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Introduction

A dynamical system is everything that changes over time, the study of differential systems is a
mathematical field that historically has been the subject of numerous types of research and which
nevertheless continues to remain topical, due to the fact that it is of particular interest to disciplines
such as mechanics, physics and biology. Despite people’s perception that mathematics and biology
are separate, there have always been models through which mathematics could explain complex
biological phenomena and also to find solutions in some cases such as prediction.

In the study of dynamical systems, one often talks about solutions that repeat themselves after
a certain time, hence their name of periodic orbits, which were first defined by Henri Poincaré in
1881 in his thesis" on curves defined by a differential equation ". In this study, why is there so much
emphasis on the study of periodic orbits of systems instead of the other types of solutions that can
be found (e.g. any closed orbit not being periodic, or other types)?
You might want to check the KAM theory, which simply states that a no-integrable system will have
areas where the orbits are sustained ( or in other words any sufficiently small perturbation away from
an integrable system, can be studied by KAM theory using the periodic orbits[9].

Periodic solutions or orbits have remarkable significance in various domains, including physics,
mathematics, engineering, and even biological biosphere systems. In the context of biological bio-
sphere systems, a key challenge arises in assessing or investigating whether automatic oscillatory
activity can persist despite encountering minor external influences. Extensive research has stud-
ied the continuation problem of periodic orbits. Despite the diverse perspectives from which these

studies have been undertaken, they have all arrived at the same result.

There are several theories and methods for studying the existence, the number and stability of
periodic orbits of differential systems.

Currently, the method of averaging holds significant importance in the examination of the num-
ber of periodic orbits in differential systems. The averaging theory has a lengthy history, dating back
to the works of Lagrange and Laplace, who offered an intuitive explanation for the method. Fatou
[10] formalized this theory for the first time in 1928. Significant practical and theoretical advance-
ments in the field of averaging theory were achieved during the 1930’s. Notable contributions were
made by Bogoliubov-Krylov in the 1930s [2], followed by Bogoliubov in 1945 [1], and Bogoliubov-
Mitropolsky [3] (English version published in 1961). See the book Sanders-Verhulst-Murdock [18]

for a more recent discussion of the averaging theory. Many researchers have dedicated their efforts



to investigating the bifurcating periodic orbit originating from a Zero-Hopf equilibrium point. Jaune
Llibre has utilized first-order averaging on the Rossler system, while Pérez-Chavela and Llibre have
applied second-order averaging theory to a specific class of three-dimensional autonomous quadratic

polynomial differential systems of Lorenz-type.

The objective of this work is to study the Zero-Hopf bifurcation of two biological models. The

first is the Malaria model and the second is Tumor Growth Cancer model.
The work of this dissertation is distributed as follows.

The first chapter is dedicated to reminders of some preliminary notions on the dynamics of sys-
tems. More precisely in the first section, we begin by defining polynomial differential systems, first
integral, solution, periodic solution, and limit cycle. In the second section of this chapter, we expose
the first and second order of averaging theory, we have illustrated these methods with examples and
we introduce the notion of Zero-Hopf bifurcation in R", we develop application namely to Rossler

system.

In the second chapter, we study the Zero-Hopf bifurcation of the Malaria model. We present in
it the main results for studying the number of periodic orbits which can have by applying averaging
method.

In the last chapter, we study the Zero-Hopf Bifurcation of the Tumor Growth Cancer model. We
put the main results for the conditions in order that the system has Zero-Hopf equilibria and by using
the averaging theory for the existence and number of periodic orbits.




Chapter 1

Some Concepts and Preliminaries

In this chapter, we put some basic concepts for studying the dynamics of systems, we start with
the definition of polynomial differential systems, and we will discuss the notions of a first integral,
solution, periodic solution, and limit cycle. We also put main concepts and theorems related to the
averaging theory. We present the averaging theory of first order for periodic orbit, we develop an
application named the Van der Pol equation. We study the Zero-Hopf bifurcation in R", we present
application Rossler system. Finally, we define the averaging theory of second order.

1.1 Polynomial differential systems

Definition 1.1 /8] A polynomial differential system is a differential system of the form

& = P(x(t),y(t)),

J = Q(a(t), y(t)). (D

Where the dot denotes the derivative with respect to the independent variable t, P and Q are

polynomials in the variables x and y.
e We now that n = max(deg(P), deg(Q)) is the degree of the polynomial system (1.1).

o A nonlinear differential system consists of nonlinear differential equations.

1.2 First integral

Definition 1.2 [8] The vector field X or equivalently the system (1.1) is integrable on an open
subset €2 of R™ if there exists a non constant analytic function H : £ — R", called a first integral

of the system on 2, which is constant on all solution curves (x(t), y(t)) of X contained in §2; i.e

dH(w, y)
dt

BH(wa y)
ox

OH (z,y) _

By 0. (1.2)

= P(xa y) + Q(wa y)

Moreover, H(x,y) = c, is the general solution of (1.2), where c is a constant.



1.3. Solution and Periodic Solution

Remark 1.1 We say that the differential system (1.1) is integrable on an open subset 2 of R™ if it
admits a first integral on it.
It is well known that for differential systems defined on R™ the existence of the first integral deter-

mines its phase portrait.

1.3 Solution and Periodic Solution

Definition 1.3 [/2] We say that (x(t),y(t))iecr is a solution of system (1.1) if the vector field
X = (P, Q) is always tangent to the trajectory representing this solution in the phase plane.

P(z(t),y(t))x + Q(x(t),y(t))y = 0.
A solution (x(t),y(t)) of system (1.1) is periodic if there exists a real number T > 0 such that:
VteR, xz(t+T)=x(t), and yt+T)=uy(t).
o The smallest number T' > 0 is called the period of this solution.

Remark 1.2 We define the function ®(., X) : R — E, where E is an open subset of R" is a

closed solution curve of system (1.1).

o ' is a trajectory of system (1.1) through the point X at time t = 0 where

I'x, ={X € E| X = ®(t,X,),t € R}

1.3.1 Limit cycle

Definition 1.4 [17] A limit cycle T = {(x(t),y(t)),t € [0,T]} is an isolated periodic solution
in the set of all periodic solution of system (1.1).

A periodic orbit T is called stable if: for each € > 0 there is a neighborhood U of T' such that for
alle € U andt > 0 we have

d(®(t,z),T) < e.
A periodic orbit I is called unstable if it is not stable.

Remark 1.3 The limit cycle appears only in non-linear differential systems.

Example 1.1 We consider

7'j: r(l—r?, r>0, (13)
6 =1.

We an easily prove that = 1 is a stable limit cycle of system (1.3).




1.4. The averaging theory of first order
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FIG 1.1: Limit Cycle.

The averaging method is a classical tool allowing us to study the dynamics of non-linear differential
systems under periodic forcing. Many authors have used it to study the bifurcating periodic orbits
from a Zero-Hopf equilibrium point. Castellanos et al. (Castellanos, 2013), Llibre et al. (Llibre,
2015) have used the averaging theory of first order to study the possible periodic orbits bifurcating
from the Zero-Hopf equilibrium points of the tritrophic food chain model, the Rossler system and the
Chen-Wang differential system respectively. In these studies, two periodic orbits were the maximum
number. The second order of averaging theory is applied to study the existence of periodic orbits to
a quadratic polynomial differential system in R3, a class of three-dimensional autonomous quadratic
polynomial differential systems of Lorenz-type by Llibre et al. (Llibre, 2009) and Llibre and Pérez-
Chavela (Llibre, 2014) respectively. In their work, the maximum number of periodic orbits was

three.

1.4 The averaging theory of first order
[15] We consider the differential system
*=ceF(t,x) + e>R(t, x,€), (1.4)

withx € D C R", D a bounded domain, and ¢ > 0. Moreover we assume that F'(¢, ) and
R(t, x, ) are T-periodic in t.
The averaged system associated to the system (1.4) is defined by

¥ =ef°(y), (1.5)

where 1
Foy) = Jo F(s,y)ds. (1.6)

The next theorem says under what conditions the singular points of the averaged system (1.5)
provide T -periodic orbits for the system (1.4).

Theorem 1.1 [15] We consider system (1.4) and assume that the vector functions F, R, D,F,
D2F and D, R are continuous and bounded by a constant M (independent of €) in [0, c0) X D,

6



1.5. Application

with —eg < € < €g. Moreover, we suppose that F' and R are T-periodic in t, with T' independent

of e.
(i) If p € D is a singular point of the averaged system (1.5) such that
det(D,f°(p)) # 0 (1.7)

then, for | € |> O sufficiently small, there exists a T-periodic solution x(t, €) of system (1.4)
such that x(0,e) — pase — 0.

(ii) If the singular point y = p of the averaged system (1.5) has all its eigenvalues with negative
real part then, for |e| > O sufficiently small, the corresponding periodic solution x(t,€)
of system (1.4) is asymptotically stable and, if one of the eigenvalues has positive real part
x(t, €), it is unstable.

1.5 Application

We recall that a limit cycle of a differential system is a periodic orbit isolated in the set of all

periodic orbits of the system.

1.5.1 The van der Pol differential equation

[18] Consider the van der Pol differential equation

&+x=e(l—2x?,

which can be written as the differential system

T =1y,
1.8
¥y =—x+e(l—zx?y. (1.8
In polar coordinates (7, 8), where @ = r cos 0, y = r sin 0, this system becomes
7 = er(1 — r2 cos? 0) sin® 6, (19)
0= —1+ ecosB(1 — r? cos? 6) sin 6. '
Or equivalently
dr 2 2 ) 2
0= —er(1l — r“cos” 0) sin” 0 + O(e”).

Note that the previous differential system is in the normal form (1.4) for applying the averaging
theory described in theorem 1.1 if we take x = r,t = 0, T = 27 and

F(t,x) = —r(1 — r%2cos? 0) sin? 0.

From (1.6) we get that

1 27 1
fo(r) = —2/ r(1 — 7% cos? 0) sin® 0d9 = —r(r? — 4).
™ Jo 8

7



1.6. Zero-Hopf Bifurcation in R™

0
The unique positive root of fo(r) is » = 2. Since | —(2) |= 1, by statement (¢) of theorem

r

1.1, it follows that system (1.8) has, for |e| # O sufficiently small, a limit cycle bifurcating

from the periodic orbit of radius 2 of the unperturbed system (1.8) with e = 0. Moreover, since
d 0

(i)(Z) = 1 > 0, by statement (i%) of theorem 1.1, this limit cycle is unstable. For more

examples see the book "Asymptotic Methods in the Theory of nonlinear oscillations".

In this part we introduce the notion of Zero-Hopf bifurcation in R™.

1.6 Zero-Hopf Bifurcation in R"”

[15] In this application, we study a Zero-Hopf bifurcation of C? differential systems in R™ with
n > 3.

We assume that these systems have a singularity at the origin, whose linear part has eigenvalues
ea *+ bi, with b # 0 and eCy for kK = 3,--- ,n, where € is a small parameter. Since the
eigenvalues of the linearization at the origin when € = 0 are £bi # 0 and 0 with multiplicity
n — 2, if an infinitesimal periodic orbit bifurcates from the origin when € = 0, we call such kind

of bifurcation a Zero-Hopf bifurcation.

Such systems can be written into the form

y=bx+cay+Y; i _2b xry2zp .-z + B, (1.10)

.....

.....

Where a;,

Lagrange expression of the error function of third order in the expansion of the functions of the

.» @, b and ¢, are real parameters, ab # 0 and A, B and C}, are the

..........

system in Taylor series.

Theorem 1.2 [15] There exist C® systems (1.10) for which I € {0,1,...,2" 3} limit cycles
bifurcate from the origin at € = 0, i.e., for € sufficiently small the system has exactly l limit cycles

in a neighborhood of the origin, and these limit cycles tend to the origin when € ~ 0.

Corollaire 1.1 [15] There exist quadratic polynomial differential systems (1.10) (i.e.,withA =
B = C, = 0) for whichl € {0,1,...,2" 3} limit cycles bifurcate from the origin at € = 0,
i.e., for € sufficiently small the system has exactly l limit cycles in a neighborhood of the origin and

these limit cycles tend to the origin when £ ~ 0.

1.7 Application

In this part we shall develop an application of Zero-Hopf bifurcation in R™.




1.7. Application

1.7.1 Raossler System

Rossler System has been studied by different authors. They are mainly interested in the existence
of periodic solutions, in their stability, bifurcation, etc.

Rossler invented a series of systems, the most famous is probably

T=—-y— =z,
Y=+ ay, (1.11)
zZ2=bx —cz+ xz.

Where a, b and c are real parameters.
This system was studied by Jaune Llibre in the paper [13].
Their results were improved in [13] by Jaune Llibre, we present a part of these improvements here.
Instead of working with the Rossler System (1.11) we shall work with the equivalent differential
system

T=-y— =z,
=x + ay, (1.12)
z2=b—cz+ xz.

.

Proposition 1.1 There are two one-parameter families of Rossler systems for which the origin of

coordinates is a Zero-Hopf equilibrium point. Namely:
(i) a =c € (—v2,v2) and b=1; and
(i) a=c=0and b € (—1,00).

The proof of the Proposition 1.1 is due to [13].

