(
1 + s

2

)
arctan

(
1
2r

)
, s ∈ [−1, 1],

with the transformed solution is u(s) = 4r
s2+4r2 . We solve this example for r = 1/2 and

1/10. Figure 4.4a illustrates a comparison of the convergence rates between the Legendre
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spectral-Galerkin method and its iterated version, and the SE/DE-Sinc collocation meth-
ods in [68]. Also, Figures 4.4b and 4.5 (left panel) show the error in L2 norm of the Leg-
endre spectral-Galerkin method and its iterated solution. It can be seen from the Figure
4.5 (left panel) that the error in L2 norm obtained by the iterated solution is better than the
Galerkin method, but the CPU time (right panel) by the Galerkin method is less compared
to the iterated solution. From these figures, one can see that the errors decay exponentially,
as the exact solution for this example is sufficiently smooth.

TABLE 4.3: Comparison results for Example 4.3, with r = 1/2 and 1/10.

‖u− uN‖L2 ‖u− ũN‖L2

N r = 1/2 r = 1/10 r = 1/2 r = 1/10

8 1.84e−03 − 9.01e−07 9.78e−02
16 1.54e−06 2.18e−01 6.56e−13 3.90e−03
32 1.13e−12 8.99e−03 2.71e−16 6.73e−06
64 9.12e−15 1.55e−05 3.02e−16 2.01e−11
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FIGURE 4.4: Convergence with respect to N for Example 4.3, with r = 1/2.

4.2 Solving VIEs by using an adaptive spectral collocation method

Let Ω ≡ [0, x] in the equation (4.1), then this equation becomes

u(x)−
∫ x

0
k(x, t)u(t)dt = f (x), 0 ≤ x ≤ 1. (4.14)

where k and f are given functions, and u is the solution to be determined.
The authors [88] proposed a Legendre spectral collocation method for solving VIEs of

the second kind together with a rigorous error analysis, whose kernel and solutions are
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FIGURE 4.5: A comparison of errors in the L2 norm (left) and the corre-
sponding CPU time (right) with respect to N for the Galerkin solution and

its iterated version for Example 4.3, with r = 1/10.

sufficiently smooth. In this work, we extend this method to a special case where the solu-
tion of the VIE (4.14) exhibits steep gradients or a steep front. To obtain a high-accuracy
numerical solution for the equation (4.14), we need to use the change of variable transfor-
mations x = ϕ0,1(ν; t) and s = ϕ0,1(ν; ξ) in equation (4.14). Under these transformations,
equation (4.14) becomes:

Uν(t)−
∫ t

−1
Kν(t, ξ)Uν(ξ)dξ = Fν(t), −1 ≤ t ≤ 1, (4.15)

where Fν(t) := f (ϕ0,1(ν; t)),

Kν(t, ξ) := k(ϕ0,1(ν; t), ϕ0,1(ν; ξ))ϕ′0,1(ν; ξ),

and the transformed solution Uν(t) := u(ϕ0,1(ν; t)) is smooth function.
In this section, we develop and analyze an adaptive spectral collocation method for

VIEs of the second kind, which can achieve fast convergence and high accuracy despite
the fact its solution exhibits steep gradients or a steep front. The strategy of the adaptive
procedure is to transform the original equation into a new Volterra equation with smoother
behavior, using an appropriate variable transformation to ensure the convergence of the
Legendre spectral collocation method. Theoretical results on convergence rates and error
estimates are provided in both the L∞-norm and L2-norm. Finally, several numerical ex-
amples are presented to demonstrate that the proposed method is preferable to its classical
predecessor.

4.2.1 Adaptive spectral collocation method

In order to use the Legendre-Gauss quadrature formula to compute the integral term in
(4.15), we transfer the integral interval [−1, t] to the standard fixed interval [−1, 1] using a
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simple linear transformation

z(t, θ) =
1 + t

2
θ +

t− 1
2

, −1 ≤ θ ≤ 1.

Then, (4.15) becomes

Uν(t)−
∫ 1

−1
K̃ν(t, z(t, θ))Uν(z(t, θ))dθ = Fν(t), (4.16)

where
K̃ν(t, z(t, θ)) =

1 + t
2

Kν(t, z(t, θ)).

The spectral Legendre-collocation method for solving (4.16) is to find UN
ν ∈ PN , such that

UN
ν (t) satisfies equation (4.16) at the collocation points σN,i (0 ≤ i ≤ N), i.e.,

UN
ν (σN,i)−

∫ 1

−1
K̃ν(σN,i, z(σN,i, θ))UN

ν (z(σN,i, θ))dθ = Fν(σN,i), (4.17)

where UN
ν (t) is expanded as

UN
ν (t) =

N

∑
j=0

Ũν,jhj(t), (4.18)

with Ũν,j (0 ≤ j ≤ N) are the approximate values for Uν(σN,i). Substituting (4.18) into
equation (4.17) and using a (N + 1)-point Legendre-Gauss quadrature rule relative to the
weights {ωN,l}N

l=0 yields the following collocation equations:

Ũν,i −
N

∑
j=0

Ũν,j

(
N

∑
l=0

ωN,lK̃ν(σN,i, z(σN,i, σN,l))hj(z(σN,i, σN,l))

)
= Fν(σN,i). (4.19)

Using the following notations

U = (Ũν,0, , . . . , Ũν,N)
T, F = (Fν(σN,0), . . . , Fν(σN,N))

T,

A = (a(ν)i,j )
N
i,j=0, a(ν)i,j =

N

∑
l=0

ωN,lK̃ν(σN,i, z(σN,i, σN,l))hj(z(σN,i, σN,l)),

we obtain the matrix form
U−AU = F.

After solving the above linear system, we can find the approximate solution of the original
(4.14) in the physical domain by means of relation (3.35).

4.2.2 Convergence analysis

The following theorems provide a convergence analysis of the adaptive numerical scheme
described above in both the L2-norm and the L∞-norm

Theorem 4.1. Let Uν be the exact solution of the transformed Volterra equation (4.15) and UN
ν

be the numerical solution obtained using the spectral scheme (4.19). If Uν ∈ Hm(I), then the
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following error estimate holds

‖Uν −UN
ν ‖L2(I) ≤ CN−m

(
N

1
2 max

t∈I
|Kν(t, z(t, ·))|H̃m;N(I)‖Uν‖L2(I) + |Uν|H̃m;N(I)

)
.

Proof. The proof of this theorem is similar to that Theorem 4.1 in [88].

