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INTRODUCTION

Most of problems encountered can be modelled mathematically, but these models require
assumptions that are sometimes too restrictive, making application to the real world difficult.
Real-world problems must take into account imprecise, uncertain information. The concept
of fuzzy set was introduced in 1965 by A. Zadeh [3], many authors were interested by this
concept [1, 4, 13]. The main problem in fuzzy mathematics is how to carry out the ordinary

concepts to the fuzzy case.

The partially ordered algebraic systems play an important role in algebra. Some impor-
tant concepts in partially ordered systems are ordered groups and lattice ordered groups. These

concepts play a major role in many branches of Algebra.

In 1971, A. Rosenfeld applied the notion of fuzzy set theory on group theory in his book
[2], he introduced the concept of fuzzy subgroup and show that many theorem can be extended
to develop the fuzzy group theory. Next, many authors worked on fuzzy theory and introduced

the concept of fuzzy orders, fuzzy cosets and fuzzy lattice [7, 9, 15].

Convexity play an important role in the study of compatible orders, ordered groups and
especially in lattice-ordered groups. Our main aim in this work is to investigate some properties
and characterizations theorems of the fuzzy convex subgroup (resp. fuzzy convex lattice-ordered
subgroup) of an ordered group (resp. lattice-ordered group). Some more results related to this

topic are also derived.

This memory is organized in three chapter as follows :
In the first chapter, we recall some definitions and well-known about the ordered sets, coset,
groups, and ordered groups. This chapter also focuses on lattice, lattice-ordered group and some
related concept which we will need in the sequel.
In the second chapter, we give some basic notions and generalities about the fuzzy sets, their

characteristic notion and level sets. Also, we define fuzzy subgroup and give some properties.



In the last chapter, we specified our searches about convexity in fuzzy case more precisely

fuzzy convex subgroups and fuzzy convex lattice-ordered subgroups.



CHAPITRE

ONE

GENERALITIES ON ORDERED GROUPS AND
LATTICE-ORDERED SUBGROUP

The notion of a group play a fundamental role in mathematics,it is one of the main alge-
braic structures. So in this chapter we will recall the basic notions of the ordered sets, lattices,
subgroups and normal subgroups. Next, we investigate some basic properties of ordered groups

and lattice ordered groups.

1.1 Ordered sets, Lattices

The purpose of this section is to provide a basic introduction to the theory of ordered struc-
tures, and we mention the concept of ordered groups, lattices and lattice-ordered groups.

For more details on Ordered sets and Lattices, we refer to [5, 6, 7, 12].

Definition 1.1 [7]Let X be non-empty set, an order (or a partial order) is a binary relation <

on X which is :
i) Reflexive, i.c., forall x € X, x < x.
ii) Antisymmetric, i.e., forall x,y € X, if x <y andy < x imply x = y.

iii) Transitive, i.e., for all x,y,z€ X, ifx<yandy < zimplyx <z

Definition 1.2 [7] A set X equipped with an order relation < is called an ordered set (poset),
denoted (X,<).

We note that if (X,<)) is a poset and A C X, then A* and A’ denote the set of all upper
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bounds and the set of all lower bounds of A, respectively.
A'={uecX|x<u VxcA}, Al={leX|I<x VxecA}.

Let A be a subset of a poset (X,<). An element uy € A is the least upper bound of A,
denoted by supA or VA, if uy < u, Vu € A*.
An element [y € A’ is the greatest lower bound of A, denoted by infA or AA, if | <y, VI € AL.

Example 1.1 i) On every set the relation of equality is an order.

ii) On the set N of natural numbers the relation | of divisibility, defined by m|n if and only
if there exist k € N such that n = km is an order. Then (IN,

) is a poset.
iii) The power set of a given set X is ordered by inclusion. Then (IP(X),C) is a poset.

iv) Let E and F be two ordered sets. Then the set Map(E,F) of all mappings f : E — F
can be ordered by defining f < g<= (Vx € E) f(x) < g(x).

Example 1.2 Consider X is the additive set R x R, we defined the relation < by
(y)<(zw)ex=z y=worx<z,y<w
It is easy to check that “ < is reflexive, transitive and antisymmetric, then R x R is aposet

Definition 1.3 We say that two elements x,y of an ordered set (X,<) are comparable and we
write x || y if either x <y or y < x. If all pairs of elements of X are comparable then we say that

X forms a chain, and that < is a total order.

Example 1.3 The sets IN,Z,Q,R of natural numbers, integers, rationales, and real numbers

form chains under their usual orders <.

Example 1.4 Ler X = {1,2,3,4,6,12} be the set of positive divisors of 12. If we order X in
the usual way, we obtain a chain. If we order X by divisibility, we obtain the Hasse diagram of

Figurel.l.
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FIGURE 1.1 — Hasse diagram of a poset (D12,]).

Definition 1.4 [8] Let (X,<) be an ordered set.

e Forall x,y € X with x <y, aninterval in X is the subset denoted by,
[xy] ={zeX |x<z<y}
* A non-empty subset A of X is convex if for all x,y € A with x <y,
[x,y] C A.
We can also define a convex subset A by,

Vx,yeA,if x<z<y=2z7€A.

Definition 1.5 Let X be a non-empty ordered set (X,<) is called a lattice if for all x,y € X,
xVyandx/\Yy exist.

Example 1.5 Let us consider Examples 1.1. Then
. (N,
s (IP(X),Q) is a lattice such that for all A,B € P(X),AVB=AUBand ANB=ANB.

) is a lattice such that for all x,y € N*, xVy = lem(x,y) and x Ny = ged(x,y).

1.2 Ordered groups, Lattice-ordered groups

1.2.1 Some reminders of the classical groups

In this subsection we recall some basic definitions and properties of the classical groups.

“ »

Definition 1.6 Ler G be a non-empty set, A pair (G, ) associated with the inner operation
is called a group if is verifying this three proprieties :
i) Associativity :

VabeG,a-(b-c)=(a-b)-c,

10
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ii) Have an identity element :
deeG,VaeG,a-e=e-a=a,
iii) All element of G have an inverse :

YaeG,dbeG,a-b=b-a=ce.

Example 1.6 One of the most commons groups is (Z,4) which is constituted from the integer

set and the inner operation “addition”.
The following example is useful in the next of our work.

Example 1.7 The Klein 4-group G = {e,a,b,c} (the Klein four-group is a group with four
elements, in which each element is self-inverse (composing it with itself produces the identity)
and in which composing any two of the three non-identity elements produces the third one).

The Klein' 4-group G is defined by the table of Figure 1.2.

[N NCHE-"N§-"

O T | o|-

[eRN=aE- NN HN¢]
[ ENCEEeRNenNon
(CHE--NN-aNeNNe]

FIGURE 1.2 — The Klein 4-group.

Notation 1.1 (Vocabulary note) :
o Ifthe group is noted additively (R,+), (which we note a+ b for a-b) :
o The identity element is zero noted by O.
o The inverse element of a (called also the opposite) is -a.
o If the group is noted multiplically (R, x ), (which we note ab for a-b) :

o The identity element is 1.

o The inverse element of a is a~\.

Definition 1.7 Let (G,-) be a group. We call a commutative group, or abelian group, all group

“ o

G in which the operation satisfies also the the condition of commutativity :

Va,be G,a-b=b-a

1. Felix Klein. 1849 — 1925 was a German mathematician and mathematics educator, known for his work with
group theory, complex analysis, non-Euclidean geometry, and on the associations between geometry and group
theory

11
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Definition 1.8 Ler (G,-) be a group, and H C G non-empty subset. H is called a subgroup of
Gif
i) foralla,bc H=a-beH,

ii) acH=a'€H.
Remark 1.1 The two conditions (i) and (ii) can be combined into one equivalent condition is
Va,be H=a-b~' €H.