Theorem 1.3 Let (a,b,c) = (@ +ea,1+eB,a+ ev) bewitha € (—v2,v2) \ {0} and e
a sufficiently small parameter. If

(—a+a(l—-a*)B+v)((a® —1)a+ap+ (1 —a*y) <0,
and

a+af —v #0.

Then the Rossler system (1.11) has a Zero-Hopf bifurcation at the equilibrium point localized at the
origin of coordinates, and a periodic orbit borns at this equilibrium when € = 0, and it exists for
e > 0 sufficiently small. Moreover, the stability or instability of this periodic orbit is given by the

eigenvalues

A+ VB

2a2(2 — a?)3/2’ (1.13)

where

A=(2-a*)(a—-aB—")

B = (3a* —4)a? 4+ 2a(2a® — 3a* + 4)af — 2(3a* — 4)ay + a®*(3a* — 4) 8% — 2a(2a® —
3a* 4+ 4)Bv + (3a* — 4)~2




1.7. Application

Proof of theorem 1.3. If (a, b,c) = (@a+ea, 14+€8,a+e7y), where € 7# 0 is a small parameter,
then the Rossler system becomes

Tr=—y— z,
y=x+ (@a+ea)y, (1.14)
z2=0Q4+¢eB)r— (@+ev)z + x=.

Doing the rescaling of the variables (z, y, z) = (e X,eY,eZ) system (1.14) in the new variables
(X,Y, Z) writes
X =-Y — Z,
Y = X +aY +eay, (1.15)
Z=X-aZ+e(BX —~vZ+ XZ2).
And we write the linear part at the origin of the differential system (1.15) when € = 0 with the
Jacobian determinant not equal to zero, then we consider the change of variables (X,Y, Z) —
(u, v, w) given by

(@ — 2)v — a(v/2 — a?u + w)

= 9

a®—2
/5 _ 2
v — 2 au—l—'w, (1.16)
a® —2
a2 —-—a>)v++v2—-a*@®—-—1Nu+w
T a?—2 '

And by the new variables (u, v, w) written the differential system (1.15). Now we write the differ-

ential system in cylindrical coordinates (r, @, w) defined by u=rcos @, v=rsinf and w = w,

we obtain d
L Ry (8,m,w) + O(e?),
4 (1.17)
do = eF3(0, 7, w) + O(&?).
Such that
1 1
F,(0,r,w) = o __Cizfr(cﬁ(aa\/2 — a?r?cos0sin 0) + o 2(a6rw sin )
-I-m(’r cos0)(a(l —a®)(w + V2 —a’rcos) + (B
—a
1 1 . . B
— 2'w + m((a — 1)rcos8) + arsin 0)(—aw
—av/2 —a’rcosf + (@G> — 2)rsin ) + v(w + V2 — a?
(@*> — 1)r cos 0 — a(a? — 2)rsin0)))),
— w
F>(0,r,w) = m(62_2)(—a(w—|—\/2—a2rcose)—|—(B—ﬁ

(@> —1)rcos@

Vo arsin0)(—aw — av'2 — a’rcos 0 + (a®> — 2)r
—a
sin 0) + v(w + v/2 — @%(a®> — 1)r cos 0 — a(a? — 2)rsinh)).

We shall apply the averging theory to the differential system (1.17), we considering t = 6,
T =2mand X = (r,w)7T.

10



1.8. The averaging theory of second order

We obtain the average function of first order

fi(r,w) = ;ﬂ_fozﬂ Fy(0,r,w)do
r(2(a —v) +a(@a(-3a+a(—w+ B+ a(a — 7)) + 3v) — 2B))

2(2 _ 62)5/2
1 2w
fo(ryw) = o 1o F2(0, 7, w)do
_ 2w(y — a)a@® + 2(r? + w(w + 28))a + dw(a — v) — (r* + 2wp)a’
B 2(2 — @?)5/2 '

The system fi(r, w) = fa(r, w) = 0 has unique solution (7*, w*) with »* > 0 namely

V2@ —2)(—ata(l —a)p+9)((@ — Da+ap + (1 —a%))

._ (@ =2)(@ - Da+ap+(1—a*)n)

=3
Moreover, the eigenvalues of the Jacobian matrix are given in 1.13. So one periodic orbit bifurcates

from the Zero-Hopf equilibrium localized at the origin of coordinates. (J

1.8 The averaging theory of second order

[15] In this section, we present a second-order averaging method for periodic orbits.
Consider the differential system

z(t) = eFy(t,x) + 2 Fy(t,x) + e3R(t, z, €), (1.18)

where F1,F, : RX D — R*and R : R X D X (—e&¢,e¢) — R™ are continuous functions,
T'-periodic in the first variable, and where D is an open subset of R™. We define the following
functions Fx : R X D — R" fork = 1,2 as

f1(z) = J§ Fi(t, z)dt,
fa(z) = f(T(F2(ta z) + D.Fi(t, z)y1(t, z))dt,

where y,(t, z) = [ Fi(s, z)ds.

The averaging theory for a differential system (1.18) works as follows
If the average function f;(z) is not the zero function, every simple zero of f;(z) provides a limit
cycle of the differential system (1.18).
If f1(z) = 0but f(z) # 0, then every simple zero of f2(z) provides a limit cycle of the dif-
ferential system (1.18). For more detail see the book " Averaging Methods in Nonlinear Dynamical

Systems".

11



Chapter 2

Zero-Hopt Bifurcation in Malaria model

In this chapter, we study the Zero-Hopf bifurcation of the Malaria model. More precisely, we
will study the conditions for the existence of Zero-Hopf equilibrium points, and the averaging theory
of the first and second order is also applied to prove the existence of periodic orbit bifurcating from

the Zero-Hopf equilibrium points.

2.1 Malaria model

Malaria is one of the most mortifying infections in the world which is caused by mosquitoes.
Mathematical models have been used to give an adequate study to understand the transmission of
Malaria in human population for ever 100 years, see [4]. Many researchers studied the role of trans-
genic mosquitoes in order to reduce the transmission of the Malaria. One of the most and remarkable
models is the one where the authors examined the possibility to replacing wild mosquitoes by trans-
genic ones, in which they established a model of Malaria transmission, and by using Floquet theory
[6] they studied the existence and stability of the disease-free equilibrium points.

Based on Kermack and Mckendrick assumptions of the model given in [16] and the epidemic
model given in [5, 11], Liu et al. studied the behaviors and the numerical simulations of Malaria dy-
namic models with transgenic mosquitoes, such model depends on eight parameters. These authors
provided the conditions for which the equilibrium points of these models are asymptotically stable.

First, they considered the model

T ::B(l_w)y_7wa

. 2.1
y=ax(l—a—y)—z)— puy — cay.

At a fixed proportion a with 0 < a < 1. After they studied this model at a changeable proportion,
ie.
&= pB(1—z)y — vy,
y=ax(l—y—2) — py — cyz, (2.2)
2=01yz+ 02z(1 —y — z) — w=.
Where «, B, v, p, w, a, ¢, 41 and 5 are positive constants. The description of these parameters in
systems (2.1) and (2.2) is shown in Table 3.1.

12



2.2. Statement of the main results

Parameter | Description

B Incidence rate of malaria due to biting

o Efficiency of infection in mosquitoes by biting patients

n Death rate of anopheles

~ Recovery rate of patients

c Decrement rate of anopheles due to transgenic mosquitoes bred by transgenic

mosquitoes and anopheles

w Death rate of transgenic mosquitoes
01 Birth rate of transgenic mosquitoes bred by transgenic mosquitoes and wild anophe-
les
d2 Birth rate of transgenic mosquitoes bred by transgenic mosquitoes and wild suscep-
tible mosquitoes
x(t) Proportion of patients at £ time

y(t) Proportion of anopheles at £ time

z(t) Proportion of transgenic mosquitoes released at time ¢

TABLEAU 2.1: Descriptions of the parameters in system (2.2).

2.2 Statement of the main results

At the beginning, we try to study the conditions of Zero-Hopf equilibrium point of Malaria

model. We consider the Malaria system written as

T = 13(1 - w)y — YL,
y=ax(l—y—z)— py — cyz, (2.3)
Z2=0yz+022(1—y — 2) —w=z.

This system has five equilibrium points given as follows

w 1 1
b1 = (03070)7 D2 = (anal - 5*2), b3 = (a,B—I—a ( B — ’Y,Ul)aw(aﬁ -
1), 0).

Due to the fact that the expressions of p4 and ps are big we will omit them, and we will study
w
only two equilibrium points p; = (0,0, 0) and ps = (0, 0,1 — 6).
2

In the following proposition, we will give sufficient conditions in order that system (2.3) has
Zero-Hopf equilibria.

Proposition 2.1 The differential system (2.3) has simultaneously two Zero-Hopf equilibria located
w
at the points p; = (0,0, 0) and ps = (0, 0,1 — 6—), if the parameters of the system satisfy
2
2 k2
B = —w, pu = —vand w = ds.
a
In the following theorems, we study the periodic orbits bifurcating from the Zero-Hopf equilibria
of Proposition 2.1.

13



2.2. Statement of the main results

Theorem 2.1 Let (w, 82, pt,v) = (wotew;+e2ws, wo+ed21+€2022, —Yo+ep1+€2 o, Yo+
ev1+€272) # 0, where e # 0 is a small parameter. If (621 —w1 ) (¢(021 —w1) Fwo(y1+ 1)) #
0, then system (2.3) has a periodic orbit bifurcates from the Zero-hopf equilibrium point p; when
€ = 0. Moreover, the stability or the unstability of this periodic orbit is given by the sign of the

eigenvalues
wy — 021 c(621 — w1) + wo(y1 + m1)
——, and — .
k 2]43000

(v — p)? + 4k?

Where K is defined through B = — 1
o

We note that if the two eigenvalues are negative then the periodic orbit, which bifurcates from the

equilibrium point py is stable, i.e, it is a local attractor. But if one of these eigenvalues is positive,

then such periodic orbit is unstable.

It is interesting to see the averaging of second order provides more periodic solutions bifurcating

from the Zero-Hopf equilibrium localized at the origin of coordinates.

Theorem 2.2 If | € | is a sufficient small parameter, the differential system (2.3) has three limit
cycles bifurcating from the Zero-Hopf equilibrium point py when ~o(v2 + p2)(a® — 2 — k?) >
0. Moreover, the stability or the unstability of the first periodic orbit is given by the sign of the
eigenvalues A1 and \s.
And also the stability or the unstability of the second periodic orbit is given by the sign of the
eigenvalues Ay and — Xy where
1
=T and n = e e )
((270(022 — w2) + 301 (72 + H2)) + 275 (922 — w2))
+27v0k* (w2 — 022) + k?(0?(270(022 — w2) + 01(72
+H2)) — Bavodi (V2 + p2) + 475 (w2 — 822))).

A1

We note that if the two eigenvalues are negative then the periodic orbit, which bifurcates from the
equilibrium point py is stable, i.e, it is a local attractor. But if one of these eigenvalues is positive,

then such periodic orbit is unstable.

To apply the averaging theory of first order for the point po we must translate it to the origin of

coordinates, then we obtain system

T = —1’733—6333/—}-,3',1/, 1

Y= g(ewy) —cyz —cy + g(aww) —ary — arz — py, (2.4)
1

Z = _57(513160) + 01y — G2y + yw + 01yz — d2yz — 0227 — 022 + wz.
2

Theorem 2.3 Let (w, 82, 1y y) = (020 + ewr, 020 + €021, —Yo + €1, Yo + €71), Where € is
a sufficiently small parameter. If 621 # wi, then system (2.4) has a periodic orbit bifurcates from
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the Zero-hopf equilibrium point p; when € = 0. Moreover, the stability or the unstability of this

periodic orbit is given by the sign of the eigenvalues

71+ 021 — wy
ok 0 M T
_(r =)+ 4k

Where K is defined through B = 1
o

2.3 Proof of the main results

Proof of Proposition 2.1. The characteristic polynomial of the linear part of the Malaria model at
(0,0,0) is
1
P(A) = —K(A(—aﬁw + ev8s — cyw + €62 + 782 + ydap — 2¢hw — YHow + cw?
2

+051 — d2pw)) — ((02 — w)(—afw + ey — eyw + yd2p1)) — (A*(cd;
+’)’52 — cw + (5% + 52[1, — 62(.0) — (52A3.
21 32 . (v* + k%)
Assume p(A) = A (k* 4+ A?), weobtain 8 = ————= pu = —~ and w = &,. Then

a
proposition 2.1 holds. O

Proof of Theorem 2.1. If (w, 82, pt,v) = (wo + ew; + €2wa, wo + €821 + 2822, — Yo + €1 +
e2pa, Yo + €71 + €272), where € # 0 is a small parameter, then the Malaria system becomes

& = ;((w — Dy (B +Kk?)) —yor +e (;(’roy(w —1)(61 — 1) — 71111)

1
+E(€2((5L‘ — Dy(4v0(v2 — H2) + (11 — 11)?) — daraz)),
Y= —cyz —ax(y+z— 1)+ 7Y — p1ye — paye’,
2= 01yz — 2ze(01(y+ 2z — 1) + wy) — woz(y + 2) — 2e?(da2
(y+2z—1) 4+ ws).