Theorem 4.2. Let Uν be the exact solution of the transformed Volterra equation (4.15) and UN
ν be

the numerical solution obtained using the spectral scheme (4.19) If Uν ∈ Hm(I), then the following
error estimate holds

‖Uν −UN
ν ‖L∞(I) ≤ CN

1
2−m

(
max

t∈I
|Kν(t, z(t, ·))|H̃m;N(I)‖Uν‖L2(I) + CN

1
4 |Uν|H̃m;N(I)

)
.

Proof. The proof of this theorem is similar to that Theorem 4.2 in [88].

4.2.3 Numerical experiments

In this subsection, we use the following examples to numerically verify the convergence
results in Theorems 4.1 and 4.2.

Example 4.4. Consider

u(x)−
∫ x

0
xsu(s)ds = f (x), 0 ≤ x ≤ 1, (4.20)

where f (x) is chosen so that the exact solution is

u(x) =
10−1

10−2 + (x− 0.5)2 .

In Figure 4.6, the L∞ and L2 errors for the present method using the two-parameter map-
ping (3.23) (ν1 = 5, ν2 = 0) are compared with those of the classical method. From this
figure, it is clear that the present method converges faster than the classical method, con-
firming the results of Theorems 4.1 and 4.2.

Example 4.5. Consider

u(x)−
∫ x

0
xsu(s)ds = f (x), 0 ≤ x ≤ 1, (4.21)

where f (x) is chosen so that the exact solution is u(x) = 1/(26+ 100x2− 100x). Figure 4.7
illustrates the L∞ and L2 errors of the present method using the two-parameter mapping
(3.23) (ν1 = 5, 10 and ν2 = 0 fixed) and the classical method. This figure shows that our
method converges faster than the classical method, with the improvement depending on
the choice of the parameter mapping ν1. Clearly, the error decays exponentially for the
present method, while it decays geometrically for the classical method.
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FIGURE 4.6: The L∞ error (right) and the L2 error (left) of the present method
with ν1 = 5, ν2 = 0 and the classical method for Example 4.4.
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FIGURE 4.7: The convergence order under L∞ norm (top) and L2 norm (bot-
tom) with respect to N for Example 4.5.
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Example 4.6. Consider

u(x)−
∫ x

0
exsu(s)ds = f (x), 0 ≤ x ≤ 1, (4.22)

where f (x) is chosen so that the exact solution is u(x) = arctan(100x). In Figure 4.8 (left),
we plot the L2-errors of the present method and the classical method, while in the right
figure, we plot the corresponding CPU times, in seconds. From Figure 4.8, we see that
the presented method is more accurate than the classical method, but the CPU time by the
classical method is less than compared to the presented method. Also, Figure 4.9 shows
relation between CPU time and errors in the L2 norm for each method.
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FIGURE 4.8: The convergence order under L2 norm (left) and the corre-
sponding CPU time (right) with respect to N for Example 4.6.
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FIGURE 4.9: Relation between CPU time and errors in the L2 norm for Ex-
ample 4.6.



Chapter 4. Accurate spectral solution methods for Fredholm and Volterra IEs of the
second kind

57

4.3 Solving FIEs by using an adaptive spectral collocation method

Let Ω ≡ [a, b] in the equation (4.1), then this equation becomes

u(x)−
∫ b

a
k(x, t)u(t)dt = f (x), a ≤ x ≤ b. (4.23)

where k and f are given functions, and u is the solution to be determined.
The content of this section is based on our research published in [1]. For the purposes

of this thesis, the paper develops and analyzes an adaptive spectral collocation method
for FIEs of the second kind, even if the equation exhibits localized rapid variations, steep
gradients, or a steep front. The strategy of the adaptive procedure is to transform the
original equation into an equivalent one with a sufficiently smooth behavior in order to
ensure the convergence of the Legendre spectral collocation method without subdividing
the domain of the IE, as usual, into the subintervals. Theoretical results on existence and
uniqueness are discussed, and convergence rates and error estimates are provided in both
the L∞-norm and L2-norm. Finally, several numerical examples are provided to show that
the proposed method outperforms its classical counterparts as well as some other existing
approaches.

4.3.1 Existence and uniqueness of solution

Note that the equation (4.23) can be rewritten as

(I −K)u = f , (4.24)

where

(Ku)(x) :=
∫ b

a
k(x, t)u(t)dt, a ≤ x ≤ b. (4.25)

By employing (3.19), it becomes equivalent to the following equation

Uν(y)−
∫ 1

−1
Kν(y, ξ)Uν(ξ)dξ = Fν(y), −1 ≤ y ≤ 1. (4.26)

where Fν(y) := f (ϕa,b(ν; y)),

Kν(y, ξ) := k(ϕa,b(ν; y), ϕa,b(ν; ξ))ϕ′a,b(ν; ξ), ν ∈ Dν, (4.27)

and Uν(y) := u(ϕa,b(ν; y)) is the smooth function that we need to estimate. Equation (4.26)
can be also rewritten in operator form as follows:

(I −Kν)Uν = Fν, (4.28)

where

(KνUν)(y) :=
∫ 1

−1
Kν(y, ξ)Uν(ξ)dξ, −1 ≤ y ≤ 1. (4.29)
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In the following theorems we discuss the existence and uniqueness of solution for the
original operator (4.24) and the transformed operator (4.28).

Lemma 9. For ν ∈ Dν, let’s assume that

∫ b

a

∫ b

a
|k(x, t)|2 wJ,ν(x)

wJ,ν(t)
dxdt = β2

ν < ∞. (4.30)

Then, the integral operators defined by (4.25) and (4.29) are bounded on L2
wJ,ν

(J) and L2(I), re-
spectively.

Proof. By Cauchy-Schwarz inequality, we have

|Ku(x)|2 ≤
(∫ b

a
|k(x, t)|2 1

wJ,ν(t)
dt
)(∫ b

a
|u(t)|2wJ,ν(t)dt

)
.

This leads us to

‖Ku‖2
L2

wJ,ν
(J) =

(∫ b

a

∫ b

a
|k(x, t)|2 wJ,ν(x)

wJ,ν(t)
dxdt

)
‖u‖2

L2
wJ,ν

(J) = β2
ν‖u‖2

L2
wJ,ν

(J).

Hence, we have ‖Ku‖L2
wJ,ν

(J) ≤ βν‖u‖L2
wJ,ν

(J). On the other hand, using (3.32) and (4.27), it
is not hard to show that

βν =

(∫ 1

−1

∫ 1

−1
|Kν(y, ξ)|2dydξ

)1/2

. (4.31)

Thus, Kν ∈ L2(I × I) and therefore Kν is bounded.