Example 1.8 o Let (G,-) be a group of identity element e, then G and {e} are subgroups
of G.
* (Z,+) is a subgroup of (Q,~+) which is a subgroup of (R, +) which is a subgroup of
(C.+).
o (Q*, x) is a subgroup of (R*, x) which is a subgroup of (C*, x).
* (IN,+) is not a subgroup of any group because the opposite of an element in N is not
in N

1.2.2 Cosets and normal subgroups

The notion of a normal subgroup is one of the central concepts of classical group theory. It
plays an important role in the study of the general structure of groups. Just as a normal subgroup
plays an important role in the classical group theory, a normal fuzzy subgroup plays a similar
role in the theory of fuzzy subgroups.

Let (G,-) be group with identity element e, and H a subgroup of G.

Definition 1.9 [/0] Let A and B be subsets of a group G. The product AB of the sets A and B
is defined by
AB={xy|x€Aandy € B}.

For all elements x of G, we denote the product {x} A and A {x} by xA and A x, respectively.

Definition 1.10 [/0] For all element x of G and subgroup H, we note the left coset of H in G
by the set xH defined by
xH ={xh |he H},

Similarly, we note the right coset of H in G by the set Hx defined by
Hx={hx|heH}.

12
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Example 1.9 Consider H = 3Z. the subgroup of the group (Z,~). Then the right cosets of H
are the only three sets 37,37 + 1,37+ 2, where for all a € {0,1,2},

32+a={-,-64+a,-3+a,0,34+a,64a,--}.

Due the commutativity of addition, it holds that every left coset of (3Z,+) is also a right coset.

Definition 1.11 Ler (G,) be a group, and H subgroup of G. H is called a normal subgroup of
Gif
Vhe H,Vx € G|xhx ' € H.

Note that every subgroup H of an Abelian group G is a normal subgroup. Indeed, for all

xeGandy€eH, xyx’1 = ()cy)x*l :xfl(xy) = (xflx)y —ey=yeH

Proposition 1.1 H is a normal subgroup of G if and only if Vx € G,

xHx '=H.

Proof.

=) Suppose that H is a normal subgroup of G. Let x € G.

xeG = xhx*IEH,VhEH

= xHx 'CH
We see also that x ' Hx C H (by replacing x with x~!), thus
H=x(x""Hx)x ' c xHx !,

= H C xHx"!

and therefore, each of the sets N and xHx ! is contained in the other. Then, xHx ! = H.

<) Conversely, it’s clear that a subgroup H of G which satisfies the property xHx '=H

for all x from G is a normal subgroup of G.

Corollary 1.1 A subgroup H of a group G is a normal subgroup of G if and only if xH = Hx
forall x € G.

13
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Proof.

Letx € G, if H = xHx ! we have
H=xHx' = Hx= (xHx )x=xH
conversely, if xH = Hx
xH=Hx = H=x "Hx
Thus,

H=x 'Hx & xH = Hx

And therefore, from Proposition 1.1 the subgroup H of G is normal if and only if xH = Hx for
allx € G. ]

Lemma 1.1 Let H be a normal subgroup of G, and let x and y be elements of G. Then
(xH) (yH) = (xy)H.

Proof.

Let G be a group, we know that if H is a normal subgroup of G then Hy = yH.

(xH)(yH) = x(Hy)H
— x(VH)H
= (xy)HH
= (xy)H (Since H is a subgroup of G (HH = H))

Then (xH) (yH) = (xy)H. ]

Proposition 1.2 Let H be a normal subgroup of G. Then the set of all cosets of H in G is a

group under the operation of multiplication.

Remark 1.2 The identity element of the set of all cosets of H in G is H itself, and the inverse

of a coset xH is the coset x 'H for all element x of G.

Proof.

Let x and y be an elements of G. According to Lemma 1.1, we have (xH) (yH) = (xy)H, and
The subgroup H is itself a coset of H in G, since H = eH. So we will prove that The set of all

cosets of H in G is a group. Moreover

14
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1) Letx € G,

(xH)H = (xH)(eH) = (xe)H = xH
H(xH) = (He)(xH) = (ex)H =xH

2) Letx € G and x~ ! the inverse of x in G,

(H)(x"'H) = (xHhH=H
(x'HY(xH) = (x'xX)H=H

3) Letx,y,z € G,
(xHyH) zH = (xy)HzH = (xy) zH = x(yz)H = xH (yz)H = xH (yHzH).
Then, for all elements x of G, the group axioms are satisfied. [ ]

Definition 1.12 Let H be a normal subgroup of a group G. The group of cosets of H in G under

the operation of multiplication is called the quotient group, denoted by G/H.

1.2.3 Ordered groups

Definition 1.13 /8] Let (G,-) be a group. We say that a partial order < on G is compatible if,
Vxyz7 €G, x<y = z-x-7 <z-y-7

(I3

We say also that the operation is compatible with the order “ <.

Definition 1.14 [9] An ordered group is the triple (G,-,<) which is verifying the following
three axioms :

i) (G,-)is a group,

i) “<”isanorder,

iii) is compatible with the order “ <.

Example 1.10 (Z,+,<), (Q,4+,<), (R,+,<) are all ordered groups.

Remark 1.3 Every group can be made into an ordered group only by placing the trivial orde-

ring on the set.

15
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Proposition 1.3 Ler (G,-,<) be an ordered group, then,
xSy<:>x*1 Zyil.

Proof.

Let x,y € G such thatx < y. Then, we have

x<Yy x o gxo -y

es<x -y

-1

ylegx oyt

ylgx e

r ¢ 0O

x! nyl.

Definition 1.15 [12] Let (E,<) be an ordered group.

* D is called a down-set if x € D and y < x imply y € D.
A down-set D is called a principal down-set, denoted by x*, if 3 x € D such that,

xr={yeE|y<x}

* U is called an upper-set if x € U and x <y imply y € U.
An upper-set U is called a principal upper-set, denoted by x', if 3 x € U such that,

X ={yeE|x<y}

Definition 1.16 [12] Let (G,<) and (H,<) two ordered sets. We say that a mapping A: G — H
is isotone (or order-preserving) if V x,y € G, x <y = A(x) <A(y),

And is antitone (or order-reversing) if V x,y € G, x <y = A(x) Z A(y).

Definition 1.17 [8] An element x of a group G is called positive element if e < x,then the set
P = {x € G |x = e} is called the positive cone of G.

x is called negative element if e > x, then the set N = {x € G | e = x} is called the negative
cone of G.

We often denoted with Gt and G~ for P and N, respectively.

If A 1s a subset of an ordered group then we will use the notation

Al'={xTcA|xcA} and A’ = {xy | x,y € A}.

16
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The following theorem provides the necessary and the sufficient conditions for a subset P

of a group G to be a positive cone relative to some compatible order on G.

Theorem 1.1 [12] A subset P of a group G is the positive cone relative to some compatible

order on G if and only if
(1) PP~ ={e};
(2) P2=P;
(3) VxeG, xPx'=P.

Moreover, this order is a total order if, in addition, P uP'=aG.

1.2.4 Lattice-ordered groups

Definition 1.18 /8] A lattice-ordered group written {-group is an ordered group (G,-,<) such

that (G, <) is a lattice.

Example 1.11 Let (C,+) be the additive group of complex numbers. We define on (C,+) the
partial order : x+iy <u—+ivifx <uandy <v. Then, (C,+,<) is an {-group.
Note that (x+iy) V (u+iv) = (xVu) +i(yVv) and (x+iy) A(u+iv) = (xAu) +i(yAv).

The following three propositions will be helpful in the proofs of the next results especially in

the last chapter .

Proposition 1.4 Ler (G,-,<) be an ordered group.It holds that

i) If (G,<) is a VV-semilattice. Then for all x,y,z € G, it holds that
x(yVz) =xyVaxzand (yVz)x =yxVzx.
i) If (G, <) is a \-semilattice. Then for all x,y,z € G, it holds that
x(yAz) =xyAxzand (yANz)x = yx Azx.