(2.5)

Doing the rescaling of the variables (x,y, z) = (eX,eY,eZ) system (2.5) in the new variables
(X,Y, Z) writes

. 1 1
X = ;(:—:(k2XY —an1 X + VXY —vynY + vomY)) — a(k2Y
1
+avX +3Y) + E(X Ye? (4v0v2 — 4v0k2 + 72 — 2vip1 + p3))

1
+E(€2(—4a'ng —|— 4’)’0’71XY - 4’}’0[1;1XY - 4’)’0’72Y —|— 4’)’0[1,2Y

+Yi(=Y) + 2y Y — p3Y)),

Y = e(—cYZ —aXY —aXZ — 1Y) +aX + v — pYe?,

Z= Ze(0s1 +0Y —Ywy — wy —woZ) — Ze2(Y a1 + Z8y1 — 822 + w2)
—022Ze3(Y + Z).

(2.6)

We want to write M the Jacobian matrix of system (2.6) in the Jordan form

0 —k O
J=|[kKk 0 O
0O 0 O

15
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Then we consider the following equation A.M — J.A = 0 where

Y Y2 Ys
A= Ys Ys Ys
Y7 Ys Yo

With the Jacobian determinant | A |# 0 we obtain

0 1 0

A | vom ew i (B—F)  yow 0
k k ok k

0 0 ak

Now we consider the change of variables (X, Y, Z) — (u, v, w) given by

k
X:—M,Y:u,Z:g. 2.7
« ak

In the new variables (u, v, w) the differential system (2.6) becomes

U =

V=

1 vWw
E(@(’IJ/’UJ("}’O - C)) + kuv + ’U,(’Yo’u, - Hl) + ;) — kv — u2u52,

oz (f(rouw(e = 50) + ktuw + yok*u® — k*v(am + vou(a — 7))

1
—Yok(q0u (@ = 7o) + vw))) + 7 (£ (u(n — ) (@(n = )
1
+aygu) — 4kv(ayz + You(ps — m)))) + ;- (ue’ (kv + you) (2.8)
(470 (72 — p2) + 77 — 2711 + pd)) + ku,
'11]521
+ udz1 — 022 + w2) — we(—021 +

w
+wq) — dwed (— + u).
ak

wwo

P + u(wo — 1)

—we?(
«

Now we write the differential system (2.8) in cylindrical coordinates (7, 8, w) defined by u =r

cos 0, v=rsin @ and w = w, we obtain

d'r_
do

dw
do

1
%(rs(sin 0 cos O(w(vo(c — vo) + k?) + kr cos 0(72 (70 — )

+k?(a + v))) + k cos? O(—cw — akp, + avyokr cos 6 + yow)
+E sin® 8(kr cos (Yo (Yo — @) + k?) — avik + vyo(—w))))

+ (re?(4(—ksin 0 cos O(cw + kr cos 0(~o(vo — 2a) + k?)
402k

+ak(puy — 1) — 2vow) + o cos? O(w(~vo — ¢) — kr cos 0 (o (Yo

—a) + k?)) + k% sin? 0(akr cos @ + w))(sin 0 cos 8(w(vo(c — o)

+k?) 4+ kr cos 0(¥2 (o — &) + k*(ax 4+ 70))) + kcos? (—cw — « (2.9)
kuy + avyokr cos 8 4+ yow) + ksin? 8(kr cos 8(vo(v0 — ) + k?)

—avik + v (—w))) + ak*(—4akp, cos? O — 4k sin® 0(avyz + Yo

r(p1 — 1) cos 0) + (v1 — p1) sin @ cos O(a(y1 — p1) + 4727 cos 0)),

1
215 (we?((ak(wy — 621) + akr(wy — 61) cos O + wwy) (k sin O
a

cos O(cw + kr cos (vo(vo — 2a) + k?) + ak(p1 — 71) — 2vow)
+70 cos? B(w(c — ~o) + kr cos (v (70 — @) + k?)) — k?sin? 0
(akr cos 0 + w)) — ak®(ak(ws — d22) + adarkr cos 0 + daw))
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1
ak?

This system can be written as

(we(ak(wr — 021) + akr(we — 01) cos O + wwy)).

d
o eF1(0,r,w) + €2F5, (0, r,w) + O(e?),

?U (2.10)
E = €F12(0, T, ’UJ) —+— €2F22(9, T, ’I.U) —|— O(ES)-

We shall apply the averaging theory to the differential system (2.10).
We consideringt = 6, T = 27, X = (r,w)” and

F11(0, r, ’lU) )

Fy(0,r, =
1( " w) ( F12(0, r, 'lU)

such that

1
F1 (0,7, w) = %(re(sin 0 cos O(w(yo(c — vo) + k?) + krcos 0(v3(vo — @)

+k2(a 4+ 7)) + k cos? O(—cw — akpy + ayokr cos 0 + vow)
+Ek sin? O(kr cos (v (70 — @) + k?) — avik + vo(—w)))),

Fi,(0,r,w) = — (w(ak(wy; — 021) + akr(we — 61) cos 0 + wwy).

ak?

We have the average function of first order

1
2ak?

fui(r,w) = ;ﬂ_ J&T F11(0, 7, w)do = — (r(cw + ak(y1 + p1))),

1 1
frz(ryw) = — 7" Fi2(0, 7, w)d0 = ——— (w(ak(w, — d21) + wwp)).
2w ak?

The system f1(r, w) = f12(7r, w) = 0 has two solutions (r*, w*) with 7* > 0 where

(r,w) € (0,0, (0, 22~

0

The first solution is not good because it provides an equilibrium point, but the second solution is
good, and since the Jacobian matrix of the function (f11, f12) is not zero at that solution it provides
a periodic solution of the differential system.

oda1 k — akw;

The jacobian determinant at (r*, w*) = (0, ) is given by
Wo

(621 — w1)(e(d21 — w1) + wo(71 + p1))
- 2k2w0 '

A

Moreover the eigenvalues of the Jacobian matrix

O(f11, f12)
a(r,w)

| (ryw) =(r* %)

17



2.3. Proof of the main results

are given as follows

w1 — 021 c(021 — w1) + wo(y1 + 1)
—, and -— .
k 2’43(.00

So one periodic orbit bifurcates from the Zero-Hopf equilibrium localized at the origin of coordi-

nates. (J
Proof of Theorem 2.2. To compute the averaging of second order we must do averaging of first

order identically zero.

From first averaging function

rw) = fll(raw)
fl( 9 ) (flz("",'w) ) 9

and we considering (c =0, = —y1,w0 = 0,027 = wl),
we know that

fi(r,w) = (0,0).

The second averaging function f» is given by

2w
fa(r,w) = /0 (D, F1 (0, r,w).y1(0, r,w) + F5(6,r,w)]|dod, (2.11)
where
y1(0,r,w) = fg F,(6,r,w)deo.
We have
Fy(0,r,w
F(0,r,w) = 21 ) ’
F22(0, r, 'UJ)
such that
F>(0,r,w) = PRI (r(4(—k sin 6 cos 8(cw + kr cos O(yo(vo — 2a) + k?)
+ak(puy — 1) — 29ow) + o cos? O(w (o — ¢) — kr cos 0(vo
(Yo — @) + k?)) + k2 sin? 8(akr cos 6 + w))(sin 0 cos 8(w (o
(c — ) + k?) + kr cos 0(72(v0o — @) + k*(x + Y0))) + k cos® 6
(—cw — akpy + ayokr cos 0 + vyow) + k sin? 8(kr cos 0 (o
(70 — @) + k?) — a1k + vo(—w))) + ak?(—4akps cos® 0
—4k sin? 8(avyz + Yor(p1 — 1) cos 8) + (v1 — p1) sin @ cos 6
(a(y1 — p1) + 4737 cos 9)))),
F(0,r,w) = (w((ak(wys — d21) + akr(wy — d1) cos @ + wwy) (k sin O cos O

o?ks
(cw + kr cos O(vo(vo — 2a) + k?) + ak(pur — v1) — 2vow) + 7o
cos? (w(c — o) + kr cos O(vo(vo — ) + k2)) — k2 sin® O(akr
cos 0 + w)) — ak3(ak(wz — d22) + ad21kr cos O + d2;w)).
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We can now calculate the function (2.11), and we obtain

fa(r,w) = T (r(yok*r? 4+ 4a®y2k? + 40k py — a?yok?r? + 23k2r?
—aiyr? +5r?), Sould (w(8adazk® — 8ak?wy 4+ ad k?r? — 3y

01k*r? — 8kww; + 3ay2dir? — 3v36:7r2)).

We have to find the zeros (7*, w*) of the function (2.11), and to check that the Jacobian determinant

| D'r,wa('r*7w*) |7é O

Solving the equation f2(7r, w) = 0, we obtain six solutions (r*, w*) with 7* > 0.
If vo (72 + p2) (a2 e kz2) > 0, then system (2.3) has a two solutions with 7* > 0.

2ak~/Y2 + p2 1
V(13 + k2) (=2 + 42 + k2) 270w (33 + k) (—a? + 73 + k?)
(ak(2(v0o — o) ((270022 + 301 (Y2 + H2)) + 272022) + 270022k
—k?(0®(270022 + 01 (72 + 12)) — 3av001 (72 + p2) — 473022) — 270
wa(72 + k2)(—a? + 2 + k2)) ),

and the second solution is

("‘11, w11) = (

2ak+/v2 + p2 0)
\/70(73 _|_ k2)(_a2 + ,-Yg + kz)’ 9

(7“21, ’w21) = (

and the third solution 1
(731, ws1) = (0, —(ak (822 — w2)))-
w1
This provide three limit cycles bifurcating from the Zero-Hopf equilibrium point p; when
0 = w, u = —yand4af + (v — p)? = —4k2
If the Jacobian determinant is equal to zero, then the periodic orbit does not exist, and if it is not

equal to zero, then the periodic orbit does exist.

The Jacobian determinant of the first solution is

A]_:
1

2
+
32074 (2 + 12) ({0 — 70) + (6172 + 12) + (270(0az — wa) — (A7 (wz — 022))) 0
k*)(—a? + 75 + k?) (3v0k*r? + k? (402 (v2 + p2) + 72(675 — 3a®v0)) + 3var®(vg —
0?))(k?(8a(wy — d22) — 017%(ax — 37p)) + 16kww; + 3730172 (70 — ))).

Then the first solution exists.

The Jacobian determinant of the second solution is
1

_270;62(72 + k2)(—a? + 2 + k2)
+3081(72 + p2)) + 2792 (022 — w2)) + 270k* (w2 — J22) + k?(a?(270(022 — w2)
+01 (72 + H2)) — 3ayod1 (V2 + p2) + 475 (w2 — 022))))-

A, = ((v2 + p2) (75 (@ — 7o) (a (270 (922 — w2)

Then the second solution exists.

And for the third solution, the determinant of the Jacobian at this solution is equal to
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2.3. Proof of the main results

_ (24 p2) (822 — w2)
N 2k?2 '

Ag

Then the third solution exists.

Moreover, the stability or the unstability of the first periodic orbit is given by the sign of the
eigenvalues A; and A,.
And also the stability or the unstability of the second periodic orbit is given by the sign of the
eigenvalues A; and — A, where
1
=B end e T 8@ )
((270(022 — w2) + 301(72 + p2)) + 275 (822 — w2))
+2v0k* (we — 022) + K*(a®(270(022 — w2) + 1(72
+H2)) — 3avodi (V2 + p2) + 475 (w2 — 822))).

A1

We note that if the two eigenvalues are negative then the periodic orbit, which bifurcates from the
equilibrium point p, is stable, i.e, it is a local attractor. But if one of these eigenvalues is positive,

then such periodic orbit is unstable. (J

Proof of Theorem 2.3. If (w, &2, pt,v) = (020 + €wr, 020 + €021, —Yo + €1, Y0 + €71)5
where € # 0 is a small parameter, then the Malaria system becomes

@ = ;(k2(m — Dy + vz — 1)y — azx)) — ;(718(0“17 — 2v(x — 1)y))
+;(Vf(w — L)ye?),

1 1
g = 67(52152(621 —wi)(cy + ax)) + T(e(cy(wl — 821) + ax(w; — 021)
20 20
+02011(—Y))) — cyz — ax(y + z — 1) + Yoy,

1 1
z= 67(51521952(001 — 021) + 61yz — 0202(y + 2) + JT(E(y(51(521 — wi)
20 20

+020(w1 — 021(2 + 1)) — 0202(021 — w1 + 0212))).

(2.12)

Doing the rescaling of the variables (x,y,z) = (eX,eY,eZ) the system (2.12) in the new
variables (X, Y, Z writes

. 1 1
X = ;(g(XY(’Yg + k?) — 71(aX 4+ 2vY))) — E(Y(’Yg + k?) + avX)
1
+a(’hY€2(2’)’0X - 7)),

1
930
—w1 + 020Z) + aX (621 + 020(Y + Z) — wy) + d2011Y)),

. 1 1
Z = 67(8(61Y — 520(Y + Z))(521 — W1 + (520Z)) — 57(52162(Y(61(521

20 20
—w1) + 02,Z) + 62,2Z3).