Lemma 10. Suppose that the assumption of Lemma 9 is fulfilled. Then the transformed integral
operator Kν is compact from L2(I) into itself.

Proof. The proof is similar to the Theorem 7 in [43, pp. 51–52].

Theorem 4.3. Let the assumption in Lemma 9 be fulfilled. Furthermore, assume that the original
homogeneous equation (I −K)u = 0 has only the trivial solution u ≡ 0. Then (4.28) has a unique
solution Uν ∈ L2(I) for any f ∈ L2

wJ,ν
(J). In this case, the unique solution of the original operator

(4.24) in L2
wJ,ν

(J) is given by u(x) = Uν(ψa,b(ν; x)).

Proof. Under the assumption of Lemma 9, it follows immediately from Lemma 10 that the
transformed integral operator Kν is compact on L2(I). On the other hand, if (I − K) is
injective then (I −Kν) is also injective. Therefore, by Theorem 3.4, p. 29 of [49], the oper-
ator (I −Kν)−1 exists and is bounded. Then the transformed operator (4.28) has a unique
solution Uν ∈ L2(I) for any f ∈ L2

wJ,ν
(J). Obviously, in such a case, the unique solution of

Eq. (4.24) belongs to the weighted space L2
wJ,ν

(J) and is given by u(x) = Uν(ψa,b(ν; x)).

Corollary 4.1. If the operator (4.24) has a unique solution in the weighted space L2
wJ,ν

(J), then the
transformed operator (4.28) is uniquely solvable in L2(I), and vice versa.
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4.3.2 Adaptive spectral collocation method

Consider the transformed (4.26) in the linear functional equation form

Uν(y)−KνUν(y) = Fν(y), −1 ≤ y ≤ 1, (4.32)

whereKν is the transformed integral operator defined by (4.29). Then, the spectral Legendre-
collocation method approximates the solution of (4.32) by an element UN

ν ∈ PN , satisfying

UN
ν (σN,i)−KνUN

ν (σN,i) = Fν(σN,i), 0 ≤ i ≤ N. (4.33)

Using (3.17), the above equation can be rewritten in an operator form interpolation points,
namely

UN
ν − INKνUN

ν = IN Fν, (4.34)

which can be considered as an equation in the whole space C(I) because any solution
UN

ν = INKνUN
ν + IN Fν automatically belongs to PN . We expand the approximate solution

UN
ν as

UN
ν (y) =

N

∑
j=0

Ũν,jhj(y), (4.35)

where Ũν,j (0 ≤ j ≤ N) are the approximate values for Uν(σN,j), such that {Ũν,i}N
i=0 satis-

fies the following collocation equations:

Ũν,i −
N

∑
j=0

a(ν)i,j Ũν,j = Fν(σN,i), 0 ≤ i ≤ N, (4.36)

where

a(ν)i,j =
N

∑
l=0

Kν(σN,i, σN,l)hj(σN,l)ωN,l . (4.37)

Equation (4.36) yields a system of algebraic equations that can be represented in matrix
form as follows:

(I−A)U = F, (4.38)

where I is the identity matrix, A = [a(ν)i,j ]
N
i,j=0 is a matrix of size (N + 1)× (N + 1) with the

elements as in (4.37), and

U = [Ũν,0, Ũν,1, . . . , Ũν,N ]
T, F = [Fν(σN,0), Fν(σN,1), . . . , Fν(σN,N)]

T.

Then the unknown vector U can be derived by solving the system (4.38) using Basic Linear
Algebra Subroutines (BLAS). After determining the approximation UN(y) for the trans-
formed (4.26) in the computational domain, we can determine the approximation for the
solution of the original (4.23) in the physical domain by means of relation (3.35).
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4.3.3 Convergence analysis

The purpose of the present section is to analyze the adaptive numerical scheme described
above. Before presenting error estimates of the scheme, we first introduce the following
standard Sobolev space and some useful lemmas which are usually required to obtain the
convergence analysis.

For notational convenience, we denote by ∂r
yU the r-th order derivative of the function

U, i.e., ∂r
yU := ∂rU(y)/∂yr. For m ∈N, define

Hm(I) = {U : ∂r
yU ∈ L2(I), 0 ≤ r ≤ m}, (4.39)

equipped with the following norm

‖U‖Hm(I) =

(
m

∑
r=0
‖∂r

yU‖2
L2(I)

) 1
2

=

(
m

∑
r=0

∫ 1

−1
|∂r

yU(y)|2dy

) 1
2

. (4.40)

Thus, for N ∈N, it is convenient to introduce the semi-norm

|U|Hm;N(I) =

(
m

∑
r=min(m,N+1)

‖∂r
yU‖2

L2(I)

) 1
2

. (4.41)

In the sequel, C will denote all generic constants independent of N, which are not neces-
sarily the same. We quoted the following estimates from [26, Lemma 1] with the zeros of
the Jacobi polynomials.

Lemma 11. Assume that U ∈ Hm(I), and denote by INU the interpolation operator associated
with the Gauss points of the Legendre polynomials. Then the following estimates hold:

‖U − INU‖L2(I) ≤ CN−m|U|Hm;N(I), (4.42)

‖U − INU‖∞ ≤ CN
1
2−m|U|Hm;N(I). (4.43)

Also, the following result quoted from [96].

Lemma 12. For every bounded function U, there exists a constant C, independent of U such that

sup
N
‖INU‖L2(I) := sup

N
‖

N

∑
j=0

U(σN,j)hj(y)‖L2(I) ≤ C‖U‖∞, (4.44)

where hj(y) is the Lagrange interpolation basis function associated with the Legendre collocation
points {σN,j}N

j=0.

The following result on the Lebesgue constant for Lagrange interpolation polynomials
with the zeros of the Jacobi polynomials quoted form [61].
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Lemma 13. Assume that {hj(y)}N
j=0 are Lagrange interpolation polynomials associated with the

Gauss points of the Legendre polynomials. Then

‖IN‖∞ := max
y∈I

N

∑
j=0
|hj(y)| = O(N

1
2 ). (4.45)

The following theorems give the convergence analysis for the proposed adaptive nu-
merical scheme in the L2 and L∞-norms, respectively.