Proof.

We will prove that x(yVz) = xyVxz (the other cases where (yVz)x = yxVzx,x(yAz) = xyAxz
and (y Az)x = yx Azx. are similarly proved ).

As y<yVz z<yVzand < is a compatible order on G, it follows that ay < a(yV z) and
az < a(yVz). This implies that a(yV z) € {ay,az}", i.e., a(yVz) is an upper bound of ay and

az. Let us know consider ¢ € {ay,az}", it follows that ay < ¢ and az < c. This implies that

17
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y<a 'cand z<a ¢, it follows that yVz < a~'c implies a(yV z) < c. Hence a(y V z) is the

least upper bound of ay and az. We conclude that x(yVz) = xyVxz [ |

Proposition 1.5 Ler (G,-,<) be an ordered group. if (G,<) is a semilattice, then (G,<) is a

lattice.

Proof.

We suppose that (G, <) is a V-semilattice (the proof is similar if (G,<) is a A-semilattice)
We will prove that G is a lattice in which for all a,b € G,

aNb=a(aVvb) 'b=>b(aVvb) a.

We have a < aV b gives (aVb)~! <a ! and therefore a(aV b)~'b < b, and similarly b <
aV b gives a(aVb)~'b < a. Thus a(aVv b)~'b € {a,b}'. Suppose now that ¢ € G is any lower
bound of {a,b} (c € {a,b}"). Then ¢ < a and ¢ < b give a=! Vb~ < ¢!, and therefore by
Proposition 1.4, b1 (avb)a' =a'vb ! <c hence, c< [b~(aVb)a ]! =a(aVv
b)~'b. Hence, a A b exists and is a Ab = a(aV bh)~'b. aANb = b Aa, it follows that a A b =
b(aVvb)la.

By the same way if (G,<) is a A-semilattice, we proof that G is a lattice in which for all
a,b e G,

aVb=a(anb) 'b=b(arb) 'a

Proposition 1.6 Let G be a {-group, and a,b,x € G, then,

i) (aVb)x=axVbx, x(aVb) =xaVxb, (a\Nb)x =axA\bx, x(a \b) and x(a \b) =
xa A\ xb.

ii) (avb) '=a'AbVand (anb) ' =a'vb ],

iii) aAb=">b(aVb) laandavb=>b(aNb) 'a

Proof.

i) It follows directly from Proposition1.4.

ii) From (i) and the proof of Proposition 1.5, it follows that, (aVbh) ~! = [a(aAb) ~'b] ! =
b~ '"(aAb)a~' =a"' Ab~'. The other part (aAb) ™! =a~! vb~!is proved similarly.

ii1) It follows directly from Proposition 1.5.

18
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Definition 1.19 /8] Let G be a group, for every x € G, the positive part of x and dually, the
negative part of x is defined by x;. =xVe € Gt andx_ = xNe € G, respectively.

Theorem 1.2 Let (G,-,<) be an {-group, then for all x,y € G, the following hold :

D ()= () and ()T = ()4

i) xVy= (yx DixandxNy=x(x"y)_.

Proof.

i) Letx € G, then we have x4 =xVeandx_ =xAe.

() = (xve)!

xil/\e

= (x1)_.

Similarly (x_) ' = (x71) 4.

ii) Let x,y € G, then we have

Ox Dax = (O 've)x
= (m 'xVx)

= yVux

Then xVy = (yx~ 1) 4x.
Similarly x Ay = x(x~1y)_.

Lemma 1.2 Let (G,-,<) be a {-group, then for any positive integer n and z € G,
i) (zhe)"=7"NZ"IA- Az e,

ii) (zve)'=7"V"'v..-vzVe.

Proof.

Let G be a group. We see that the statements are obviously true if n = 1, we assume that they

are true for n — 1, and we will prove that are true for .

19
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Then, for n — 1 we get, (z/\e)”_1 =7"IA72A Az

(zhe)" = (zhe)"(zAe).
= (zAe)" 'zA(zAe)" e (see Proposition 1.6)
(IAZTEA - AZA)ZA(TIALSTEA - Az Ne)
(AN ADAETIALTEA - AZAE)
PALTIN - AZATTIANSTEA Az e

= 'ATIALTIA Az
The statement is true for n.

Then (zAe)" =Z"AZ"" ' A---AzAe.
Similarly (zVe)"=z7"Vz* lv-..vzVe. |

20



CHAPITRE

TWO

PROPERTIES OF FUZZY SUBSETS AND FUZZY
SUBGROUPS

The purpose of this second chapter is to provide a basic introduction to the fuzzy set , its
characteristic notions, some operations on fuzzy sets and the basic properties of ox—cuts of a
fuzzy set paying particular attention to characterize a fuzzy set by means of its a—cuts. Next,

we investigate the notion of fuzzy subgroups and normal fuzzy subgroups.

2.1 Fuzzy Subsets

2.1.1 Definition and Examples

In this subsection, we present the concepts of fuzzy set theory with illustrative examples.

Definition 2.1 [/] Let X be a reference set. A fuzzy subset A is a function defined from X to the

interval [0,1].

* It is customary in the fuzzy literature to have two notations for fuzzy sets, the letter A and the

notation 4.
» We can describe a fuzzy subset A by the pair {(x, s (x)) | x € X }.

* The function py : X — [0,1] is called the membership function, and the value p4 (x) is the

degree of membership of x to the fuzzy set A.

Remark 2.1 Those function whose images are contained in the set {0,1} correspond to the
classic set for which W, is the indicator function ). So the classic subsets are special cases of

fuzzy subsets.
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Example 2.1 (Finite case) :
Let X = {a,b,c,d,e} and A = {(a,0.6),(b,0.9),(c,0.2),(d,0),(e,0.5)}. A is a fuzzy subset
of X.

Example 2.2 (Infinite case) :

Suppose that we want to model the fuzzy concept “young”, let the set X be the positive real
numbers representing the possible ages of people. People with age less than 25 take the degree
1, between 25 and 40 their degree is included in the interval |0, 1[, and people with age more

than 40 take the 0. We can represent this subset with the following membership function :

1 if x<25,
pa(x) = ¢ =2 if 25 <x <40,
0 if 40 < x.

1 1 1 1 L 1
0 40 &0 BD

FIGURE 2.1 — The fuzzy subset “young”.

Notation 2.1 The set of all fuzzy subsets of X is called the fuzzy power set of X and is denoted
by F P (X).
2.1.2 Characteristic notions

The characteristics of a fuzzy subset A of non empty X which describe it, are the ones that

show how much it makes it different than a classic subset.

Definition 2.2 [4] Let A € % P (X), and Wy its membership function.

i) The height of A, denoted by H (A) correspond to the upper bound of the codomain of its

membership function, and we write :

H(A) = sup{ua(x) | x € X}.
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ii) The support of A, denoted by supp(A)( it is also denoted by A* in some references) is

the subset whose elements are included at least a little in A, and we write :

supp(A) = {x € X [ pa(x) > 0}.

iii) The core of A, denoted by core(A) is the subset whose elements are included totally in

A, and we write :

core(A) ={xeX | ua(x) =1}

Remark 2.2 Let A a fuzzy subset of X.

i) A is called normalized if and only if H(A) = 1, in practice it is extremely rare to work

on non normalized fuzzy subset.

ii) A is called a finite fuzzy set if A* is a finite subset, and an infinite fuzzy subset otherwise.

From the above remark, it is clear that if X is finite, then every fuzzy subset A of X is finite.

Example 2.3 Let us consider the fuzzy subset A of Example 2.1. It obviously holds that :

H(A) =0.9, supp(A) ={a,b,c,e}, core(A) =0.

Example 2.4 Consider the fuzzy subset “young” of Example 2.2. It obviously holds that :

H(A) =1, supp(A) = [0,40[, core(A) = [0,25].