We want to write M the Jacobian matrix of system (2.13) in the Jordan form

. 1
Y = (52152((521 — wl)(cY + aX)) + aX + ’YoY b 67(€(CY(521
20

(2.13)
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0 —k O
J=|[ kK 0 O
0O 0 O

Then we consider the following equation A.M — J.A = 0 where

Y Y2 Y3
A= Yas Ys Ye
Yr Ys Yo

With the Jacobian determinant | A |# 0 we obtain

1 0 0
A=| 2 WwtE

k ak

0 0 ak

Now we consider the change of variables (X,Y, Z) — (u, v, w) given by

1 w
X =u,Y = 7§+k2(a(kv —70U)),Z = @

In the new variables (u, v, w) the differential system (2.13) becomes

(11€%(2v0u — 11) (kv — you)) + &( (71 (—K?u

v + k2 3 + k2
—2vkv + Y2u)) + u(kv — you)) — kv,

) 1 1
v = W(&"%ng(%lwzl - wl)('yg + k?)(ckv + 'Vi'“'(% — )

+k*u)) + Y071 (270U — 71) (kv — you))) + alk(e((szok

(€021 — cwy + dzop1) + dz0u(0®v + w)) + k(ayou(—0d21 + Yo
w1 + d20pt1 + adzou) — c(ayou(wy — d21) + d20vW)) + Yod20uw

(—k*(av

(¢ — v0) + ak3uw; — 821)) + Yo(au(kv — you) — av:(

(270(kv — You)) + u)))) + ku,
(k(kv — you) (ad1k(021 — w1) + 02,w))

75 + k2

512
525%Of(a 21€ (73+k2
w 1
((;2 ) — ad20k(1Z + K2) (e(ak(d21 — w1) + d20w) (k*(a®v

0

(020 — 01) + d20w) + a®yoku(d1 — d20) + Y2d20w)).

Now we write the differential system (2.15) in cylindrical coordinates (7, 8, w) defined by

u=rcos @, v=rsin@ and w = w, we obtain

dr 1

(o (r (K 4 92)821 (621 — wi) (K + 70(70 — )

40 k(k*+2) k8

cos 0 + cksin 0)) + rvov1 (71 — 270 cos 0) (o cos @ — ksin 0))

1
sin @) + r~; cos O(y1 — 279 cos 0) (o cos @ — ksin 0)) + P
r

(2.14)

(2.15)
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dw

do

1
NS
1
v2) + ?('w cos? 0+3) +

1 1
(71 cos? 0+3) + ﬁ(r cos® 0+2) + m(én cos? 6

m (3")’]_ cos 0 sin 9'73) —

5 (71 cos? Oy) +

1
(cw; cos? Bvp) — %
1
3c
"1 ot 1
cd2; cos? —
K2+~ k2520 21 Yo b0

1
(021 cos? 0) + k—(w cos2 9) +rcosfsin® 6 + — (ra cos? 0sin )

(w1 cos? 0+3) +

k% + ~, k264
1
(27 cos? 6 sin Bvg) — —(ra cos® Ovp) — —2(u1 cos? 0~p) —

(cw cos? O~y —

(271 sin 0'70) —

1
(b1 cosBsin ) + — (ul cos0sin @) + —(cw cos 0 sin 0)

kzﬂ

TR (kz'yl cos 0sinf) — 5—20(w1 cos? ) — Fom

(r(r cos H(kr sin @ — rvy cos ) + (7"71((70 — k?) cos 0

k2 + ~,
—2kvpsinf))) cos 6 + —(r sin 0(7“&’70(7“ cos O(ksin @ — ~, cos 0)

_|_

1 1
— k2 0 — 2k 0 0
k2 4 (71 (78 ) cos Yosin 0))) + Tom (r cos O(cx

(w1 — 521)k3 + avo(d20t1 + (€ — ¥0) (21 — w1))k + raved20
cos Ok — k2wdag + w(c — v0)Yod20) — kr(krdsg cos 0a? + kdag

pra + c(wdzg + ka(d2; — wy))) sinB)))))e? + kir(e(r(r cos 0

(krsin® — rvy cos0) + (r’yl(('yo k?) cos 0 — 2k~g

k? +
sin0))) cos 0 + —(7‘ sin 9(7'04'70(7' cos O(k sin @ — ~o cos 0)

_|_

K2+ 5 (1 ((v6 — k?) cos 0 — 2k sin 9))) + ko

(a(w1 — 521)7433 + avo(d2011 + (€ — Y0) (021 — w1))k + ra?
Y0020 cos(0k — k*wdae + w(c — v0)Yod20) — kr(krdag cos Ha?
+k3620pl,101 —+ c(’w(520 —+ ka(521 — wl))) sin 9)))),

1

82(04520’62(’73 4 kz) ((Oék(521 — wl) + 520w)(520w(7g + ki2)

+a?kr (6,

(rcos@

1
522’62

20_

1 1
(cy0021 cos? 6) 5 k2 (cyow: cos? 0) + —2(cw sin 6 cos 0) +
20

1 52f
(cwysinfcosB) + —(521 cos?0) — —
020k 020

(2')/0')/1 sin? ) +

(cd218in 0 cos O) —

(w1 cos? 0) —|— (’yOw cos?0) — R

1
(Yov1 cos? 0) + m(&yo'yl sin 0 cos ) —

(72021 cos® 6) —

75 + k2
o (71ksin @

cos 0) +

(Y3wy cos? 0) —

d20k? 020k? k2(v3 + k2)

1
(Y31 cos? 0) — —('ygy,l cos? 0) — —(a'yor cos® 0) + —('yor cos® 0)

(cwy cos B sin 0))

(2.16)
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1
+— (ul sin 6 cos 0) + — (a'r sin 0 cos? 0) — g(270'r sin 0 cos? 0) + —

ak
352 12 ( 21( k:r(k sin @ — ~ cos 0)
L2

(a(slk(621 - wl) + (530'11])) + ;(63011)2)))) - a620k2(73 + kz)

—w1) + dz0w) (d20w (vg + k?) + a?kr (81 — d20) (Yo cos @ — ksin B))).

This system can be written as

(w cos2 0) + rsin? @ cos 0)) —

(8((1’(3((521

d

@ eF1(0,r,w) + €2F5, (0, r,w) + O(e?),

40 (2.17)
E = €F12(0, T, ’UJ) -+ €2F22(9, T, w) + O(ES)-

We shall apply the averaging theory to the differential system (2.17).
We consideringt = 6, T = 27, X = (r,w)” and

F11(0, r, ’lU) )

F0,r, =
1( " w) ( F12(0, r, 'lU)

such that

1 2 2 2
m(k((ﬁ("“(k + 75)021(021 — w1) ((K* + Yo(v0 — ©))

cos 0 + cksin 0)) + rvov1 (71 — 270 cos 0) (o cos @ — ksin 0))

FH(O, r, ’l.U) =

1
sin @) + r~; cos 6(y1 — 27, cos 9) (Yocos @ — ksin0)) + —

1 1 kr
((—W('yl cos? 6~3) + —(r cos® 6~2) —|— (521
1
cos? 0+2) + —(w cos? 0+2) + W(&yl cos 0 sin 60+2)
— k2520 ———(wq cos? 042) + ER 5 (71 cos® 0y) + —— =T (cwy cos? 0

1 1
Yo) — —(27‘ cos? 0 sin 0~,) — —(ra cos® 0vg) — 2 — (1 cos® 67o)

(cd21 cos? 0

—(2 0
k? + ( v1 8in” 60) — k204

1 1
~Yo) + —(521 cos? 0) + —('w cos? 0) —|— rcos@sin?6 + — (ra

cos? 0sin 0) +

kd2o L
(cw cos OsinB) — 21 (k:'yl cos 0 sin 0) — —(wl cos 9)—
1
K (cwy cos 0 sin 0)) ('r(r cos O(krsin@ — rvgcos @) + e

(rv1((7@ — k?) cos @ — 2k~ sin6))) cos 0 + —(r sin O (ra~ye(r

cos O(ksin @ — v cos ) + (71((70 — k?) cos 0 — 2k~

k2 +
(r cos 0(a(wy — 521)k:3 + avo (20141 + (¢ — o)

sin 0))) + 520
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2.3. Proof of the main results

(621 — wl))k —|— Taz’)’()ézo COS Ok — k2w620 —|— ’U)(C — ’70)’70(520)
—kr(krdsg cos O0a® + kdxpuia + c(wdsg + ka(day — wy)))

1
sin0)))))) + E((r(r cos O(krsin @ — rvgcos @) + m

1
(ry1((7@ — k?) cos @ — 2k~ysin))) cos 0 + E(r sin O(ra~yo

1
(rcosO(ksin @ — vgcos ) + m(yl((»yg — k%) cos 6
—2k~vsin 0)),

Fi3(0,7r, w) = adak2(42 + k2) ((ok (021 — w1) + S20w) (d20w (75 + k?)
+a2kr(8; — 620) (70 cos @ — ksin 0).

We have the average function of first order

r(c(ak(d21 — wi) + daow) + ad20k (71 + H1))
20((520’{12 ’
’w(ak(521 — (/Jl) + 620’(17)

oak?

1
fn('r, ’LU) = ﬂfozﬂ- FH(O, r, 'LU)de = —

1 27
fi2(r,w) = %joz Fi5(0,r,w)do0 = —

The system f11(r, w) = f12(7r, w) = 0 has two solutions (r*, w*) with 7* > 0 where

akwl — a521k:

(r*,w) € {(0,0), (0, = 220y

The first solution is not good because provides an equilibrium point, but the second solution is good,
and since the Jacobian matrix of the function (f11, f12) is not zero at that solution it provides a

periodic solution of the differential system

The jacobian determinant at (7*, w*) = (0, J—(akwl — ad21 k)) is given by
20

_ (71 + 1) (021 — wr) '

A =
2k2
Moreover the eigenvalues of the Jacobian matrix
a(fll 9 f12) |
a(r, 'UJ) (ryw)=(r*,w*)
are given as follows
Y1+ 1 021 — wy
-\ and ———-.
2k k

So one periodic orbit bifurcates from the Zero-Hopf equilibrium localized at the origin of coordi-

nates. O
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Chapter

Zero-Hopt Bifurcation in Tumor Growth

Cancer model

In this chapter, we study the Zero-Hopf bifurcation of the Tumor Growth Cancer model. More
precisely, we will study the conditions for the existence of Zero-Hopf equilibrium points, and the
averaging theory of the first and second order is also applied to prove the existence of periodic orbit
bifurcating from the Zero-Hopf equilibrium points.

3.1 Tumor Growth Cancer model

In this section we consider a deterministic mathematical model for the growth of tumor and
incorporated the stochastic environmental perturbation with white noise on the system. The preys
are the tumor cells that are attacked and destroyed by the immune cells. The predator has two
states viz, hunting and resting cells which destroy the prey. The resting predator cells can interact
with antigens. These resting cells cannot kill tumor cells but they are converting into a special type
of T-lymphocyte cells which is called natural killer or hunting cells and begin to multiply which
releases other cytokines simulating more resting cells. This conversion between hunting and resting
cells results in a degradation of the resting cells undergoing natural growth and an activation of
hunting cells. The required mathematical model assumes that the tumor cells are being destroyed at
a rate proportional to the tumor cell densities according to the law of mass action like prey-predator
interaction. It is also assumed that the resting predator cells are converted into the hunting cells
either by direct contact with them or by contact with a fast diffusing substance produced by hunting
cells. We consider that once a cell has been converted, it will never return to the resting stage, and
active cells which die out at a constant probability per unit time. For more detail see [7].

The dynamical system can be described by the following set of non-linear differential equations

=a1(1l —x)r — kixzy — kaxr + 1,
Yy = axyz — azy — kszy, (3.1)

zZ=a4(1 — 2)z — asyz — agz — kyxz.

Where a4, as, as, ay4, as, ag, k1, ko, k3 and k4 are constants. The description of these parameters

in system (3.1) is shown in Table 3.1.
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3.2. Statement of the main results

Parameter | Description

a; is the growth rate of tumor cells
as represents the conversion rate of the resulting cells to hunting predator cells
as is the specific loss rates of hunting predator cells
ay represents the growth rate of resting cells
as is the conversion rate of resting cells to hunting predator cells
ag is the specific loss rates of the resting cells
k4 is the rate of killing of tumor cells by hunting cells
ko is the specific loss rates of tumor cells
ks represents the rate of killing of hunting predator cells by tumor cells
ky represents the rate of killing of resting cells by tumor cells

x(t) represents the density of tumor cells at time £

y(t) represents density of hunting predator cells at time £

z(t) represents density of resulting cells at time ¢

TABLEAU 3.1: Descriptions of the parameters in system (3.1).