Theorem 4.4. Let Uν be the exact solution of the transformed (4.26) and UN
ν be the numerical

solution produced by the spectral scheme (4.36). If Uν ∈ Hm(I), then for m > 1,

‖Uν −UN
ν ‖L2(I) ≤ CN−m

(
|Fν|Hm;N(I) + βν|Uν|Hm;N(I) + K∗ν‖Uν‖∞

)
, (4.46)

where
K∗ν = max

ξ∈I
|Kν(., ξ)|Hm;N(I) + N max

0≤l≤N
|Kν(σN,l , .)|Hm;N(I). (4.47)

Proof. Let the transformed equation in (4.26)

Uν(y) = Fν(y) +
∫ 1

−1
Kν(y, ξ)Uν(ξ)dξ. (4.48)

while using the approximate solution, we have

UN
ν (y) = IN Fν(y) + (IN,NKν(y, .), INUν)N . (4.49)

Subtracting (4.48) from (4.49) gives

Uν(y)−UN
ν (y) = Fν(y)− IN Fν(y)

+
∫ 1

−1
Kν(y, ξ)Uν(ξ)dξ − (IN,NKν(y, .), INUν)N

= Jν
1 (y) + Jν

2 (y) + Jν
3 (y), (4.50)

where

Jν
1 (y) = Fν(y)− IN Fν(y), (4.51)

Jν
2 (y) =

∫ 1

−1
Kν(y, ξ)(Uν(ξ)− INUν(ξ))dξ, (4.52)

Jν
3 (y) =

∫ 1

−1
(Kν(y, ξ)− IN,NKν(y, ξ))INUν(ξ)dξ. (4.53)

By the triangle inequality, we have

‖Uν −UN
ν ‖L2(I) ≤ ‖Jν

1‖L2(I) + ‖Jν
2‖L2(I) + ‖Jν

3‖L2(I). (4.54)
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Now, we will try to find a suitable upper bound to the above norms on the right-hand side
of inequality (4.54). Firstly, by Lemma 11, we obtain

‖Jν
1‖L2(I) = ‖Fν − IN Fν‖L2(I) ≤ CN−m|Fν|Hm;N(I). (4.55)

Next, by Cauchy-Schwarz inequality, Fubini’s theorem and by the Lemma 11, we obtain

‖Jν
2‖L2(I) =

(∫ 1

−1

∣∣∣∣∫ 1

−1
Kν(y, ξ)(Uν(ξ)− INUν(ξ))dξ

∣∣∣∣2 dy

) 1
2

≤
{∫ 1

−1

[(∫ 1

−1
|Kν(y, ξ)|2dξ

)(∫ 1

−1
|Uν(ξ)− INUν(ξ)|2dξ

)]
dy
} 1

2

= βν‖Uν − INUν‖L2(I) ≤ βνCN−m|Uν|Hm;N(I), (4.56)

On the other hand, by Cauchy-Schwarz inequality and from Lemma 12, we have

‖Jν
3‖L2(I) =

(∫ 1

−1

∣∣∣∣∫ 1

−1
(Kν(y, ξ)− IN,NKν(y, ξ))INUν(ξ)dξ

∣∣∣∣2 dy

) 1
2

≤
{∫ 1

−1

[(∫ 1

−1
|Kν(y, ξ)− IN,NKν(y, ξ)|2dξ

)(∫ 1

−1
|INUν(ξ)|2dξ

)]
dy
} 1

2

≤
(

2
∫ 1

−1
max
ξ∈I
|Kν(y, ξ)− IN,NKν(y, ξ)|2dy

) 1
2

‖INUν‖L2(I)

≤ C‖Uν‖∞ max
ξ∈I

(∫ 1

−1
|Kν(y, ξ)− IN,NKν(y, ξ)|2dy

) 1
2

. (4.57)

Applying the Minkowski inequality on the right-hand side (4.57), we get:

(∫ 1

−1
|Kν(y, ξ)− IN,NKν(y, ξ)|2dy

) 1
2

≤
(∫ 1

−1
|Kν(y, ξ)− INKν(y, ξ)|2dy

) 1
2

+

(∫ 1

−1
|IN (Kν(y, ξ)− INKν(y, ξ)) |2dy

) 1
2

≤ ‖Kν(., ξ)− INKν(., ξ)‖L2(I)

+
√

2 max
y∈I
|IN(Kν(y, ξ)− INKν(y, ξ))|.
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Therefore, by Lemmas 11 and 13, we obtain that

‖Jν
3‖L2(I) ≤ C‖Uν‖∞

(
max
ξ∈I
‖Kν(., ξ)− INKν(., ξ)‖L2(I)

+
√

2 max
0≤l≤N

‖Kν(σN,l , .)− INKν(σN,l , .)‖∞‖IN‖∞

)
≤ CN−m max

ξ∈I
|Kν(., ξ)|Hm;N(I)‖Uν‖∞

+ CN
1
2−mN

1
2 max

0≤l≤N
|Kν(σN,l , .)|Hm;N(I)‖Uν‖∞

= CN−mK∗ν‖Uν‖∞. (4.58)

Consequently, a combination of the above error bounds for equations (4.55), (4.56) and
(4.58) leads to the desired estimate.

Next, we will give the error estimate in L∞-norm.

Theorem 4.5. Let Uν be the exact solution of the transformed (4.26) and UN
ν be the numerical

solution produced by the spectral scheme (4.36). If Uν ∈ Hm(I), then for m > 1,

‖Uν −UN
ν ‖∞ ≤ CN

1
2−m

(
|Fν|Hm;N(I) + ‖Kν‖∞|Uν|Hm;N(I) + K∗∗ν ‖Uν‖∞

)
, (4.59)

where
K∗∗ν = max

ξ∈I
|Kν(., ξ)|Hm;N(I) + N

1
2 max

0≤l≤N
|Kν(σN,l , .)|Hm;N(I). (4.60)

Proof. By the triangle inequality we have

‖Uν −UN
ν ‖∞ ≤ ‖Jν

1‖∞ + ‖Jν
2‖∞ + ‖Jν

3‖∞. (4.61)

Firstly, by Lemma 11, we obtain

‖Jν
1‖∞ = ‖Fν − IN Fν‖∞ ≤ CN

1
2−m|Fν|Hm;N(I). (4.62)

Also by Lemma 11 we obtain that

‖Jν
2‖∞ = max

y∈I

∣∣∣∣∫ 1

−1
Kν(y, ξ)(Uν(ξ)− INUν(ξ))dξ

∣∣∣∣
≤ ‖Uν − INUν‖∞ max

y∈I

∫ 1

−1
|Kν(y, ξ)|dξ

≤ CN
1
2−m|Uν|Hm;N(I)‖Kν‖∞. (4.63)
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On the other hand, by Cauchy-Schwarz inequality and the triangular inequality, it follows
from Lemma 12 that

‖Jν
3‖∞ = max

y∈I

∣∣∣∣∫ 1

−1
(Kν(y, ξ)− IN,NKν(y, ξ))INUν(ξ)dξ

∣∣∣∣
≤
√

2 max
y,ξ∈I
|Kν(y, ξ)− IN,NKν(y, ξ)|‖INUν‖L2(I)

≤
√

2 max
y,ξ∈I
|Kν(y, ξ)− IN,NKν(y, ξ)| (C‖Uν‖∞)

≤ C‖Uν‖∞

(
max
ξ∈I
‖Kν(., ξ)− INKν(., ξ)‖∞

+max
y∈I
‖IN (Kν(y, .)− INKν(y, .)) ‖∞

)
.