2.1.3 Operations on fuzzy sets

We define on fuzzy sets the same operations of the classic sets which are for each two fuzzy

subsets A and B of X given by the following rules.

Definition 2.3 /3]

i) A fuzzy set A is empty, we note A = @ if and only if
VxeX:us(x) =0.
ii) Two fuzzy sets A and B are equal, we note A = B if and only if

VxeX:pua(x) = up(x)
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iii) A fuzzy set A is contained in a fuzzy set B, we note A C B if and only if

VxeX:ua(x) < ug(x).

Let A,B C Z(X) two subset of X. As we know, there are the familiar operations of union,

intersection, and complement. These are given by the rules
AUB={x|x€Aorxe€B},

ANB={x|x€Aandx € B},
A= {x|xeA}.

As we have noted that a classic set A of X can be represented by a function y4 : X — {0,1}

writing these rules in terms of indicator functions, we get :

xau(x) = max{ya(x), xz(x)},

2ang(x) = min{xs (x), x5(x)}.
Hae(x) =1 xa(x).

A natural way to extend these operations to the fuzzy subsets of X is by the membership func-

tions. Let A, B be two fuzzy subset of X.

i) Union : AU B is defined by the membership function

paup(x) = max{pa(x), up(x)}.

ii) Intersection : AN B is defined by by the membership function

tang(x) = min{pa (x), up(x)}.

iii) Complement of the fuzzy subset A, is noted by A and is defined by the membership

function

e (x) = 1 pa ().

Remark 2.3 For any collection {A; | i € I} of fuzzy subsets of X, where I is a non-empty in-

dex set and U, its membership functions, the union and intersection of A; are defined by the
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following membership functions :
uai(x) = sup {ua; (x) } = VAi(x),
i€l icl iel

o) = inf L (1)} = AA).
i€l i€l €

Example 2.5 (Finite case) :
Let X = {a,b,c,d,e,r,s,t} the set which represent a menu of restaurant, the patron want to
classify it according to two description, tasty and cheap. Let A and B two fuzzy subset of X, such

that A represent “tasty” and B “cheap”. We get
A =1{(a,0.6),(b,1),(c,0.1),(e,0.4),(r,0.8),(5,0.5) };

B = {(b,0.3),(c,0.6),(d,0.5), (¢,0.9), (5,1), (,0.7) }.

Which we give

AUB = {(a,0.6),(b,1),(c,0.6),(d,0.5),(e,0.9),(r,0.8), (s,1)}, afuzzy subset represent the
description “tasty or cheap”.

ANB = {(0,0.3),(c,0.1),(e,0.4),(5,0.5)}; a fuzzy subset represent the description “tasty
and cheap”.

A¢ = {(a,04),(c,0.9),(d,1),(e,0.6),(r,0.2),(s,0.5),(¢,1)}; a fuzzy subset represent the
description “not tasty”.

B¢ = {(a,1),(0,0.7),(c,0.4),(d,0.5),(e,0.1),(r,1),(2,0.3) }; a fuzzy subset represent the

description “not cheap”.

Example 2.6 (Infinite case) :

We consider the example (2.2). the set X be the positive real numbers representing the possible
ages of people, the function Uy define the fuzzy subset “young” and Up the fuzzy subset “have
thirty old”, such that :

0 if x<25

1 if x<25 L2 jf 25<x<28
pa(x) = q 90X if 25<x<40 , pup(x) = 1 if 28<x<32.
0 if 40<x BXjf 32<x<35

0 if 40<x
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0.E

0.6

0.4

10 0 EL

40 50 &0

FIGURE 2.2 — Membership function of A and B.

The following plots are the plots of union, intersection and the complement of the fuzzy

subset A and B.

10 20 30 40 50 60

(b) ANB.

a0

(c) AC.

20 30 a0 50

(d) BC.

FIGURE 2.3 — Membership functions.
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2.1.4 Alpha-cuts

One of the characteristics of a fuzzy subset A of X is the alpha-cuts or also known as the level
set. In this subsection and after given the definition of the alpha-cut, we will investigate its basic

properties, paying particular attention to characterize a fuzzy set by means of its alpha-cuts.

Definition 2.4 [4] For all o € [0,1], we construct the ordinary subset Ay, of X associates to
A€ FP(X), by selecting all element of X belonging to A with a degree at least equal to «,

we write :

Ag ={xeX | ua(x) > a}.
The characteristic function of Ay is x4, such that y4,(x) = 1 if and only if ps (x) > a.

Example 2.7 (Finite case) :Let X = {a,b,c,d,e} and A a fuzzy subset of X such that A =
{(a,0.6),(b,0.1),(c,0.8),(d,0.4),(e,0.3) }. We have :
Aor =X, Aos ={a,c,d}, Ap7 ={c}and Agg = 0.

Example 2.8 Consider the fuzzy subset A“young” of X of Example 2.2. It is easy to verify that :
Aos = [0,34], and Ag7 = [0,%2].

1.0
0Ef \

i

0.4

1 1 1 l
10 0 EL 40 50 &0

FIGURE 2.4 — The o-cuts of A

Proposition 2.1 [2] Let A, B be two fuzzy subset of X and &, 3 € [0, 1]. The o.-cuts satisfy the

following statements :
i) (A UB)OC = Aa UBa,
ii) ACB= Ay C Bg,

iii) a <f = Ag CAg.
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Proof.

i) Letx € (AUB)q. We have, (AUB)q = {x € X | laup) (x) > a}.

x€(AUB)a & MHuup)(x) >
max{pia (x), s (x)} >
ta(x) > aor up(x) > a

x€Agorx e By

S R

x€ (AgUBg).

Then, (AUB)q = Aq UBy.

ii) Letx € Ag.

X€EAy = mx) >
= up(x) > a

= Xx € Bg.

Then Ay C Bg.

iii) Letx € Ag,

x€Ag = ma(x) =P
= ma(x) >«

= X€E€Aq.

Then AB CAg.
|

The following two theorems state some basic properties of the @— cuts of a given fuzzy set.
Theorem 2.1 [2] Suppose that {A; | i € I} is a collection of fuzzy subsets of X. Then for any
a € [0,1] it holds that

) U(Aj)g C (UA)
) iel( a S (ieI i)a
i) N(Ai)og=(NA})a-

) iel( i)a (iel i)a

Moreover, if 1 is finite, then we have equality in (i).
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Proof.

) L A;
i) etxeigl( i) as

A.
X e iLEJI( i)a

Th A:)y C Ai)g.
eniLeJI( o S (igl i)a

i) Let A;
ii) Le inQI( i) as

A.
xe iQI( i)a

Th Ai)g = Ai)g.
eniQI( i)a (iQI i)a

¢l

Tt ¢ ¢ T 0

diel, x€ (A)q
diel, ,LLAI.()C) >
sup {ta,(x)} = &
i€l
puai(x) > o

icel

X € (iLéJIAi)a.

Viel, xe (A)a
Viel, ‘LLAl.(x) > o
inf {.uAi(x)} >0

i€l
Urai(x) > o
icel

Theorem 2.2 [2] Let A € F P (X), and ; € [0,1] (i € I). Then it holds that

i) UA(X,' g A/\OCI':
iel i€l

ii) mAai = A V Q-
iel iel
Proof.
i) Letxc UAg,
i€l

xe UAg,
i€l

R

[\

9

diel, xcAgy
diel, pa(x) > oy
pa(x) > inf {oy}
i€l
Ha(x) = o

XEA/\a[.

icl



2.1. FUZZY SUBSETS CHAPTER 2

Then UAy CA A q,.
iel i€l

ii) Letx € NAg,
iel

XG,ﬂlAa,- & Viel, xeAy,
1S
< Viel, ‘LLA()C)ZOCI'
& pa(x) > sup {0}
i€l
& > Vo
Ha(x) e
54 XGA\/ai.

i€l

Then mAai = A\/ai.
iel

i€l
The following theorem characterize any fuzzy subset A of X by means of their a-cuts.