3.2 Statement of the main results

Firstly, we shall study the conditions for the existence of Zero-Hopf equilibrium point of Tumor
Growth Cancer model. We consider the Tumor Growth Cancer system written as
T =a1(l —x)r — kixzy — kaxr + 1,
Y = ayz — azy — ksxy, (3.2)
2 =a4(1 — 2)z — asyz — agz — kyxz.
This system has seven equilibrium points given as follows

1
pP1 = (27%(\/_201’92 + ai(ar +4) + kf — a1 + k2), 0, 0)’

1
P = (5, (y/~2a1ha + ax(as +4) + K + a1 — £2),0,0).

a 1
ps = ( _ =2 (aras(as + k3) — ks(askz + ks)), 0)'
k:3 a3k1k3

Due to the fact that the expressions of ps, p4, Pe and pr are big we will omit them, and we will
as
— 7 (aras(as + k3) —k3(a3k:2—|—k:3)),0>.
ks askiks
To Find the sufficient conditions in order that system (3.1) has Zero-Hopf equilibria we must

study only one equilibrium point ps = (

translate ps to the origin of coordinates, then we obtain the following system

1 1 1
= —(ajasx) — a1x® + —(ask1y) + —(ksx) — kizy,
k3 k as

3
1 1 1 1 1
) = a1a2a32 —(a1a2z) — —(aiasx) — —(ar1ksx) —
0] k1k3( 10203 )+k:1( 1022) kl( 1a3T) kl( 1ksx) asks
kg(l) kzkg.’]}

1
(azksz) — k—(azkzzz) + asyz + — ksxy, (3.3)
1

a3k1 kl
' L ) G105 (asksz) + — (askaz) — asz?
z = — ai1asasz) — a z —\a Z) — aaz

k1 Ks 10305 kr asky 5K3 ks 3K4 4

+aqz + k—(aSkzz — asyz — agz — kyxz.
1
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3.2. Statement of the main results

The results considering the existence of Zero-Hopf equilibria of system (3.3) is given in the
following proposition.

Proposition 3.1 The differential system (3.3) has Zero-Hopf equilibria located at the point ps =
a 1

( 2 (aras(as + ks) — ks(asks + k3)), 0), if the parameters of the system satisfy

a; = ————, R = and ki4 =

a ]?3, askiks
kg —a3k:2 — 20;3’(33 — kg —a3a4k:1k:3 —|— a3a6k:1k:3 + a5k:2k3
a? a? a3k, ’

In the following theorem, we study the periodic orbits bifurcating from the Zero-Hopf equilib-
rium point ps of proposition using the averaging theory.

Theorem 3.1 (l) Ifa50 # 0, (allago + allaéokzgo — a§0k21k30 + a,31k:2k:30> # 0 and
F' # 0, then the differential system (3.3) has a periodic orbit bifurcates from the Zero-Hopf
equilibrium point ps for € # 0 a small parameter.

(ii) The stability or the unstability of this periodic orbit is given by the sign of the eigenvalues
1

— 2 k k
asok1(az0(aso — @40) + aspaqo) + az0as0k? (a20850(a1150(a30 + ko) + ko

1
(asik? — a2,k21))(k1(aso(aso — as0) + 2k30) + asok?))) + m((kl(all

a3, + 2kso(asoksy — asikso)), and — —————/(aso(ai1a3;(aso + kso)+

agokklkgg
k3o (a,31 k? — a§0k21))).

—a3k2 — 2(13’{33 — k§

2
as

Where K is defined through ko =
Where

F = aq1a3,(az(asokso(asoki(—asw + aso + 2) + asok?) + aso(aso — k1) (asoks
(ago — @0) + asok?) + 2asok1k;) — a3 as0k?) + kso(az0(asi(asok?kyi(aso
(ago — @a0) + 4k30) + 2asok?kso(aso — aswo) + a2 k*) + aso(asoasokar (k1
(a30(a40 - aeo) - 2’4730) - Cl50k?2) — 2k k3, (a30k51(060 - a40) + a50k:2)))—|—
2a3,a40k? (as1kso — asoks1),

and
2
_ 30 2 3 _ 2 3
a; = ——~ t+€an + €°a12 + € as, Az = Q20 + €a21 + €°a22 + €°azs,
azg
_ 2 3 _ 2 3
asz = agg + €as; + €“az2 + €°ass, a4 = Qg9 + €a41 + €°Ay2 + €°Qys,
2 2
as = aso + €as; + €2ass + 3ass, ag = ago + €agy + €2age + €3ags,
2
2 3 —asagkiks + azagkiks + ask ks
ks = k3o 4 €ks31 4 €°ksz + € kss, ks = 5 s
a,3k:1
1 2 2 2 3 -
ky = ——(—asok® — 2aso0kso — k3) + €ka1 + €°koz + €°kas, with ase # 0.
a
30

Moreover, we note that if the two eigenvalues are negative then the periodic orbit, which bifurcates
from the equilibrium point ps is stable, i.e, it is a local attractor. But if one of these eigenvalues is
positive then, such periodic orbit is unstable.

It is interesting to see the averaging of second order provides more periodic solutions bifurcating
from the Zero-Hopf equilibrium localized at the origin of coordinates.
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3.3. Proof of the main results

Theorem 3.2 For | € | is a sufficiently small parameter. If k1 € ( — 00, —4/10) U (0, —i—oo),
the differential system (3.3) has two limit cycles bifurcating from the Zero-Hopf equilibrium point
ps with azg # 0 and —k, (1 + 4k, + \/Gk:f + 4k, + 1) > 0. Moreover, the stability or the
unstability of the first periodic orbit is given by the sign of the eigenvalues

A = ]:1(— 1— 4k, + \/6k3 +4k; + 1), and A, = ]:%(21@1(— 2 — 3ki+

V6k3 + 4ky + 1) — 14 ,/6k3 + 4ky + 1).

And also the stability or the unstability of the second periodic orbit is given by the sign of the

eigenvalues

2,/6k2 + 4k, + 1 1
A = \/ 1 1 , and Xy = _7(1 + 4k, + \/ka + 4k, + 1).
1+ 2k; — (/63 + 4k + 1 ki

We note that if the two eigenvalues are negative then the periodic orbit, which bifurcates from the
equilibrium point ps is stable, i.e, it is a local attractor. But if one of these eigenvalues is positive,

then such periodic orbit is unstable.

3.3 Proof of the main results

Proof of Proposition 3.1. The characteristic polynomial of the linear part of the Tumor Growth
Cancer model at ( (0, 0, 0) is

p(A) = T (A(a?azas + a?adasks — a1a3kiks — a1a3kiks — a1adask ks
azkiks
—alagaskzkg, —|— alagaeklk:g — a1a§k1k§ -|— a1a3a5kg —|— agk1k2k§ + Cl,g
klkg’ — a§k1k§k4 — a,3a4k:1k:§’ — a3a5k2k§ —|— a3a6k1kg — a5k:§)) + ki k
agrki1k3
(A2(—a1a§a5 + a1a§k1 — a1a3a5k3 + a§k1k4 + a3a4k1k3 + a3a5k2k3
—a3a6k1k3 —|— a5k§ + klk'g)) — ((a1a§ —+— a1a3k3 — a3k2k3 — kg)
agkilkg
(a1a§a5 + a1a3a5k3 — a§k1k4 — a3a4k1k:3 — a3a5k2k3 + a3a6k1k3 — Qsp
k) — X°.
k2 —azk? — 2asks — k2
Assume p(A) = X (k? + A\?), we obtain a; = ——2, ko = s 2a3 2 3 and
as as
— kik kik k2K
ky = AsaakrPis + asaelis + s % Then proposition 3.1 holds. O

a§k1
Proof of Theorem 3.1. By considering the following perturbation
2

k
_ 30 2 3 2
(al,az,as,a4,a5,ae,kz,k3,k4) = (—7+€a11+€ a12 +€°a13, Q20 +EQ21 +E°Q22 +
a
30
3 2 3 2 3 2
€°Q23,a30 + €a31 + €°asz2 + €°a33, Q40 + €a41 + €°A42 + €°Ay3, 050 + €as1 + €°as2 +

3 2 3 2 2 2
€”as3, ago + €ae1 + €°ae2 + €°aes, o2 (—asok? — 2agokso — k3y) + €ka1 + ko +
30

€3k23, k30 -+ €k31 -+ €2k§32 + €3k33, (—0,30,4k:1k:3 + a3a6k1k3 + a5k:2k3)>, where # 0

a§k:1
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3.3. Proof of the main results

is a small parameter, then the Tumor Growth Cancer system becomes

3 1.3 (52(k3033(a11@§0(031k30 — agoks1) + a12a§0k30(a30 — ksox)
azok3,

+kso(aso(2asoksoksz — asok?, — 2as2k2)) + a2,k2,)) + a3,kiy(aso

(k2, — ksoks2) — asiksoks: + as2k3;))) + a2 k2 (e(ar1a3yksox(aso
307730
1
—ksox) — (as1kso — asoks1)(2k3,x — a3ok1y))) + — - (k3z?) + —
azo k3o

(a3ok1y) — kizy,
1

ajokik3,
kso(kso(ad,(az0kaz + az1ka1) + axoa2 kso) + azea k3, — 2az0asz0as;
ksoks1 — az2a2 kso(asok1y + k?))) + k2,x(—an1a3,(as: + ks1) + al,
(—k1ks2y + ko1ks1 + kaokso) + a3, (k2, — k?ks2) — 2asoasiksoksi+

1
a2 k2,) — a12a3,kso(aso + kso) (ksox — az02))) + ———— (e(z(an
azok1ks3o

a20a30(aso + kso) + kso(az1(asok1y + k?) — azoasok21)) — ksox(ai:
aso(aso + kso) + asoki1ks1y — asoka1kso + k?ks1))) — ((ksox
_G'ZOZ)(a3Ok1y + k2))v

—m(282(a110§0(—a30050k31 + as1kso(aso + kso) + asiasokso)
30130

+ai2a3,as50ks0(aso + kso) + kso(azokso(aazkiz — asokaz — asikai+
as2k1y) + a3, (k1ksox(—asoks2 — as1ksiasnkso + asoksz + asiksi+
a62k30) - 050k§1) + a§0k30(a31(k1w(a40k31 + ag1k3zo — agoks1 — ae1
k3o) + 2as0ks; + as1k?) + aszkiksox (a0 — aeo) + aszasok® + k*x
(asoksz + asiks1 + as2kso)) + asokso(a3, (—(kiksox(aso — aeo) + aso
(k% + k30))) — 2as1k*x(asoks1 + asikso) — 2asz2as0k?ksox) + 3a2,

a50k2k§0w))) —

(e?(z(a11a3y(az0(asikso — asoksi) + az1kso(aso + kso))—

asoky

———(ze(a1a3,as50(a k kso(a3 (aq1k:1z
a§0k1k3o( (ar1a34as0(aso + kso) + kso(as,(as ks

—asok21 + asik1y) + a2 kix(ksi(aso — aa0) — asikso + as1kso) + aso

(as1kiksox(as — aeo) + asiasok?® + k*x(asoks1 + asikso)) — 2as;

a50k2k30m))) —

> (z(aso(a3,k1y + k?kgox) + asoki(asoasoz—
a30 k?l

0,40’{33033 + Cl,60k?3093) ) ) .

(3.4)

Doing the rescaling of the variables (x,y, z) = (eX,eY,eZ) system (3.4) in the new variables
(X,Y, Z) writes

X =

303K3 (€2 (k30X (—a11a3,(asokss — azikso + k2,X) + ai2a3,ks0+
30

kso(aso(2asoksoksz — asoks, — 2a32k3,) + a3 k2,)) + ad,k1Y (aso

1 1
(k2, — ksoks2) — asiksoks1 + as2k2,))) + e(—(a11a30X) + — (X
k3o a§0

1
(2as0ks1 — 2as1kso + k2,X)) + kj(khY(kso(asl — k30 X)) — asoks1)))

30
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3.3. Proof of the main results

1
+-—(asok1Y),
ajokik3,
—k2,X (as1 + ks1)) — a12a3,kso(aso + kso) (k30X — a202Z) + kso
(a3okso(kaz(ksoX — a20Z) + (k21 — k1Y) (k31X — a212Z)) + a3,
(kso(k?(a22Z — k32 X) + k2, X) — axk2,Z) + 2asoasiksoksi(azo

1
Z — k3o X) + a3, k3 (k30X — a22)))) + ———(e(kso(aso(ka1

(e?(a11a3y(Z (azo(asikso — asoks1) + az1kso(aso + kso))

asok1kso
—k1Y) (k30X — a20Z) + k*(a21Z — k31X)) — ar1aso(aso + kso)
1
(k30X — a202))) + ——(k*(a20Z — k30 X)), (3.5)
asok: ’

—————(Ze?%*(aq1a3,(—aspasok as1kso(a k as,a
agoklkgo( (a11a3,(—asoasoks1 + as1kso(ase + kso) + asiase

kso) + ai12a3,as0ks0(aso + kso) + kso(aso(a2 kso(as1k1Z — asokae
+as1k1Y — as1k21) + asokikso X (—agoksy — as1kso + asoks1 + ae1
kso) — asoasokl, + aszas0k’kso + k?k3oX (asoks1 + asi1kso)) + as:
k3o(aso(k1ksoX (as0 — aso) + 2asoks1 + as1k?) — 2as50k’ k3o X ) —

C‘316‘50":30("’2 + k30)))) — m(zé‘(anaﬁoaso(aso ~+ kso) + kso
30

(ago(a40klz + asok1Y — asoke1) + asoki1ksoX (aeo — aa0) + asiaso
kz + a50k2k30X))).