Then, by Lemmas 11 and 13 we obtain that

‖Jν
3‖∞ ≤ CN

1
2−m max

ξ∈I
|Kν(., ξ)|Hm;N(I)‖Uν‖∞

+ C‖Uν‖∞

(
max

0≤l≤N
‖Kν(σN,l , .)− INKν(σN,l , .)‖∞‖IN‖∞

)
≤ CN

1
2−m‖Uν‖∞

(
max
ξ∈I
|Kν(., ξ)|Hm;N(I) + N

1
2 max

0≤l≤N
|Kν(σN,l , .)|Hm;N(I)

)
= CN

1
2−mK∗∗ν ‖Uν‖∞. (4.64)

Consequently, a combination of the above error bounds for equations (4.62), (4.63) and
(4.64) leads to the desired estimate.

4.3.4 Numerical experiments

To verify the effectiveness and efficacy of the suggested adaptive method, several numer-
ical examples are considered. Moreover, a comparison with classical and other recent
existing methods is also given. The computations are executed with Matlab software on a
Core i5-2520M CPU running at 2.5 GHZ and 4 GB RAM. In addition, we denote the con-
dition number of the collocation system with respect to the 2-norm by κ. The CPU times
are recorded in seconds.

Example 4.7. Consider

u(x)−
∫ 1

−1
(sin(2πx + πt) + cos(3xt) +

xt2

3
)u(t)dt = f (x), x ∈ [−1, 1], (4.65)

where
f (x) = − x

3π2 + cos(2πx) +
6x sin(3x)
4π2 − 9x2 .

By using the one-parameter mapping (3.22), according to (3.21) and (3.32), the non-negative
weight function on J is given by

wJ,ν(x) = ψ′−1,1(ν; x) =
θ

ν
cos(θx), ν ∈ Dν := (0, 1). (4.66)
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Thus, we have

β2
ν =

∫ 1

−1

∫ 1

−1
|k(x, t)|2 cos(θx)

cos(θt)
dxdt ≤ (7/3)2

∫ 1

−1

∫ 1

−1

cos(θx)
cos(θt)

dxdt < ∞. (4.67)

Indeed,

∫ 1

−1

∫ 1

−1

cos(θx)
cos(θt)

dxdt =
2 sin(θ)

θ

∫ 1

−1

dt
cos(θt)

=
2 sin(θ)

θ2 ln
[

1 + sin(θ)
1− sin(θ)

]
. (4.68)

Recall that θ = arcsin(ν), hence we obtain

∫ 1

−1

∫ 1

−1

cos(θx)
cos(θt)

dxdt =
2ν

arcsin2(ν)
ln
[

1 + ν

1− ν

]
< ∞, (4.69)

because the argument of the logarithm is strictly positive. Therefore, the assumption of
Lemma 9 is satisfied. On the other hand, by using the trigonometric identities for the sine
function and the parity of cosine, it is not hard to show that the homogeneous integral
equation of (4.65) has only the trivial solution u ≡ 0. Then, by Theorem 4.3, it follows that
the transformed integral equation possesses a unique solution in L2(I) for any f ∈ L2

wJ,ν
(J).

In fact, the exact solution of (4.65) is u(x) = cos(2πx), which has periodic variations.
A comparison of the absolute errors obtained by the present method and those obtained
by the standard Legendre collocation approach in [30] are given in Table 4.4. The results
clearly show the superiority of our method. Figure 4.10a shows the 2D contour plot of the
log10 L2 errors, from which it can be seen that full spectral convergence is obtained over
the entire range of ν-values extending from 0.4 to 0.6, and a much faster convergence rate
is achieved with ν = 0.5. Figure 4.10b shows the absolute error for N = 15 and ν = 0.5. In
further unreported results, the condition number in this example does not exceed 5.8 for
all tested values of N and ν.

TABLE 4.4: Comparison of absolute errors with existing method for Exam-
ple 4.7

Method in [30] Present method

ν = 0.87 ν = 0.707 ν = 0.5
x N = 7 N = 9 N = 13 N = 7 N = 9 N = 13

0.999 2.91e−01 4.77e−02 3.00e−04 6.16e−03 1.05e−05 2.33e−15
0.753 6.96e−02 1.58e−02 9.13e−04 7.08e−04 3.26e−06 7.98e−15
0.352 1.36e−01 1.39e−02 4.09e−05 8.28e−04 1.16e−06 5.21e−15
0.001 1.41e−01 1.75e−02 8.36e−05 1.24e−03 2.31e−06 5.55e−16
−0.001 1.41e−01 1.75e−02 8.36e−05 1.24e−03 2.31e−06 1.11e−16
−0.352 1.37e−01 1.39e−02 4.10e−05 1.06e−03 1.36e−06 2.66e−15
−0.753 7.15e−02 1.58e−02 9.13e−05 6.25e−04 3.11e−06 4.88e−15
−0.999 9.91e−01 4.77e−02 3.00e−04 5.95e−03 1.06e−05 3.66e−15
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FIGURE 4.10: Convergence rates and absolute error for Example 4.7.

Example 4.8. [24, Family 4 in Chap. 10] Consider

u(x)−
∫ b

a
(x− p2)(t− p3)u(t)dt = f (x), x ∈ [a, b], (4.70)

where
f (x) =

r
(x− p1)2 + r2 − (x− p2)r

{
1
2

α(r) +
(p1 − p3)

r
β(r)

}
,

with

α(r) = ln
[
(b− p1)

2 + r2

(a− p1)2 + r2

]
, β(r) = arctan

(
b− p1

r

)
− arctan

(
a− p1

r

)
,

whose solution is
u(x) =

r
(x− p1)2 + r2 ,

which has steep gradients near x = p1. Depending on the equation parameters, we pro-
ceed in three cases. In all cases, we use the two-parameter mapping (3.23) with

ν1 =
b− a

2r
, ν2 =

2
b− a

p1 −
b + a
b− a

.