Theorem 2.3 Let A € 7 P (X), Ua its membership function and o € [0,1]. Then for all x € X
it holds that

pa(x) = sup (a-xa,(x)).

ael0,1]
Proof.

Let x € X, suppose that 4 (x) = B (B € [0,1]).

pa(x) =B = pa(x) >p
= XGA[;

= XAﬁ (x) =1.

On the one hand, as p14 (x) = B.1 = Bxa, (x), it follows that s (x) < sup (0t xa,(x)).

ael0,1]
Lif pa(x) > B

On the other hand, we have x4, (x) =
ﬁ 0 if M) <p

, it follows that, B.xa, (x) =
B if pa(x)=p

0 if pa(x)<pB

pa(x). Then, sup (a.xa,(x)) < pa(x).
ael0,1]
Therefore, it holds that Vx € X, pua(x) = sup (a.xa,(x)). |
ael0,1]

. This implies that, .2, (x) < B and B = pa(x), thus, B-xa, (x) <

Example 2.9 Let X = {a,b,c,d,e} be a reference set, we will describe the fuzzy subset A of X

from the following a-cuts,
Aoy ={a,b,c,d,e}, Aoz = {b,c,d,e}, Agg = {c,d}, Ay = {c}.
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We find, 14 (a) = sup {01240, (a), - 124, (@)}

ta(a) = sup {0.1 x1,0.3x0,0.8x0,1 x0} =0.1,

ta(b) = sup {0.1 x1,0.3x1,0.8x0,1 x0} =0.3,

ta(c) =sup {0.1x1,03%x1,08x 1,1 x1} =1,

wa(d) = sup {0.1x 1,03 x 1,0.8 x 1,1 x 0} = 0.8,

w4 (e) = sup {0.1x 1,03 x 1,0.8 0,1 x 0} = 0.3.

Then, we get A = {(a,0.1),(0,0.3),(c,1),(d,0.8),(e,0.3) }.

2.2 Fuzzy subgroups, Normal Fuzzy subgroups

In this section, we will present the definition of fuzzy subgroup, fuzzy normal subgroup and
investigate their basic properties which we need in the next chapter.

In what follows, we will note the product of two element of (G, ) by xy, instead of x - y.

2.2.1 Fuzzy subgroups

Definition 2.5 [2] Let H € % Z(G). H is called a fuzzy subgroup of G if
i) pp(xy) > min{uy (x), ua (y) 3,
i) () > ().

Remark 2.4 It is easy to show that, the conditions (i) and (ii) of Definition 2.5 are equivalents

to the unique following condition :

par (ey™") = min{py (), ur ()}, Vxy€G.
Notation 2.2 We denote by .7 (G) the set of all fuzzy subgroups of G.

In what follows, G denotes a group and e its identity element.

Proposition 2.2 Let H be fuzzy subgroup of G. Then for all x,y € G, it hold that
i) uy(x) <uy(e),
i) p (xy~') = pr(e) = uu(x) = uu (),
iii) up(x) < pp(x"),

v) w(x) = pu(x").
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Proof.

i) Let x € G. We have g (e) = g (ex') > min(ug (x) , pg(x™")) = g (x). Thus,
tr (x) < pm(e), forall x € G.

ii) Letx,y € G and suppose that g (xy~!) = py (). We have

up(x) = pg (xy~'y) > min(ug(xy™") . g (y))
min(up (e) , 1u(y))
> ua(y).

v

In similar way, we show that gy (y) > g (x). We conclude that ug (x) = g (v).

iii) By recurrence. Forn =1, P(1) : ug(x) < pg(x) is true.
For n > 1, we suppose that ty (x) < py (x") and prove that uy (x) < py (x*11).
For all x € G, ug (x"T') = puy (x".x) > min(ug (x*), ug (x)) > pg (x).
Hence, g (x) < ug(x"), foralln € N.

iv) By definition, we have uy (x) < pgy (x~1). It remains to show that pgy (x) > ug (x71).
We puty = x~!, it follows by definition that tz (y 1) > uy (v), this implies that gz (x) >
ug (x~1). Hence, ug (x) = ug (x71).

|
Proposition 2.3 The intersection of two fuzzy subgroups of a group G is a fuzzy subgroup of G.

Proof.

Let H,K € % (G) and x,y € G. We have, gk (xy) = min(uy (xy), uk (xy)), it follows that

v

min (min (g (x), pe (v) ), min(pg (x), dx (3)))
min (min (g (x), ux (x) ), min(uz (), ik (v)))
min(Uang (x), tank (¥))-

HHNK (xy )

v

v

And we have, ugngx(x~') = min(ug (x~1), ux (x~1)). Since H,K both are fuzzy subgroup, it
follows that pgnx (x~') > min(ug (x), uk (x)) = umrk (x). Consequently, H N K is a fuzzy
subgroup of G. ]
Note that the union of two fuzzy subgroups of a group G does not necessarily need to be a fuzzy

subgroup of G as can be seen in the following example.

Let us consider the group of integers Z under addition. We define the fuzzy subgroups A

32



2.2. FUZZY SUBGROUPS, NORMAL FUZZY SUBGROUPS CHAPTER 2

and B by,
1 ifxe2Z, 1 ifxe3Z,
pm@ =1  and pp() =1 | _
7 Otherwise. 5 Otherwise.
We can easily find the subgroup A U B defined by,
if xe2Z\JU37Z,

paup(x) =

Bl—

otherwise.

Letx =2 and y = 3, then pap(2) = waus(3) =1, and

paus(x+y) = Haup(5) = %1,
this implies that, us (2 +3) = % < min{taup(2), taus(3) } = 1 which shows that AUB is
not a subgroup of Z.

We can extend the above proposition as following
Proposition 2.4 The intersection of family of subgroups of a group G is a fuzzy subgroup of G.

Proof.

Let (A;)ier be a family of subgroups of G and x,y € G. We have, 14, (xy) = infA;(xy). Since
il lEI
A; is a subgroup for all i € 1, it follows that

.un,Ai (xy) > in{min(uAi (), 1a; ()
i€ ic
> min(infupa, (x) . infua,(y))
i€l i€l

= mln(iQIAi(x) , iQ[Ai()’))-

And we have, 4. (x71) = infA;(x~1). Since for all i € I, A; is a fuzzy subgroup, it follows
i€l iel
that 4, (x71) > infA;(x™') = a4, (x). Consequently, .ﬂIA,- is a fuzzy subgroupof G. m
iel icl i€l S

2.2.2 Normal fuzzy subgroup
Definition 2.6 [2] Let N € % (G). N is called a normal fuzzy subgroup of G if Vx,y € G,
t (xy) = py (3x).
The following proposition identifies the basic properties of a fuzzy subgroup, which will be

helpful in the rest of our work .

Proposition 2.5 Let N be a fuzzy subgroup of the group G. Then the following statements are

equivalent for all x,y € G,
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(1) pn(xy) = uy (yx). (N is called an Abelian fuzzy subset of G).
(2) un(ox™") = v (),

3) un(xy) > pn(yx),

(4) v (xy) < uny(yx).

Proof.

Letx,y € G.

(1) = (2) We have uy (xyx ') = v ((ey)x ") = v (x ' (x9)) = v (7 'x)y) = in ().
(2) = (3) We have piy (xy) = pn (x(yx)x~") = pin (xy). Hence, pin (xy) > py (3x).

(3) = (4) According to (3), un(xy) >ty (yx) > un(xy). This implies that wy (xy) < uy(yx).
(4) = (1) Similar to the previous implication. [ |

The following corollary is a direct result of the previous proposition.