We want to write M the Jacobian matrix of system (3.5) in the Jordan form

0 —k O
J=|kKk 0 O
0O 0 O

Then we consider the following equation A.M — J.A = 0 where

Y Y2 Y3
A= Ys Ys Ys
Y7 Ys Yo

With the Jacobian determinant | A |# 0 we obtain

0 1 0
kkso 0 asok

A=

asok. asok.

0 0 a30kk1k30

Now we consider the change of variables (X,Y, Z) — (u, v, w) given by

2 1.2
azow + azokiksov w

X, Y. Z) — u
( 7 ) ( a30k:k:1k:§0 ’ ’a30kk1k30

). (3.6)
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3.3. Proof of the main results

In the new variables (u, v, w) the differential system (3.5) becomes

1
a3 kkiks,
azkso) + a2 k?k2 v(as: + ks1)) — ar2a3 k2k2,v(aso + kso) + Kso
(a30(—'w(k:21 - klu)(021k30 - CL20’<331) - 2031’9314330’331”) + k:2'w(a22

kso — az0ksz2) + ad,k?ksov(ksi (k21 — kiu) + ka2kso) + a2, k2ksov(k2,

1
—k2k32) + aglkfkgov))) + ﬁ(€(—alla§0k%k30’0(a30 + k30)
azokkiks,

—|—k2’U)(021k30 — a20k31) —|— agokfkgov(kzl — k:lu) — agokzkik:;()kgl’v))

—kv,
1

5 1.31.3
a3 kiks,

kso) + a12a3,as0kso(aso + kso) + kso(aso(

(52(—a1la30(030(020k31w - a21k30w) + k30w(a20k31_

(e?(azow(ar1a3,(—asoasoks1 + asikso(aso + kso) + asiaso
1
kkso

1
(ks1(aeo — ag0) — aa1kso + ae1kso)) + ———— (k(asoks1 + asikso)
asok1kso

1
(azow + a2 k2k30v)) — %(a30(a30kk30(a50k22 + as1(k21 — kru))—

((az()w + agokfk;mv)

anw)) — azoasoks, + asaasok’kso) + (asy(azoasokiw(aqo

asokk,
—ago0) — 2az0a50k*w + ad k3ksov(asw — aeo) + a3 kkikso(2as0(ks1

—kk1v) + as1k?))) — a3 asokso(k? + kso))) + asokkikso(aj kiu

(aso(k§1 - k30k32) — az1ksoks1 + a32k§0) - M((azow

+a2 k2ksov)(a11a2,(azow + a2 kq(kksi + kiksov) — asoasikkikso

) — ar2a3,kk1kso + kkikso(aso(—2asoksoksz + asok3; + 2a3:k3,)
—a3 k) + e

0 ajokkiks,
2k3k2 k31’U) + a31k2k3k2 u + k4k3 ,02) + agok1k30(a20w(a11a50k

1%30 1730 1730
—I—k:f(—('v(a40 — (160) + kU)) + a50k:(k1u — k21)) — 20;31’{3](3%’(330’0)
+aq1ad kkiksov + a2, ,w?(asok?® + k1kso) + azoa2,kiw(aipw + aso
k?k1ksov + 2kkqksoks1 + 2k3k2,v) + azoasokiw(azow(aso — @ao)
+a31k1k30(a50k2 — 2’{31](730)) — agokkéllkgo’ll,(kk31 + klkgo’l.)))) + ku,
—ﬁ(wez(anago(—asoasokm + as1kso(aso + kso) + asiaso
azok1k3, 1
kso) + a12a3,as0kso(aso + kso) + kso(aso(
kkso

1
(ks1(aeo — ag0) — aa1kso + ae1kso)) + ———— (k(asoks1 + asikso)
asok1kso

1
(azow + a2 k2k30v)) — E(a30(a30kk30(a50k22 + as1(k21 — kru))—

(3.7

(e(a3oki(k(ar1az0a50w + a11a20kiw+

((az()w + agok%kmﬂ))

anw)) — azoasoks, + asaasok?kso) + (as1(azoasokiw(aso—

agokkl
aco) — 2az0a50k*w + ad k3ksov(asw — aso) + a3 kkikso(2as0(ks1—

kkiv) + a51k?))) — a2, as0kso(k? + k30)))) — (we(ai1al,

agokk%kgo

asokki(aso + kso) + asoki(azow(asp — as0) + asiasokkso) + azoaso
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3.3. Proof of the main results

k2w + a3 k1kso(kiv(ago — aa0) + asok(kiu — ka1)) + a2y k1 (asow+
(1,50]{72’{71]{730’0))).

Now we write the differential system (3.7) in cylindrical coordinates (7, 8, w) defined by u =r

cos 0, v =rsin 0 and w = w, we obtain

dr_
do

r(ksm?0 :_ kcos? ) (S(agoki:;*kgo (r sin 0 (ajyk1 (k(ai1a20as50 sin 0) — (a1
azokiw + 2k3k2 k317 sin 0) + as1k*k3k2 r cos 0 + k1k3 r? sin? 0) + a3 k1
kso(azow(ai1asok + k2(—(r(as0 — aeo) sin @ + kr cos 0)) + asok (k17 cos 6
—k21)) — 2a31kk3k2,r sin 0) + aq1aS,kkiksor sin @ + a2 w?(as0k? + kikso)
+azal,kiw(aow + asok?kiksor sin 0 + 2kkiksoks1 + 2k2k2,7 sin 0) + aso

aggklw(azow(aﬁo — Cl,40) —|— a31k:k:30(a50k:2 — 2k1k30)) — agokkéllkgg’l“ COS 0(’(7

1
k31 + k1ksorsin0))) + r cos 0(—kk

(a11a2,7sin ) — —(as1as30r sin ) —
30 k

1 1
_ kk _ kw) — — kir?sin@ (7] —
FrNETER (az20 131w) + a2 K2kiso (a1 kw) k(a3i 172 sin 0 cos )1—|— k(a30
kyirsin @) — — (kkgir sin @ g2

217 sin 0) k30( 317sin0)))) + (’r(k cos? 6 + ksin® 0) (aﬁokk%kf;'o (r

cos O(—aq2k2k3,(aso + kso)7 sin Oad, — ai1(al ki (as1 + ks1)7 sin OkZ +
(a20ks1 — a21kso)wkso + aso(@zksiw — aziksow))ase + kso(k2ksor(ka2kso
+ks1 (k21 — k17 cos 0)) sin 8a3, + k2kso(k2, — k*ks2)r sinOa2, + (—2as1k?

k:31'r sin Okgo — (a21k30 — CL20ki31)’LU(kZ21 — k:l'r COS 0))&30 —|— k2(0,22k30 — a2

ks2)w + a3, k2k3,rsin0))) + (r sin O (asokkso(ad k1 (as2k3, — as:

5 1.31.3
a3 kiks,

k?31k?30 + a30(k?2’1 — kgokigz))’l’ COS 0 — ((a§0k301‘ sin ka -|— a,z()'lU)

a30k2k%k}30
(—ai2kkiksoas, + a11(k1(kks1 + kiksor sin 0)a2, — asoasikkikso + azow)
a3, + kkikso(aso(2as2ki, — 2asoksakso + asokl)) — a2, k2,))))k? + azow

(a12as50ks0(aso + kso)ad, + ai1(asiasokso + asi(aso + kso)kso — asoasoks1)

1
a3, + kso(—a2 asokso(k? + kso) + aso(aszasoksok® + ————— ((as1kso + aso

asoki1kso

ks1)(a2,ksor sin 0k? + azow)k) — asoasokl; + W((_aﬂk% + ag1kso + (aeo
30

—agq0)ks1) (a3 ksor sin Ok? + axw)) — E(a30(a30kk30(a50k22 + as1 (k21 — kar

COSs 0)) — CL41’lU))) —|— (0,31(0,30(0,40 — G,Go)k,go’f' sin Ok:i’ —|— a20a30(a40—
asokk,

Cl/g())’UJk1 —|— agokkgg(a51k2 —|— 20150(’{331 — k:k:lr sin 9))k1 — 2a20a50k:2'w)))))))
1

1 1 1
- in 6a2 - ‘00 1
r3(k cos? 0 + k sin? 0)2 (((kk30 (@117 sinfag,) + A (a1msinfaszg) + kz( 1

1
72 cos 0 sin Oazy) — E(kzlr sin Oasg) + (azokks;w) + k—(k:k:g,lr
0

2 1.21.2
azokiks, 3

sin 0) — M)r sin @ + ;(r cos 0(a11kkiksor sin 0ad, — kkikso
a3okikso a3, kkiks3,

r cos 0(kksy + kiksor sin 0)al, + ki (k3,r% sin® 0k} + as1k?*k2,r cos 0k3 + k
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3.3. Proof of the main results

dw

do

(2k32, k317 sin Ok? + ai1a20wky + ar1az0as50w))ay, + kikso(azow(—(kr
cos 0 + (a0 — aeo)7 sin Ok? 4 ai1as0k + asok(kir cos 0 — ka1)) — 2as;
kk3k2,r sin 0)a3, + azokiw(asokiksor sin Ok? + 2k ksoksik + aspow+
2k2Kk2,r sin 0)a2, + azokiw(asikkso(asok? — 2k1ks0) + az0(aeo — as0)w)

aso + a%o(asokz + kikso)w?)))((—

1
(a1 sinfa3;) + E(kzlr sin fasg)

kkso
(anyr sin Bago) — 1 (kir? cos Osin fago) + o (azikw) — (K
——(a117sin Bazg) — — (k17 cos O sin Oa ———(ankw) — —
PGS 80) = - (F1 30 a2 K2k 21 gg o31
rsin @) — —————(agokkz;w)r cos @ + ——————(rsin 6(a,,1kkiksor sin 0
ajokik3 ajokkik3, '

a$, — kkiksor cos 0(kks; + kiksor sin 0)al, + ki (k3,72 sin? 0k? + a3, k%k2,
r cos 0k3 + k(2k2, k317 sin 0k$ + aq1az0wky + a11a20as50w))ay, + kikso(azo
w(—(kr cos 0 + (as0 — aeo)r sin B)k? + ai1asok + asok(k1r cos O — kaq))—
2a31kk3k2,r sin 0)a3, + asokiw(asokiksor sin 0k? + 2k1ksoksik + agpow+
2k2Kk2 7 sin 0)a2 | + azokiw(asikkso(asok? — 2k1kso) + azo(ago — as0)w)asg
+a3y(asok? + k1f30)’w2))))),

- 3 asokk L k
agokk%k:}()(k Sin2 0 _|_ k COS2 0) (we(a11a30a50 1(a30 _|_ 30) _|_ aszoky

(azow(ago — @a0) + as1as0k>ksz0) + asoasok’w + ad,ki1kso(k3r(ago—
G;40) sin @ + a50k(k1'r cos 6 — k21)) + a§0k1 (a,40'w + a50k2k1k30r sin 0)))

2 3 asokk k k
e (agokk%kgorz(k sin® @ + k cos? )2 (w(ar1adyasokk;(aso + kso) + asok:

(azo’w(aeo - Cb40) + a31a50k3k30) + azoazok?w + agoklkso(kf’r(aeo - a40)

1
sin @ + asok (k17 cos 0 — k1)) + a2 k1 (asow + asok?k1ksor sin 0))(ﬁ
a3, kkiks,

(T COS 9(a§0k1(k(a11a20a50’w + a11a20k1w + 2](3:15]{730’{?317’ sin 0) + a31k2k:15
k2,7 cos 0 + kik3,r? sin® ) + al ki1kso(azow(ai1asok + k2 (—(r(asw0 — aso

) sin @ + kr cos 0)) + asok (k17 cos 0 — ka1)) — 2as1kk3k2, r sin 0) + aq1a8,
kkéllkgo'r sin 6 + a%owz (a50k2 + klkgo) + a20a§0k1W(a40w + a50k:2k:1k307' sin

0 + 2kk1k30k31 —|— 2k%k3§0'f‘ sin 0) + a20a30k1'w(a20'w(a60 — a40) + a31kk30(a50

1
k? — 2kq1kso)) — al kkiksor cos 0(kksy + kiksor sin0))) + rsin e(kk
30

1 1 1
a2,rsin @) + —(aj1a3ersin @) + ————— (azokksiw) — ———— (az kw)+
20 k a3 kik3, a3okikso

1 1 1
—(azok17r? sin 0 cos ) — —(azokz17 sin 0) + — (kks 7 sin0))))—
k k kso
1
a3, k1k2,(ksin? 6 + k cos? 0)

as1asokso) + ai12a3,a50k30(aszo + kso) + k30(a30(m((k31(060 — Q49) — Q41
30

kso + ae1kso) (azow + a2 k2ksor sin @) + ———— (k(asoks1 + as1kso)(azo
azok1ks3o

(011

(w(ar1a3,(—asoasoks1 + asikso(aso + kso)+

w + a2 k3ksor sin 0)) — g(ago(a30kk30(a50k22 + asi(ka1 — ka7 cos 0)) — aq

w)) - a3oasok§1 + CL32€1/50’<32’<330) + (a31 (a20a30k1w(a40 - aeo) — 2a20
asokk,

a50k2w + agok?kg,o’l"(aélo — a,60) sin 6 + agokk1k30(2a50(k31 — k:k:lr sin 0)+
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3.3. Proof of the main results

as1k?))) — a3 as0kso(k* + ks0)))))-
This system can be written as

dr
— = eF11(0,r,w) + €2F2 (0, r,w) + O(e?),

gg} (3.8)

E = €F12(0, T, ’LU) + €2F22(0, r, ’lU) + 0(63).