Case 1 a = 0, b = 1, p1 = 1/2 and p2 = p3 = 0. Table 4.5 displays a comparison of the classi-
cal method and the present method for r = 1/10. The findings demonstrate that the
present method successfully recovered the lost fast convergence observed in the clas-
sical method. Furthermore, this achievement was attained with exceptional accuracy
and consistently low condition numbers. Figure 4.11 illustrates a comparison of con-
vergence rates between the adaptive and the SE/DE-Sinc-collocation methods [67,
68] for r = 1/2. As it can be seen from this figure, all best accuracies were obtained
with the sinc approximations for N listed (N = 5, 10, 15, ..., 140) are obtained using
the present method with N does not exceed 20.
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Case 2 a = −1, b = 1, pi = 0, i = 1, 2, 3. Table 4.6 presents the results for r−values as small
as possible, indicating a satisfactory performance and a condition number close to 1
as r decreases. It is worth noting that, once again, the classical method has proven to
be inadequate.

Case 3 a = 0, b = 1, p2 = 1/4, p3 = 1/2 and p1 is chosen near the endpoints of the interval.
Results for r = 1/20 are displayed in Table 4.7.

Additionally, Figure 4.12 illustrates the important effect of the two-parameter map-
ping (3.23) on the integrand of the equation.

TABLE 4.5: Comparison results for Example 4.8, Case 1 with r = 1/10

Classical method Present method

N L∞ error L2 error κ L∞ error L2 error κ

8 2.43e+00 1.26e+00 1.56 2.96e−04 6.91e−05 1.56
12 1.25e+00 5.40e−01 1.57 5.52e−08 1.07e−08 1.56
16 6.34e−01 2.41e−01 1.57 3.14e−12 5.33e−13 1.56
20 3.15e−01 1.08e−01 1.58 1.06e−14 4.87e−15 1.56
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FIGURE 4.11: Convergence with respect to N for Example 4.8, Case 1 with
r = 1/2.

TABLE 4.6: Results of the present method for Example 4.8, Case 2, N = 20

r 1/100 1/1000 1/10000 1/100000 1/1000000

L∞ error 6.43e−14 8.59e−13 7.94e−12 8.89e−11 1.03e−09
L2 error 4.79e−14 5.17e−13 4.58e−12 4.85e−11 4.50e−10

κ 1.53 1.00 1.00 1.00 1.00



Chapter 4. Accurate spectral solution methods for Fredholm and Volterra IEs of the
second kind

68

TABLE 4.7: Comparison of the L∞ errors for Example 4.8, Case 3

Classical method Present method

N p1 = 1/10 κ p1 = 9/10 κ p1 = 1/10 κ p1 = 9/10 κ

8 1.06e+01 1.13 1.06e+01 1.13 6.15e−04 1.05 9.94e−04 1.16
16 3.63e+00 1.13 3.62e+00 1.13 9.13e−06 1.12 9.53e−06 1.37
32 3.81e−01 1.13 3.81e−01 1.13 9.16e−10 1.12 9.16e−10 1.35
64 3.36e−03 1.13 3.36e−03 1.13 5.33e−14 1.12 6.75e−14 1.35
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FIGURE 4.12: Effect of the mapping (3.23) on the integrand of Example 4.8
.

Example 4.9. Consider

u(x)− 1
2

∫ 1

−1
(x + t)u(t)dt = f (x), x ∈ [−1, 1], (4.71)

where f (x) is chosen so that for a non-negative constant k, the exact solution of this equa-
tion is u(x) = 1/(1 + kx2), which has steep gradients near x = 0 for large k � 1, and is
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often called Runge’s function when k = 25. We solve this equation for k = 25 by using
the two-parameter mapping (3.23) with ν = (5, 0). The comparison of the obtained results
with those of the classical method is shown in Table 4.8. Figure 4.13 illustrates appropriate
ranges for ν1-parameter to obtain faster convergence rates when k = 25. Figure 4.14 shows
the convergence between the present method by using the two-parameter mapping (3.23)
with ν = (

√
k, 0) and the classical method. Based on this figure, it can be seen that our

method is reliable and performs well in all cases, while the classical method degrades as k
increases.

TABLE 4.8: Comparison results for Example 4.9, with k = 25

Classical method Present method

N L∞ error L2 error κ L∞ error L2 error κ

8 2.61e−01 1.27e−01 4.03 2.96e−05 6.91e−06 3.91
12 1.29e−01 5.42e−02 4.07 5.52e−09 1.07e−09 3.95
16 6.41e−02 2.41e−02 4.09 3.14e−13 5.33e−14 3.95
20 3.17e−02 1.08e−02 4.11 1.11e−15 4.95e−16 3.96
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FIGURE 4.13: Convergence rates for Example 4.9

Example 4.10. Consider

u(x)− 1
2

∫ 1

0
xe−t(1+x)u(t)dt = f (x), x ∈ [0, 1], (4.72)

where f (x) is chosen so that for an arbitrary constant k, the exact solution of this equation
is

u(x) = exp
(
− (x− λ)2

2k2

)
,

which has steep gradients near x = λ. We solve this example for different values of k
and fixed λ = 1/2, by using the two-parameter mapping (3.23) with ν = (1/10k, 0).



Chapter 4. Accurate spectral solution methods for Fredholm and Volterra IEs of the
second kind

70

0 20 40 60 80 100 120 140
10−16

10−12

10−8

10−4

100

N

M
ax

im
um

er
ro

r

Classical k = 100
Classical k = 200
Present k = 100
Present k = 200

FIGURE 4.14: Convergence with respect to N for Example 4.9

In Table 4.9, we compare the L∞ errors, condition numbers and CPU time between the
present method and its classical one. Additional results are listed in Table 4.10. Figure 4.15
illustrates the region that we can choose the ν-parameter to provide a good estimate of the
error for the given example. We observe that the accuracy is very sensitive over a small
range of ν2-parameter, but remains stable in a wide range of ν1-parameter.