Corollary 2.1 Let G be a group. A fuzzy subgroup N of G is a fuzzy normal subgroup if it

satisfies the following equivalent conditions.
(1) Vx,y € G, un (xy) = pn (yx).
(2) Vx,y € G,y (xyx~ 1) = pn (v),
(3) Vx,y € G, un(xy) > pn (yx),
(4) Vx,y € G, v (xy) < pin (yx).
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CHAPITRE

THREE

FUZZY LATTICE-ORDERED SUBGROUPS

After we introduced the general notions of fuzzy sets of reference set X, we will put a
condition on X to be once a lattice, an ordered subgroup or an /-subgroup in order to be able to
apply the notion of convexity in fuzzy case.

In this section we will note the degree of membership of an element x to the fuzzy set A by

A(x) instead of 4 (x).

3.1 Fuzzy Cosets and Fuzzy Normal Subgroups

Definition 3.1 [15] Let H € % (G), for any x € G we define a map Hy : G — [0, 1] by,
H.(y) = H(yx_l), Vy € G.

H, is called the fuzzy coset of G determined by x and H.

Denote the set of all fuzzy cosets of H by G/H (i.e., G/H = {H, | x € G}.)
From the above definition it follows that H, = H. Indeed, for all y € G, we have
H,(y) = H(ye ') = H(y). Hence, H, = H.

Example 3.1 Consider the Klein 4-group' G = {e,a,b,c} of Example 1.7 (see table of Fi-
gure 1.2.

Let us consider the fuzzy set H of G defined by H(e) = H(c) =ty and H(a) = H(b) =1,
where ty > t1. It is easy to see that H is a fuzzy group of G.

For instance if we take x = a, then H, is defined as following :

1. The Klein four-group is a group with four elements, in which each element is self-inverse and in which
composing any two of the three non-identity elements produces the third one.
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H,(e) =H(ea')=H(a ') =H(a) =11, Hi(a) = H(aa" ') = H(e) =1,
H,(b) =H(ba') = H(ba) = H(c) =to, Hi(c) = H(ca™') = H(ca) = H(b) =1,. Hence,

H, = {(e,tl), (a,l()), (b,l‘o), (C,l‘l)}.

By the same way we find, H, = {(e,11), (a,19), (b,t0), (¢c,t1) }, H. = {(e.10), (a,11), (b,t1), (¢, t0) }
and H, = H = {(e,19), (a,t1), (b,11), (¢,10) }
Finally, we conclude that GIH = {H,,H }.

Properties 3.1 If H is a fuzzy normal subgroup of a group G, then the set of all fuzzy cosets of
H form a group under the inner operation o defined, for all H,,H, € GIH, H,o H, = H,,.

Proof.

i) The identity element is H itself. Indeed, for all x € G,
H,oH—=H,oH,=—H,=H,and HoH, = H,oH, = H,, = H,.

ii) “o” is associative. Indeed Vx,y,z € G we have,

H.o (HyOHZ) =H,oH,, = Hx(yz) = H(xy)z =H,yoH, = (onHy) oHz.

ii) For all x € G, the inverse of the coset Hy is H 1. Indeed, we have

HyoH 1 =H, 1 =H, =H.

We, conclude that (G/H, o) the set of all fuzzy cosets of H is a group. u

Theorem 3.1 Let G be a group and N a fuzzy normal subgroup of G. Then the two following

statements hold

1) Ny(e) is a normal subgroup of G. (for illustrate we can put N(e) = @, we get Ny(e) =

Ny it is a classic subset of G).

2) Ny =Ny ifand only if N(x) = N(y).

Proof.

1) Letx € G and y € Ny(,). We need to show that xyx 1 e Ny(e)-
As N is a fuzzy normal subgroup and y € Ny, it follows that N(xyx~') = N(y) >

N(e). Hence, xyx~! € Ny (c)- Therefore, Ny, is a normal subgroup
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2) Letx,y € G. We have

Nx=Ny<Vze G, Nx(z) =Ny(z)
&Vz€G, N 'z) =NO12)
= N(x'e) =N(y 'e)( we take z = e)
=N =N
= N(x) =N(y).

Proposition 3.1 Let H be a fuzzy normal subgroup of a group G. Then it holds that
H.(xy) = Hy(yx) = H(y),Vx,y €G.

Proof.

Letx,y € G. Since H is a fuzzy normal subgroup, it follows that H (xyx~!) = H (x), this implies
that H,(xy) = H((xy)x™") = H(ox™") =H(y) = H(()x"") = He(yx). =

The following theorem extends Theoreml.1 to the fuzzy case.

Theorem 3.2 [8] Let N be a fuzzy normal subgroup of G. A subset P of the quotient group GIN

is the positive cone of a compatible order on GIN if and only if :
(1) PNP~ ' ={N};
(2) PP=P;
(3) Vx€ G, NyoPoN, | =P.

Moreover, PUP~' = GIN if and only if this order is total.

Proof.

We must indicate that in the quotient groups the associated operation is ““ o”, and its identity
element is N. Then, its positive cone is determined by P(G/N) = {Ny > N | N, € GIN}, and
P2(GIN) = {N,oNy | Ny,N, € P(GIN)}.

=) Suppose that “ <” is a compatible order on G/N, and P (G/N ) is the associated positive

cone.
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1)

N,e PnP! N, € Pand N, € P!
Ny>Nand N > N,

N, =N

R

PnP ' = {N}.
(2) < LetN,oN,¢€ P2 such that Ny, Ny € P. Recall that Ny o Ny = Nj,.

Ny, Ny € P(GIN) = N,>N and Ny >N
= NyoNy>NoNyand NoNy,>NoN =N
= Ny2=2N,Z2N

= Ny €P.

Then P?(GIN) C P(GIN).

* Conversly, let Ny € P(G/N). We know that,
Ny = Ny = N, oN, € P*(GIN).

Then, P(G/IN) C P*(GIN).
Thus, P> = P.

(3) ¢ Letforallx € G, N, € G/IN and N, € P(G/N), then

Ny =N NyoNyoN,—1 ZNyoNoN,
Nony ONX_] ZN

NyoNyoN,1 € P(GIN), VN,€P

A

NyoPoN, 1 C P(GIN).

* Conversly, let Ny € P(G/N). We know that Ny = N,oNyoN,-1 € NyoPoN,1.
Then P(G/N) C NyoPoN, 1.
Thus, Nyo PoN,1 = P(GIN).

<) Now, suppose that P is a subset of G/N that satisfies the conditions (1), (2) and (3).
We define a relation “ <” on G/N by

Ne <N, < N1 €P.
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i) First, we prove that “ <” is an order.

e Itis clear that “ <" is reflexive cause, V Ny € G/IN, Ny < Nysince N1 =N €P
(From (1), then N € P and N € P~1).

* Let Ny, Ny € PIN such that, Ny < Ny and Ny < Ny = N, .1 € Pand N1 € P.
We have, (Nyxfl)_l = N,,-1 € P.Hence, N1 € PNP~! = {N} then,

Nyx—l = N = N, = N, which shows that “ <” is antisymmetric.

* Let Ny, Ny € PIN such that, Ny < Ny and Ny <N, = N,

X

1 €Pand Nzy—l e P.

N .1 = N

fa zy~lyx—1

N,,-10N,1 € P*(GIN)

From (2), then N1 € P = Ny < N;. Thus, “ <7 is transitive.

ii) Now for compatibility, let Ny < Ny, = N1 € P. From the condition (3), we find
Ya,b € G and Nyx—l eP

Nyx—l = Ny ONyx—l oN(ab)_l epP
Nabyx—la—lbfl epP

Nay) @ 1etpy €F

N(ayb) (axb)-1 € P

R

N(axb) < Nayb

Then , “ <” is a compatible order on G/N.

iii) For all N, € P, to be P the positive cone of G/N it mustbe N <N, = N, € P which

is verified.

Assume that PUP~! = G/IN, let Ny,Ny € GIN, then nyq € G/N this implies that nyq eP
or Nyy-1 € P!

Ny1€GIN = Ny1€PorN,1€P,
= nyq =N or ny—l <N,
= ny—loNyZNoNy ornyfloNySNoNy,

= N, =N, or Ny <N,

Then “ <” 1s total.