We shall apply the averaging theory to the differential system (3.8).
We considering t = 0, T = 2w, X = (7, w)T and we get the normal form is given by
ax

T eF1(0,X) + e?Fz(0, X) + e3R(e, 0, X),

where

Fi.(6, X) )

Fi(0,X) = (Flz(e X)

such that

1 1
rsin (a3t ki (k(ai1azpas0w

r(ksin? 0 + k cos? 6) ((agokzkz;lkgo( (dgok (k(ar1az0as0
+aiiazokiw + 2k3k2 k317 sin 0) + as1k*k3k2 r cos 0 + kik3 r?
Sil’l2 0) —|— agoklkzgo(amfw(anamk —|— kf(—(r(am bt 0,60) sin0 —|— k
7 cos 0)) + asok(k1r cos 0 — ka1)) — 2a31kk3k3,r sin 0) + aq1a$,
kkiksor sin 0 + a2, w?(asok?® 4 k1kso) + az0al kiw(apw + asok?
k1k30’r’ sin @ + 2kk1k30k31 + 2’(3%](3307“ sin 9) + azoagoklw(azow(aeo
—040) —+— a31k:k:30(a50k:2 — 2k1k30)) — agokk%kgo’r' COS 0(kk31 —|— kl

F11(0, r, U}) =

1
ksorsin@))) + r cos 9(—W(a11a§0fr sin 0) — E(anago'r sin 0)—
0

— 515 (@20kksiw) + —————
a’gfk%kgo 1a§0k%kz30
—|—E(a30k:21r sin §) — k—(kkglr sin 9)))),

30

(a1 kw) — E(agokzl'rz sin 0 cos 0)

Fi5(0,r,w) = (w(ar1alyasokks(aso + kso) + aso

B a3, kk2kso(k sin® 6 + k cos? 0)
k1(azow(aso — @10) + asiasok’kso) + azoasok?w + ad kikso(k3r
(aso — @40) sin 0 + asok(k1r cos @ — ka1)) + a2 k1 (aw + asok?kq
k3orsin 0))).

Fy(0,X) = ( Fn (6, X) ) ,

F>,(0, X)

such that the explicit expression of F5; and F», are given in the appendix.

We have the average function of first order f; (7, w) = (f11(r, w), f12(7, w)),
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3.3. Proof of the main results

where

1
fll(’l“, w) = g f027r F11(0, r, ’UJ)dg
1
= —(T(Clsokikf2 (a11a3 + 2’4530(6130’@31 - a31k30)) + azow
2a3 k2k2k3 ! 30
(k1(aso(aso — as) + 2kso) + asok?))),

1
f12(’l",’lU) = — 0271' F12(0, r, w)d@
2w 1

= —W(w(amasokkl (a11a2,(aso + kso) + kso(as1k® — a2,

k21)) + w(asoki(azo(aso — @s0) + as0a40) + azoas0k?))).
The system fy1(7r,w) = fi2(r,w) = 0 has two solutions (r*, w*), where the first solution
(r*,w*) = (0,0) is not good because it provides an equilibrium point, but the second solution
(r* w*) o (0 —ana‘éoasokkl - allagoasokklkso + agoa5okk1k21k30 - a30a31a50k3k31k30)
’ ’ —ag0asoasok1 + azoasoaeoks + azasok? 4+ a3y asok:

is good, and since the Jacobian matrix of the function (f11, f12) is not zero at this solution it pro-

vides a periodic solution of the differential system.
The Jacobian determinant at the second solution is given by
A= 1 2
N 2a3,k?k2k2, (asok1(az(aco — a40) + asoaa0) + az0as0k?) (50 (@113 (30

+kso) + kso(asik? — a3 kz1))(a11a3,(azo(—asokso(asoki(—as + aso + 2)
+asok?) + aszo(aso — k1) (asok1(aso — ago) — asok?) — 2asok1k;) + ad,aao
k%) + k30(620(2031k1k30(030k1 (a40 - 060) - 2a50k2) - 031050k2(030k1 (0'60
—a40) + asok?®) + aso(asoasokz1 (—asoasok: + asoacok: + asok?® + 2k1kso)
+2k1ks1(asoki(aso — as0) + asok?))) + 2a3,a40k3(asoks1 — asikso)))).

Moreover, the eigenvalues of the Jacobian matrix

O(f11 f12)
a(r,w)

| (ryw) =(* 0%)

are given as follows
1
asok1(azo(aso — a40) + aspaso) + azoasok?

1
(as1k? — a2 k21))(k1(aso(aso — aao) + 2ks0) + asok?))) + 2—((1451(&11
2a30k:k:1k:30
1

a3, + 2kso(asoksi — asikso)), and — —————(aso(ar1a3y(aso + kso)+

a%okklkm)
kso ((131’<32 - a§0k21))) .

(az0as0(a11a3,(aso + kso) + kso

So one periodic orbit bifurcates from the Zero-Hopf equilibria localized at the origin of coordinates.
O
Proof of Theorem 3.2. To compute the averaging function of second order we must make the first

averaging function identically zero.

From the first averaging function f; (7, w) = (f11(7r, w), f12(r, w)), and by considering

35



3.3. Proof of the main results

G — aszo(al ka1 + 2as0kss + 2ksoksr) g — 2(asoka1k2, — k?ksoks1)

31 = —
azok? 4 2azokso + 2k2, ’ aso(asok? + 2asokso + 2k§0),
—2asok1kso + a2 ae0ki + 2asokikso 2az0k30

aso = — ) ago = ————, Where azg # 0,

a30k2 ago
we know that fy (7, w) = (0, 0).

The second averaging function fa(7, w) = (f11(7r, w), f12(r, w)) is given by

for(r,w) = foz" [Dy.wF11(0, 7, w).y1(0, r,w) + F21(0, 7, w)|do,
and
fa2(r,w) = f;”[DT,wFlz(O, r,w).y(0,r,w) + F22(0,r,w)]|do,
where y,(0,7r,w) = foe F,(60,r,w)do.
After an exhausting calculation we get the function fo(7, w) writes as follows
fa(ryw) = (A + Asr? + Azw + Agw?, By + Byr? + Bsw + Byw?).
The explicit expression of A; and B;, withz = 1,...,4 are given in the appendix.
Solving fa(7, w) = 0 is equivalently solving the system
A+ Agr? + Agw + Aqw? =0, (3.9)
B, + B,r? + Bsw + By,w? = 0.

We know that system (3.9) has four solutions (7, w;) where ¢ = 1,...,4, but only two of them
are accepted and satisfying | D, ,, f2(r*, w*) |# 0, and the two remaining solutions have r* < 0.
Due to the fact that the expressions of the two accepted solutions are big, we will not give them.

Now we will give an example to illustrate our results.

Example 3.1 We consider Q12 — Q99 = A21 — Q39 =— A32 — Q41 = A1 — Agg = Qg1 —
k3o = ko1 = kog = k3o = k31 = k = 1. Then the differential system (3.8) becomes

dr 1 1 1 1 1
— =2 —(ag2w cos O — (w?sin @ —(2w?sin @ —(rw
20 sin29+cos2e(kg( 22 )+k11( n )+k%( i )+k%(
1
sin? 9) + E(rw sin 0 cos ) — E(w cos0) — ky7r?sin 6 cos? 0 + k—(rw sin? 9)
1 1 1
1
rsin®60 — rsin 6 cos 0 k4r?sin 0 cos?®  — 2k4r?
+ )+ k3r(sin? 6 + cos? 0)2( ! !
w? sin 0

sin® 0 cos 0 + 2k2rw cos? 6 — w? cos B)T + kir2sin® 0 — kyr?2sin 0 cos? 0
1

1
—kq,r2sin® 0 cos 6 — k—(2frw sin(0) cos(0))))) +
1

1
—(w?sin @
sin® 0 + cos? 0 (E(kil‘ (w?sin 6))
+kyr?sin® @ — k7% sin 0 cos? 0 — k72 sin® 0 cos 0 — k—(er sin 6 cos 0))),
1

dw 1 w? . 2w?
— =¥ (—— (—— — kyrwsin 6 —
do sin“ @ 4+ cos2 0 k2 k,

1
i 4,.2 o3 29 4.2
kffr(sinz 0 + cos? 0)? ((2k17rw sin 0 + kyrw cos 0) (kjr? sin 6 cos? 0 — 2kir

sin® 0 cos 0 + 2k?rw cos? 0 — w? cos h))) +
s

— rwsinf — rwcos 0 + w)+

70 1 cos? 0 (e(2k1rw sin 6+

kirw cos9)).
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3.3. Proof of the main results

We compute the averaging function of first order we get f1(r,0) = (0, 0).
The second averaging function is fa(r,0) = (f21(r, 0), fa2(r, 0)), where

far(r,w) = ( (r25kir? + 100k? + 100k, w + 50w? + 100w),

Far(ryw) = 200k2

For —k1(1 + 4ky £ \/6k2 4 4Ky + 1) > 0, with ky € ( — oo, —4/10) U (0, +oo), the
solutions of fa(r, w) = (0,0) are

200k2
(w200k? — 400k, w — 100w? — 200w)).

(P11, wi) = ((2\/—k:1(1 + 4ky — /6K + 4ky + 1))/ [kt —1 — 2k1 + ,/6k3 + 4k + 1),

and

(Pa1, way) = ((2\/—k:1(1 + 4k + \/6k3 + 4ky + 1))/, /kt, —1 — 2k1 — /63 + 4k + 1).
The determinant of the Jacobian matrix at the first solution is

A, = ]:3((— 1 — 4ky + \/6k3 + 4ky + 1) (2k1( — 2 — 3ky + \/6k3 + 4k + 1)
1

—1+ /6k3 + 4k +1)).

Then the first solution exists.

And for the second solution, the determinant of the Jacobian at this solution is equal to

A, i((1 + 4ky + /6K + 4ky + 1) (2K (2 + 3k1 + \/6k2 + 4ky + 1) + 1

=
+/6k3 + 4Ky + 1)).

Then the second solution exists.

Moreover, the stability or the unstability of the first periodic orbit is given by the sign of the

eigenvalues

1 . 1
Alzk—(—1—4k1—|—\/6k1—|—4k1—|—1), and X =

1 1

V6k3 + 4ky + 1) — 14 ,/6k3 + 4ky + 1).

(2k1( — 23k +

And also the stability or the unstability of the second periodic orbit is given by the sign of the

eigenvalues

2,/6k3 + 4k; + 1 1
A = , and Xy =——(1+ 4k + /6k? + 4k; +1).
1+ 2ky — \/6k3 + 4k + 1 ki

We note that if the two eigenvalues are negative then the periodic orbit, which bifurcates from the
equilibrium point ps is stable, i.e, it is a local attractor. But if one of these eigenvalues is positive,

then such periodic orbit is unstable.

O
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Conclusion

In this work, we present the Zero-Hopf bifurcation of two biological models. The first one is
Malaria model, we provide sufficient conditions in order that Malaria system has Zero-Hopf equi-
libria and we applied the first and second averaging theory to prove the existence of periodic orbits.
Then, for the first order, we conclude that the number of periodic orbits is one and for the second
order the Malaria system has three limit cycles. The second model is Tumor Growth Cancer model
we did the same work as the first system and we conclude that the system has one limit cycle for the

first order and for the second order two limit cycles.
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Appendix

Here we provide the values A;, Ao, As, Ay, By, By, B3 and B, of averaging function f5.