TABLE 4.9: Comparison results for Example 4.10, with k = 0.05

Classical method Present method

N L∞ error κ CPU L∞ error κ CPU

16 1.78e−01 1.19 0.1199 5.58e−03 1.18 0.1253
32 4.54e−03 1.19 0.1235 2.04e−07 1.18 0.1322
64 4.79e−09 1.19 0.1514 2.00e−16 1.19 0.1550

TABLE 4.10: The L∞ and L2 errors of the present method for Example 4.10

L∞ error L2 error

N k = 0.01 k = 0.005 k = 0.01 k = 0.005

16 6.57e−02 7.80e−02 1.76e−02 2.17e−02
32 5.83e−06 4.29e−05 4.42e−06 6.10e−06
64 2.11e−10 1.74e−10 2.19e−11 5.11e−11

Example 4.11. Consider

u(x)− 1
2

∫ 1

−1
x2tu(t)dt = f (x), x ∈ [−1, 1], (4.73)

where f (x) is chosen so that for a non-negative constant k, the exact solution of this equa-
tion is u(x) = erf(x/

√
k), which has a steep front at x = 0 for small k � 1. We solve this
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FIGURE 4.15: Optimal ν-parameters achieving the best accuracy Example
4.10.

equation for k = 0.01 by using the two-parameter mapping (3.23) with ν = (3, 0). The
comparison of the obtained results with those of the classical method is shown in Table
4.11. The L∞ and L2 errors are given in Table 4.12.

TABLE 4.11: Comparison results for Example 4.11, with k = 0.01

Classical method Present method

N L∞ error κ CPU L∞ error κ CPU

16 1.75e−01 1.38 0.1116 1.82e−03 1.31 0.1225
32 1.06e−02 1.39 0.1119 6.50e−08 1.33 0.1257
64 1.88e−06 1.40 0.1235 3.54e−14 1.34 0.1451

TABLE 4.12: The L∞ and L2 errors of the present method for Example 4.11

L∞ error L2 error

ν1 = 10 ν1 = 25 ν1 = 10 ν1 = 25
N k = 10−3 k = 10−4 k = 10−3 k = 10−4

16 4.85e−03 2.81e−02 1.77e−03 1.53e−02
32 3.58e−06 5.34e−05 4.46e−07 1.16e−05
64 1.69e−11 1.68e−10 1.86e−12 1.55e−11

Example 4.12. Consider

u(x)−
∫ ∞

−∞
(x2 + t2)e−x2−t2

u(t)dt = f (x), x ∈ (−∞, ∞), (4.74)

where f (x) is chosen so that for an arbitrary constant k, the exact solution of this equation
is u(x) = e−x2

cos(kx), which decays rapidly with oscillation. By truncating the interval
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of integration (−∞, ∞) to [−6, 6], and using the one-parameter mapping (3.22) with ν =

0.9, it is found that the present method is more reliable than the classical method (see
Table 4.13).

TABLE 4.13: Comparison results for Example 4.12, N = 128

Classical method Present method

k L∞ error L2 error L∞ error L2 error

8 2.97e−15 2.11e−15 4.22e−15 1.58e−15
12 1.96e−08 1.72e−09 2.11e−15 8.20e−16
16 1.57e−03 1.63e−04 5.13e−12 3.68e−13

4.3.5 Analysis of results

The suggested approach can enhance the classical algorithm’s efficiency by offering con-
siderable computational benefits. Specifically, by employing the mapping strategy, as
demonstrated in Example 4.8, the steep gradients that corrupt the numerical solution
can be eliminated from the central part of the computational domain and confined to its
boundaries. This not only reduces the computational cost but also substantially enhances
the precision of the results. However, Example 4.7 demonstrates that the ν-parameter
plays a crucial role in significantly improving convergence rates, particularly when the so-
lution exhibits weak periodic variations. In essence, by slightly adjusting the grid points,
the mapping strategy can achieve higher convergence rates.

Also, it is worth noticing that, when the usual mappings (3.22) and (3.23) approach the
identity as ν→ 0, the adaptive algorithm performs exactly as the classical algorithm.

Overall, the adaptive spectral method presented in this paper provides a powerful and
flexible approach for solving FIEs, including those with localized rapid variations, steep
gradients, or a steep front. Although we have not yet actually done so, it is also possible
to extend this method to nonlinear IEs with similar challenging properties, and this is one
of the goals of our future work.
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Appendix A

Converting differential equations to
integral equations

A.1 Converting initial value problem to Volterra integral equa-
tion

We show in this appendix how a initial value problem (IVP) can be transformed to an
equivalent Volterra integral equation (VIE). The second-order IVP (1.2) is repeated here as

y′′(x) + p(x)y′(x) + q(x)y(x) = g(x), (A.1)

with the initial conditions
y(0) = α, y′(0) = β,

where α and β are constants. The functions p(x), q(x) and g(x) are continuous functions
through the interval of discussion. Let us make transformation

y′′(x) = u(x), (A.2)

where u(x) is a continuous function. By integrating both sides of (A.2) over the interval
[0, x] we obtain

y′(x) = β +
∫ x

0
u(t)dt. (A.3)

Integrating both sides of equation (A.3) from 0 to x and applying the given initial condition
at x = 0 yields

y(x) = y(0) + xβ +
∫ x

0

∫ t

0
u(s)dsdt

= α + xβ +
∫ x

0

∫ t

0
u(s)dsdt,

and using the formula that reduce double integral to a single integral we obtained that

y(x) = α + βx +
∫ x

0
(x− t)u(t)dt. (A.4)
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Substituting (A.2) , (A.3) and (A.4) into the second-order IVP (A.1) yields

u(x) + p(x)
[

β +
∫ x

0
u(t)dt

]
+ q(x)

[
α + βx +

∫ x

0
(x− t)u(t)dt

]
= g(x).

Therefore the above equation can be written as the VIE of the second kind

u(x) = f (x) +
∫ x

0
k(x, t)u(t)dt,

where the kernel is given by

k(x, t) = −p(x) + q(x)(t− x)

and the free term is given by

f (x) = g(x)− [βp(x) + αq(x) + βxq(x)].