Conversely, suppose that “ <” is total. Let Ny € G/N, then N, < N or N, = N, this implies
that N, € P or N, € P~!'. Hence, GIN = PUP!. [ |

39



3.2. FUZZY CONVEX SUBGROUPS CHAPTER 3

3.2 Fuzzy Convex Subgroups

We can define on fuzzy group theory the concept of convexity that we will give it in what
follows with some of its properties. First, we will give in the following subsection some remin-

ders of convex subgroup and basic properties which we will need in the sequel.

3.2.1 Convex subgroups

Definition 3.2 A sublattice E of a lattice L is a subset that is both a \-subsemilattice and a

V-subsemilattice, i.e., if x,y € E thenx \y € E and x\'y € E.

Example 3.2 For every ordered set E the lattice O (E) of down-sets of E is a sublattice of the
lattice P(E).

Definition 3.3 [/2] Let G be an ordered group. A convex subgroup of G is a subgroup which,

under the order of G, is a convex subset.

Example 3.3 Let us consider the ordered set (]RZ,S) defined in Example (1.2), and A =
{(x,0) | x € RY. It is clear that A is a subgroup of the group (R?,+) (recall that in R?,
(x,y) + (¢, y') = (x+x,y+Y'). It reminds to show that A is convex.
Let (x,0), (z,0) € A such that (x,0) < (y,0), and (o, 8) € R? with, (x,0) < (. 8) < (5,0).
e fa=y, B =0, then (c,0) € A.
o Ifa<y, B <O then,
o Either x = a and B = 0, then (o, ) € A.
o Or,x< aand0 < B (contradiction).

As (o, B) €A, then [(x,0),(z,0)] C A implies that A is convex subgroup.
Example 3.4 In the additive group Z, 3Z. is a subgroup of Z but it is not convex.

Proposition 3.2 [/2] Let G be an ordered group. The intersection of any family of convex

subgroups of G is a convex subgroup of G.

Proof.

Let {A;, i € I} be a family of convex subgroup of G, we know that ZQIA,- is subgroup, it reminds
to prove that iQIAi is convex.

Leta,b € iQIAi, such that a < b, as A; are convex, it follows that [a,b] C Ai, Vi€ l.

This implies that [a,b] C iQIAi.

Hence DIA[ is a convex subgroup of G. ]
IS
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Theorem 3.3 [12] If H is a subgroup of an ordered group G then Py = H N Pg.

Moreover, the following two statements are equivalent :
(1) H is convex;

(2) Py is a down-set of Pg.

Proof.

We know that e = ey, let y € Py,

yEPH = yE{x€H|x>eH},
= yZey, YEH
= y=Zeg yEH

= yeP;

It is clear that y € HN Pg, and so Py = HN Pg.

(1) =(2) Suppose that H is convex.
Let x,y € P; with ey <y < x such that ey, x € Py, then ey, x € H and since H is convex

then y € H and y € Pg this implies that y € H N P = Py. And so Py is a down set of Pg.

(2) = (1) Now we suppose that Py is a down set of Pg.
Letx <y<zsuchthatx,z€ H, then ey < x_ly <x 7z, we easily remark that xlzepPy
and as it is down set then x "'y € Py C H.

Whence y € xH = H,then H is convex.

Theorem 3.4 [12] Let G be an ordered group and H be a normal subgroup of G. Then Q =
{pHIp € Pg} is the positive cone of a compatible order on the quotient group GIH if and only

if H is convex.

3.2.2 Fuzzy Convex Subgroups

Definition 3.4 [8] A fuzzy subset A of a lattice (L, <) is said to be a fuzzy sublattice if, Vx,y in
L,
i) A(xVy) > A(x) NA(y),

i) A(xAy) >A(x) NA(Y).
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Example 3.5 Consider the Hass digram of Figure 3.1 of the poset L = {1,2,3,6,12} under
division.

It is easy to see that L is a lattice. Let us consider the fuzzy set A on L given by

six=12,
A(x) =
six=12.

D= W=

Ifwe take x =1 and y = 2, we find,

xVy=lem(1,2) =2=A(2) =1, and A(1) =A(2) =1 = A(1) NA(2) =1

Then A(1V2) > A(1) AA(2)

xAy=lcd(1,2) =1=A(1) = 1, and A(1) NA(2) = 1, then A(1\2) > A(1) NA(2).

The same for all element of L.

FIGURE 3.1 — Hasse diagram of a poset (L, |).

The following proposition characterize any fuzzy sublattice of a lattice L by means of the

crisp a-cut sublattices.

Proposition 3.3 Ler A be a fuzzy subset of a lattice (L,<). Then, A is a fuzzy sublattice in L if
and only if every nonempty a-cut A with o, € [0,1] of A is a sublattice of L.

Proof.

=) Suppose that A is a fuzzy sublattice of L. Let Ay be a nonempty o-cut of A, and let X,y
€ Aq.

x,yEAy = A(x)>oaand A(y) > o
= min{A(x),A(y)} >«

Since A is a fuzzy sublattice, it follows that
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A(xVy) > A(x) AA(y) > acand A(xAy) > A(x) AA(y) > . This implies that
xVy€eAgand x\y € Ag,.

Hence, A 1s a sublattice of L.

<) Suppose that each non-empty Ay, is a sublattice of L. In order to show that A is a fuzzy
sublattice of L let us consider x,y € L. We put A(x) = oy, and A(y) = 0, and assume
that oy < @, it follows from Proposition 2.1 that Ay, C Ag,. Asx € Ag, andy € Ag,, it
follows that x,y € Aq,. Since Ay, is a sublattice of L, it obviously holds that xVy € Ag,
and x \y € Ag,. This implies that

A(xVy) > opand A(xNy) > .
On the other hand as ap = min{A(x),A(y)}, it follows that
A(xVy) >min{A(x),A(y)} and A(xAy) > min{A(x),A(y)}.

Therefore, A is a fuzzy sublattice of L.

Example 3.6 By considering the fuzzy set A of L given in Example 3.5. We can prove that A is

a fuzzy sublattice according to their Q.-cuts.
« Ifa€0,3], Aq = {1.2,3,6,12} = L is a sublattice.

s Ifo €] Aq = {12} is a sublattice.

11
§’§]’
« Ifa €] 1], Ag =0.

by Proposition 3.3, then A is a fuzzy sublattice.

Definition 3.5 [8]Let G be an ordered group and A is a fuzzy subgroup of G. A is called a fuzzy

convex subgroup if for all x,y,z from G, withx <7<y
A(z) Z A(x) NA(y).

The following proposition characterize the fuzzy convex subgroup of a given group by

means of its a-cut.

Proposition 3.4 [8] Let A be a fuzzy subset of G. A is a fuzzy convex subgroup if and only if

every nonempty o-cut Ag with o € [0,1] is a convex subgroup of G.
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Proof.

=) Suppose that A € .% (G) such that is a fuzzy convex subgroup. Let x,y € Ay such that
x <y.

xy€Aq = A(x)>a, A(y) >«

= A(xX)NA(y) >«
From A is fuzzy convex subgroup then, Vx,y,z € A,

x<z<y = A(z) >A(x) NA(y)
= A(z) > o
= ZEAq

= [xy] CAq.

Then A is convex.

«) Conversely, we suppose that A is a convex subgroup. Let a,b,c € G, such thata < ¢ < b.

Since

A(a) > A(a) NA(b) and A(D) > A(a) NA(D)

It follows that a,b € Ap(g)na(p)- (With @ =A(a) AA(D))
As Ay 1s convex, a,b € Ag and a < ¢ < b, it follows that ¢ € Ag.
This implies that

Al(c) >«
A(c) > A(a) NA(D)
Then, A is fuzzy convex subgroup of G.