A.2 Converting boundary value problem to Fredholm integral
equation

We show in this appendix how a boundary value problem (BVP) can be transformed to an
equivalent Fredholm integral equation (FIE). The two-point BVP (1.4) is repeated here as

y′′(x) + p(x)y′(x) + q(x)y(x) = g(x), (A.5)

with the boundary conditions
y(0) = α, y(1) = β,

where α and β are given constants. Let us make transformation

y′′(x) = u(x). (A.6)

By integrating both sides of equation (A.6) from 0 to x we obtain

y′(x) = y′(0) +
∫ x

0
u(t)dt. (A.7)

Integrating both sides of equation (A.7) from 0 to x and applying the given boundary
condition at x = 0 yields

y(x) = y(0) + xy′(0) +
∫ x

0

∫ t

0
u(s)dsdt

= α + xy′(0) +
∫ x

0

∫ t

0
u(s)dsdt,
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and using the formula that reduce double integral to a single integral we obtained that

y(x) = α + xy′(0) +
∫ x

0
(x− t)u(t)dt. (A.8)

Substitution of (A.6), (A.7) and (A.8) into the second-order BVP (A.5) yields

u(x) + p(x)
[

y′(0) +
∫ x

0
u(t)dt

]
+ q(x)

[
α + xy′(0) +

∫ x

0
(x− t)u(t)dt

]
= g(x)

which is rearranged to

u(x) + αq(x) + [p(x) + xq(x)] y′(0)

+ p(x)
∫ x

0
u(t)dt + q(x)

∫ x

0
(x− t)u(t)dt = g(x). (A.9)

The unknown constant y′(0) can be determined by substituting x = 1 into (A.8), applying
the boundary condition y(1) = β and solving for y′(0), yields

y′(0) = (β− α)−
∫ 1

0
(1− t)u(t)dt, (A.10)

which, when substituted into (A.9), yields

u(x) + αq(x) + (β− α) [p(x) + xq(x)]− (p(x) + xq(x))
∫ 1

0
(1− t)u(t)dt

+ p(x)
∫ x

0
u(t)dt + q(x)

∫ x

0
(x− t)u(t)dt = g(x)

or equivalently

u(x) =g(x)− αq(x)− (β− α)(p(x) + xq(x))

+
∫ x

0
[(1− t) [p(x) + xq(x)]− p(x)− (x− t)q(x)] u(t)dt

+
∫ 1

x
(1− t)(p(x) + xq(x))u(t)dt.

Therefore the above equation can be written as the FIE of the second kind

u(x) = f (x) +
∫ 1

0
k(x, t)u(t)dt,

where the free term is given by

f (x) = g(x)− αq(x)− (β− α)[p(x) + xq(x)]

and the kernel is given by

k(x, t) =


−(p(x) + (x− 1)q(x))t, 0 ≤ t ≤ x,

(p(x) + xq(x))(1− t), x ≤ t ≤ 1.
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For more details on converting boundary value problems (BVPs) to Fredholm integral
equations (FIEs) and initial value problems (IVPs) to Volterra integral equations (VIEs),
see, e.g. [44, 71].
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Conclusion and perspectives

In this thesis, we have presented accurate spectral solution methods for Volterra and Fred-
holm IEs, which naturally arise from the mathematical modeling of initial and boundary
value problems associated with ordinary and partial DEs.
At first, we have applied the Legendre spectral Galerkin method and its iterated version
to solve FIEs of the second kind and analyzed their convergence in the L2 norm. The
numerical results obtained in Subsection 4.1.3 show that the iterated Legendre spectral
Galerkin solution provides a better approximation than the Legendre spectral Galerkin
method. Hence, the iterated Legendre spectral-Galerkin solution improves over the Leg-
endre spectral-Galerkin solution. The advantage of this method is that its convergence
behavior depends solely on the smoothness properties of the solution and kernel.
Secondly, we have developed and analyzed an adaptive spectral collocation method for
Volterra and Fredholm IEs of the second kind, where the underlying solution exhibits lo-
calized rapid variations, steep gradients, or a steep front. The suggested approach can
enhance the efficiency of the classical algorithm by providing significant computational
advantages. This is particularly achieved through the use of a mapping strategy, as shown
in the numerical results presented in Subsections 4.3.4. These results clearly show that our
method is better than the classical method for such problems.
The main advantages of the suggested approach include:

(i) Dynamically adjust resolution based on solution characteristics;

(ii) Implement moving grid points for capturing the localized rapid variations in the
solution of the given problem;

(ii) Clustering of grid points around steep gradients or a steep front to effectively track
critical features of the solution.

The perspectives are:

• Extending the results obtained in this thesis to nonlinear IEs with similar challenging
properties.

• Extending the results obtained in this thesis to higher-dimensions IEs with similar
challenging properties.

These issues will be addressed in future work.
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Abstract

The research work presented in this thesis focuses on improving the convergence speed of numerical
methods for solving integral equations. These equations often introduce a very complex behavior, posing
significant challenges to traditional numerical techniques, particularly in terms of convergence and accuracy.
To address these challenges, we have developed and analyzed an adaptive spectral collocation method for
Fredholm and Volterra integral equations of the second kind, which can achieve fast convergence and high
accuracy despite the fact that its solution exhibits localized rapid variations, steep gradients, or a steep
front. Adaptivity is implemented using a suitable family of one-to-one mappings to generate a new equation
with smoother behavior that can be approximated more accurately. The proposed method can achieve ex-
ponential accuracy by adjusting a parameter-dependent mapping in the modal approximation according to
the given data. Finally, several numerical examples are given to show that the proposed method is preferable
to its classical method and some other existing approaches with a relatively smaller number of degrees of
freedom.

Keywords : Linear integral equations, mappings for improved accuracy, adaptive spectral collocation me-
thod, spectral accuracy, convergence analysis.

Résumé

Le travail de recherche présenté dans cette thèse se concentre sur l’amélioration de la vitesse de conver-
gence des méthodes numériques pour résoudre des équations intégrales. Ces équations introduisent souvent
un comportement très complexe, posant des défis importants aux techniques numériques traditionnelles,
notamment en termes de convergence et de précision. Pour relever ces défis, nous avons développé et analysé
une méthode spectrale adaptative de collocation pour les équations intégrales de Fredholm et de Volterra
du second type, qui peut atteindre une convergence rapide et une grande précision, malgré le fait que sa
solution présente des variations rapides localisées, des gradients abrupts ou un front abrupt. L’adaptativité
est implémentée en utilisant une famille de transformations appropriées pour générer une nouvelle équation
avec un comportement plus lisse qui peut être approximée plus précisément. La méthode proposée peut
atteindre une précision exponentielle en ajustant une transformation appropriée dépendant d’un paramètre
dans l’approximation modèle selon les données fournies. Enfin, plusieurs exemples numériques sont donnés
pour montrer que la méthode proposée est préférable à son méthode classique et à d’autres approches exis-
tantes avec un nombre relativement plus petit de degrés de liberté.

Mots clés : Équations intégrales linéaires, transformations appropriées pour une précision améliorée, méthode
spectrale adaptative de collocation, convergence spectrale, analyse de la convergence.
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