Example 3.7 Consider the additive abelian group R x R equipped with the relation defined in

) b if y=0,
Example 1.2. We define the fuzzy subgroup H of R* by, H(x,y) = such that

0 otherwise.
b e [0,1]. Let o € [0, 1].

o Ifoo =0, then we find Hy, = R x IR.
* If o €]0,b], then we find Hy, = {(x,0) | x € R}.

o If o €]b, 1], then we find Hy, = 0.
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We find that the non-empty o.-cuts of H are IR x R (which is convex) and the subset A defined
in Example 3.3 which we have already proved that is convex subgroups of R x IR. Then from

Proposition 3.4, H is a fuzzy convex subgroup of R x IR.

Proposition 3.5 Let G be an ordered group, any fuzzy convex subgroup satisfies : Vx,y € G,
i) ife<x<ythen A(x) > A(y),
ii) ify<x<ethen A(x) > A(y).

Proof.
Let A be a fuzzy convex subgroup of G. From Proposition 2.2, it follows that A(y) < A(e), for
all y € G. This implies that, A(e) NA(y) = A(y)
i) Suppose that e < x <'y. From Definition 3.5, it holds that A(x) > A(e) AA(y > A(Y).

ii) Suppose that y < x < e. Again from Definition 3.5, it holds s that A(x) > A(y) AA(e) >
A(y)-
|

Definition 3.6 [8] Let A be a fuzzy subset of G. A is called a fuzzy down-set if every nonempty

a-cuts Ay is down-set of G.

Example 3.8 By considering the poset given in Example 3.5.

We define the fuzzy set Aby A = {(1,5),(2,3).(3,%).(6,3). (12,3)} then,
e Vo € [O,%[, Aq ={1,2,3,6,12} = L is a down set.
* Va €]3,3], Aq = {12} is a down set.
s Vo E]%, 1], Aq = 0 is a down set.

Then A is a fuzzy down set.
Properties 3.2 Let A € 7 (G). A is a fuzzy down-set of G if and only if it is order-reversing.

Proof.

=) Suppose that A is fuzzy down-set of G, then Va € [0,1], Ay is a down-set of G.
Let x,y € G, such that x <y. We have y € Ay (Since A(y) € [0,1] we put @ = A,).

As A A®) 18 a down-set, then

x<yandy€Ay,) = XEAy)
= A(x) 2AQ)

= A is an order — reversing
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<) LetA is a fuzzy set of G, such that A is an order-reversing.

We have, Vo € [0,1] y € Aq = A(y) > «.

x<yandy€Aq = A(x)>A(y)
= A(x)>a
= XGA(X

= Ay is a down — set.

Then A is a fuzzy down-set of G.

3.3 Fuzzy convex /-subgroups

In this section, we describe some properties of a fuzzy lattice-ordered subgroup by extending

the ones of the previous subsection. In this subsection G will denote Lattice-ordered group.

Definition 3.7 [12] A lattice-ordered subgroup ((-subgroup, for short) of a lattice-ordered
group G is a subgroup H of G that is also a sublattice of G.

Not that in general, a subgroup of a lattice-ordered group need not be a sublattice. For
example, in the lattice-ordered additive abelian group G = R x R the subset H = {(n,—n),n €
Z} is a subgroup but is not a sublattice since (0,0) v (1,—1) = (1,0) ¢ H.

Theorem 3.5 [12] A subgroup H of a lattice-ordered group G is an (-subgroup of G if and only
ifxVecH foreveryx € H.

Proof.

The condition is clearly necessary. Conversely, if it holds then for all x,y € H we have xVy =
(xy_1 Ve)y € H. We have also from Proposition1.6 that x Ay = x(xVy) !y € H and so H is a
sublattice of G. [ |

Definition 3.8 An (-subgroup of G which is convex is said to be a convex (-subgroup.

Definition 3.9 /8] A fuzzy subset A of the lattice-ordered group G is said to be a fuzzy lattice-
ordered subgroup (fuzzy (-subgroup, for short) if, for all x,y in G,

i) Axy™) > A(x) AA®Y),
i) A(xVy)ANA(xAy) > A(x) NA(y.)
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The flowing proposition characterize the fuzzy ¢-subgroup.

Properties 3.3 [8] A fuzzy subgroup A of G is a fuzzy (-subgroup if and only if,

A(xVe) >A(x),VxeG.

Proof.

—) Suppose that A(xVy) AA(xAy) > min(A(x).A(y)). then we have,
A(xVy) > min(A(x).A(y)) and A(xAy) > min(A(x).A(y))
We put y = e, then A (xV e) > min(A(x).A(e)). Since A(e) > A(x)). it follows that
A(xVe) > A(x).

<) Now let us consider that A(xV e) > A(x). From Proposition 1.6, it holds that
A(xVy) =A((xy~!Ve)y). This implies that

A(xVy)

v

min(A(xy~'Ve),A(y))
min(A(xy'),A(y))
min(min(A(x),A(y)).A(y))
min(A(x),A(y)).

AVARNAY,

v

By the same way we find A(xAy) > min(A(x),A(y)), then A is a fuzzy sublattice of
G. Hence, A is a fuzzy ¢-subgroup.

Example 3.9 Let us consider the fuzzy subgroup H given in Example 3.7. Let (x,y) € R X R,
and (0,0) the identity element of R x R.

e Ify=0, H((x,0)V (0,0)) = b > H(x,0) = b,
* Ify=+0,
o Either, H((x,y) V (0,0)) = H(x,y) > H((x,),
o Or, H((x,y) vV (0,0)) = H(0,0) =b>H((x,y) =0.

ThenVX,e € R xR, H(X Ve) > H(X). Hence, by Proposition 3.3 H is fuzzy (-subgroup.
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Definition 3.10 Let A be a fuzzy (-subgroup of G which is convex is said to be a fuzzy convex
(-subgroup, i.e., a fuzzy subgroup A of G is said to be a fuzzy convex {-subgroup if,
i) Forallx€ G, A(xVe) <A(x),

i) Forall a,b,c € Gwitha <c < b we have
A(c) > A(a) NA(D).

* The set of all fuzzy convex ¢-subgroups of G is noted by .#¢.Z(G).

Properties 3.4 Let {A;:i € I} be a family of fuzzy convex {-subgroups of G and A = .ﬂIA,u
€
Then, A is a fuzzy convex {-subgroup of G.

Proof.

From Proposition 2.4, iQIA,- is a fuzzy subgroup. It reminds to prove that iQIA,- is a fuzzy /-
subgroup and is a fuzzy convex.

Since Vi € 1,A; is an {-subgroup, it follows that A;(xV e) > A;(x),Vx € G,Vi € I. This implies
that ii’é ]ICAi(x\/ e) > iiré ]ICAi(x),Vx € G, it follows from Proposition 3.3 that ’iQIAi is a fuzzy (-
subgroup of G.

Now suppose that a,b,c € G with a < ¢ < b. We need to show that iQIAi(C) > iQIAi(a) A
iQIA,-(b)). As forall i € I, A; is a fuzzy convex, it follows that

a<c<b = Ai(c) >Ai(a)NAi(b)ViEl,
= infAi(c) > inf(Ai(a) NAi(D)),
icl iel
= infAi(c) > (infAi(a) NinfA;(b)),
icl iel i€l
= 0Ai(c) > NAi(a) A NAI(D).

Then A = .ﬂlA,- is fuzzy convex.
IS
We conclude that the intersection of a family of fuzzy convex /-subgroups is fuzzy convex

{-subgroup. ]

48



CONCLUSION

In this work, we have introduced the concept of fuzzy sets, fuzzy subgroups and normal
subgroup of a given reference set, and we used them to introduce the notion of fuzzy lat-
tices and fuzzy lattice-ordered subgroups and we have discussed various related properties
and theorems. We have also investigated some properties and characterizations theorems of
the fuzzy convex subgroup (resp. fuzzy convex lattice-ordered subgroup) of an ordered group

(resp. lattice-ordered group).
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