A1 = 4a12agok6kfk30 + 16a12agok4k2k2 + 16a12a§0k2k2k3 + 16a12agok4k2k3

A4_

B]__

130 1F30 1730
—|—32alza§0k2k%kgo + 16a12ag0k2k3kgo + 12a§0k2kfk€1k§0 — lﬁagok‘lkszzl
k§0k31 + 16a§0k2k§k21k§’0k31 + SagOkafkgokgg + 4ag0k6kfk30k:§1 + 320,20
k4kfk:§0k32 — lﬁagok‘lkfkgokgl + 16a20k2k3k21k§0k31 + 320,20/62/{:%/{:‘310]{:32
—8aj as:k®k2k3, — 32a} a3k k3k3, — 32a3,a32k?k3k3, + 32ad,k*kIk;,
ks2 — 16al k*k3k3 k2, + 64ad k*k3k3 k32 — 32a3,a3:k* kK3, — 64a3,a32
k2k‘%kgo + 32a§0k2k‘§kgok32 — 32agoa32k2k%kgo.

agokikiks, + 4ad k*kiks, + dag kiks, + 4a5,k*kiks, + 8aj kiks, + 4ag,
k1k3o)-

—8a§0a§0k3k1k21k§0 — 16a§0a§0kk1k21kgo — 16a§0a§0k3k1k§0k31 — 16a§0
al kkika1k;, — 32a2,a3 kk1k3 k31 — 16a2 a2 k>k1k3 k31 — 64a3,a3,kk,
k3o ks1 — 32a3,as0kk1k3 k31 + 4az0aS,a60k>k1k21kso + 8azpad,acokkikar
k2, — 2az0aS k°k1ks1 — 8asoad,k>ki1ksoks1 — 8azpad kkik2 k31 — 4dazal,
as1k’k1kso — 16az0a3,a41k>k1k2, — 16az0ad,as1kki1kd, + 8azpal,acok®kq
ksoks1 + 8azoal,acokkika1kd, + 16as0ad,asokkik3 k31 + 4axal,ae1k’ky
kso + 16as0al,ac1k*k1k3, + 16az0ad,as1kkikd, — 8azoad k®kik2 k31 — 16
azoaj kki k3 k31 — 16az0a3,a41k’k k) — 32az0a3,a41kk1k3, + 4azpas,as:
k"kso + 16as0a3,a51k°k2, + 16as0a3,a51k>k3, + 8azpas,asok’k1k2 ka1+
32a20a3,a60kk1k3 k31 + 16as0a3,ae1kk1kd) + 32a20a3,a61kk1k3, + 6azo
aj k’k1ksoks1 + 24az0a3,k3k1k2 k31 — 8asoas,kkiks ks1 + 24as0a;kki k3,
k31 — 16aspas,as1kk k) + 16az0al as1k’k3, + 32a20a3,a51k%k3, + 16a20
al,acokkik3 ks + 16az0a3,a61kk1kS, + 24az0a3,k> k1 k3 k31 + 48az0ad k
k1k3,ks1 + 16az0a2,a51k3ky) + 24az0a2 kk1k3 k31 + 2a21a5,k%k1kso + 8
axal k*ki1k3, + 8azaS,kkikd, + 8azal k*k1k3, + 16as a3 kkik;, + 2a21
az k°k1k3, + 8aziaj k3 k1k3, + 8azia; kk1k3, + 8aziaj,kkik;, + 8azial,
k’k1k3, + 16as1a3,kk.1k}, + 8azia kk1kS,.

2a3,a3,k k30 + 8ajyaz k’k3, + 8ajyaz k3, + 8ajasok’ky, + 16a3,as0ks,+
8a3,k3,-

8ai2a30a60k®k? + 32a12a30a60k*k3kso — 16a12a20a3,k8k2ks0 + 16a12a3,k®
k2kso + 8ai2a3,a60k®k3kso + 8al,aszasok®kikso — 8aioaeok*k?k2 kso — 8
ajoacok®kkazkso + 32a12a30a60k?’k3k2, — 64aq2a00a3,k*k3k2, + 64a12a,
k*k2k2, + 64ai2a) acok*k3k2, — 16a12a20al k®k2k2, + 16a12a3 kCk2k2,+
32al,a32a60k®k2k2, — 16az0al,a32k3k3k2) + 16a5,a3:k3k2k2, + 8azdasok?
k2K2, k2, + 16as0al k kK2, k2, — 1602 k*k2k2, k2, — 32a2, acok kkazk2, +
16as0a’,kbk3kaok2) — 16a3 k®k2kask2, — 64a12a20a3 k*k2k3, + 64a12a) k>
k2k3, + 96a12ad,as0k?k3k3, — 128a12aq0a],k*k3K3, + 128a12a5,k*k2k3,+
32a12a3,a60k*k3k3, 4+ 32a,a32a60k k3K, — 64az0a],a32kCkIk3, + 64af,

agzkﬁkfkgo + 3201300,320/60’{36’{7%’{330 — 16@20&20’{32’{;%’6%1’{730 —|— 16&30’{32,6'%’{7%1



B,

k3, — 32a0,acok?k2knak, + 64asoal k k2 kankd, — 6408 k k2 kakd, — 32
aj,acok?k3kazkd) — 192a12a20a% k*k3k5, + 192a12a5,k%k3k3, + 96a12a3,
asok?k2k;, — 64ai2a20a5,k*k3k3, + 64a12al k*k2k;, — 64az0a),as2k*k?
k3, + 64ad as:k*k2ks, + 64al aszae0k*k2k3, — 64az0a3,a32kk2k3, + 64
a3, as2k®k2ks, + 64azal k*k2kazks, — 64a5,k*k?kozks, — 64a5,as0k?k?
kaskj, + 64as0aS k*k2kazk;, — 64al k*k2karks, — 192a12a20a5 k2 k2KS,+
192a12a%,k*k2k3, + 32a12a%,a60k*k2k5, — 128az0a3,as2k*k2k], + 128a3,
asak*k2k3, + 32aj aszac0k*k2k3, + 128a20aS k?k3ka0ks, — 128a% k2k?
kaok3, — 32al,acok®k3kazk, — 64a12a20a3,k*k2kS, + 64a12a5,k*k3kS, —
64az0al,as2k*kIkS, + 64a3,a3:k*kIkS) + 64az0ad k*kTkankS, — 64ad k?k?
Kook, — 48a%,agok k2K kaoks1 + 96a20a]k k2 kn k2 k31 — 96a,k k2kay
kgokgl — 32agoa60k4kfk21kgok31 + 640,200,30]{:4]6%]621]630]631 — 640,;0](:4]4:%]621
k3,ks1 + 8ad,ae0k®kik:, — 32a8,ae0k*k?ksok?, — 16a20a5,kk2ksok2, + 16
al k®k2ksok2, + 64as0al k*k?k2 k2, — 64a’ k*k2k2 k2, — 64a’ agok*k3k2,
k2, + 128aq0al k*k2k3 k2, — 128aS k*k2k3 k2, — 32aS,aeok*k3k3, k2, + 64
azoag,k*kiky k3, — 64aj k*kik; k3, .

2az0a3 k*k{k2, + 8azoaj k*kik3, + 8asxad,kiks, + 8azoal k*kik;, + 16
azoat kik3, + 2ax0as k*kik3, + 8azpaS,k*kiks, + 8azpal kiks, + 8azal,
kik3, + 8azal,k*kiks, + 16as0ad kikS, + Bazajkikl, — asoasok*kikso
—4aidagok?kik2, — 4a3dagokiks, — 4a3,acok’kik3, — 8aj,asokiks, — 2ad,
k*kik2, — 8aj k*kik3, — 8ad kiks, — ad,asok*kik2, — 4ad,ae0k?kik3, — 4
ajyacokiky, — 4aj,acokiksy, — 8aj k*kiks, — 16a3,kiks, — 4aj acok’kiks,
_Sagoaﬁok%kgo + 20’50"’6"7‘11"530 + 6a§0k4k‘11k§0 - 8a§0k‘11kg0 - 8a§0k‘1“k§0 —4
agoacokikSy + 8ag k kiky, + 8ag k*kik], — 16ag,kiks, + 8aj k*kikg, — 8
agokikgo-

—8asoal, a5k’ — 32ax0a3,a51ki k7 — 8al asnkik™ + 8azpad askik” — 8as
al,ag1k1k” — 32az0a},a51ks0k” + 8azial ki1ksok” + 8azoad,kiks1 k™ — 32ax0
aloas1k3,k® — 64as0a3,a51k3,k° + 32az1a35,k1k3,k® — 32az0a3,a51k3,k°+
32az1a3,k1k3,k° — 32a5,a41k1k3 k° + 32a20a),a41k1k3,k° — 32a20a3,a61k1
k2,k5 — 8asoal,acokik21k® — 32al a41k1ksok® + 32az0aS,a41k1ksok® — 32
a20a3,a61k1k30k® — 32az0aS,k1k21ksok® + 16a2,a3,k1ka1ksok® — 32as0aj3,
k1k2,ks1k® + 32a3,a3,ki1k2 ks1k® — 16a20a3,a60k1ks1k® — 32a20a3,k1kso
ks1k® + 32a2 a3,k1ksoks1k® — 16as0ad,as0ki1ksoks1k® + 32a21a3 k1k5 k®+
64aza3,k1k5 k® — 32a3,a41k1k; k® 4+ 32a20a3,a41k1k5,k> — 32a20a3,a61
k1k3,k® + 32az1a3,k1k3 k® — 64al,a41k1k3 k® + 64az0ad,a41kik3 k* — 64
az0ad,a61k1k3 k® — 64azgad kika k3 k® + 32a a3 ki1ka1 k3 k® — 32ak,a41
k1k2,k® + 32as0aS,a41k1 k2 k® — 32az0aS,a61k1k2,k? — 64az0ad k1ka1 k2 K®
—|—32a§0agok1k21k§0k3 — 16a20agoa60k1k21k§0k3 — 16a20ag0a60k1k:21k30k3
—96az0a3 k1k; ks1k® + 64a3 a3 k1ka k31 k® — 192aq0a3,k1k3 ks k> + 128
a2, a3 kikj ks k® — 32az0a3,a60k1k3,k31k® — 96aq0a3 k1k3 k31 k> + 64

2 4 2 3 5 2 3 6 3
a20a30k1k30k31k — 64a20a30a60k1k30k31k¢ — 320,200,300,60,{31’{330’{231’{1 .
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By = 8al a2 k*kso + 32a3,a2,k*k:, + 32a3,a2, k3, + 32a3,a30k?k], + 64al,

4 3 1.5 2 4 4 2 4 2 2 4
asoksz, + 32a,,k3, — 4as,a3,a60k™ — 16a5,a5,a60k" k3o — 16a3,a35,a60

2 2 3 212 2 3 3 _ Q.2 .3 1.4 _ 2
k3, — 16a5,a3,a60k” k3, — 32a35,a5,a60ks, — 8asya3,k*k3o — 32a5,a3,

3

27,2 2 3 1.3 2 2 4 2 2 1.21.3 2 2 1.4
kk3o — 32a30a30k35, — 16a35a30a60k3, — 32a5,a50k°k;5, — 64az,a3.k;,
2 5
—320/200,30’(730.
Here we provide the values of the functions F»; and F>, that appear in the proof of theorem 3.1.

F21(0, r, 'lU) =

1
r(k cos? 0 + ksin® 0) (agokzkz%kgo
r sin Oago — all(agokf (CL31 + k31)7‘ sin Hkgo —+— (a20k31 — 021k30)
wkso + aso(azoksiw — azksow))ase + kso(k3ksor (ke2kso + ka1
(k21 — k17 cos 0)) sin 0a3, + k2kso(k2, — k?ksz)7 sinOal, + (—2

0131]6%]6317' sin Hkgo — (a21k30 — a20k31)w(k21 — kl’l“ COSs 0))&30

1
+k?(axkso — azoks2)w + a2 k?k3,rsin))) + —————(rsinf

(r cos O(—ar2k2k2,(aso + kso)

ald k3k3
3071R30
(asokkso(ad k1 (as2k3, — asiksikso + +aso(k3, — ksoksz))r cos 6
1
—7((01%0,{3307' SiIl Okf —|— azgw)(—alzkk1k30a§0 —|— all(kzl

a30k2k%k30
(kk)31 —|— k1k30’f’ sin 0)a§0 — a30a31k:k:1k:30 + azow)aéo + kk1k30
(030(2032k§0 — 2asoks2kso + asok'gl) - aﬁlkﬁo))))kf + azow(aq2

asokso(aso + kso)ad, + a11(asiasokso + asi(aso + kso)kso — aso

asoksi)ad, + kso(—a2,asokso(k? + kso) + aso(as2asoksok? + ————
azok1ks3o

((051]630 + a50k31)(a§0k30r sin 9’43% + azow)k) - a30a5ok§1 + Lk
30
((—aa1kso + as1kso + (ago — aa0)ks1) (a2 ksor sin Ok? 4 azow))

1
—E(a30(a30kk30(a50k22 + as1(ke1 — k17 cos0)) — agw))) +

agokkl
(a31(a§0(a40 — Cbm))k;;o’l" sin Oki’ + a20a30(a40 — ago)TUkl + agok

k30(a51k:2 + 2&50(k31 — kk:lr sin 9))’{31 — 20,200,50’(32'11])))))))—
1

(-1 (ayrsina2,) + —(asr sin Gas)
a11rsinova —\a11rsinova
r3(k cos2 0 + ksin® 0)2 " kkso 11 80 koo 20

1 1 1
—|—E(k:1'r2 cos 0 sin Bazy) — E(kzmr sin Oazg) + ———(azokks;w)

2 1.21.2
azokiks,

1 k 1
+—(kksy7r sin 0) — i )rsin® + —————— (7 cos (a1 kk]

k3o a2 k2ksg a3, kkik2,
ksor sin 0al, — kkiksor cos 0(kksi + kiksor sin 0)al, + k1 (k3,r?
sin® 0k} + as1k2k2,r cos 0k3 + k(2k2 k317 sin 0k3 + a11azowk:+
A11020a50W)) A5, + k1kso(azow(—(kr cos @ + (a0 — ago)r sin Ok?
+ai1asok + asok(kir cos 0 — ka1)) — 2a31kk3k2,r sin 0)a3, + azo
kiw(asok1ksor sin Ok? + 2k, ksoksik + asow + 2k2k2,r sin 0)a2,

+azokiw(asikkso(asok? — 2k1ks0) + az0(aeo — aso)w)ase + a2,

(asok® + klkso)wz)))((—kkw
1

- in Baso) — — (k172 cos 0 sin 6 T~ (askw)—
k(aursm aso) kz( 172 cos 0 sin a30)+a§0k%k30(a21 w)

1
(a1 sinBa3;) + %(kzmr sin Oazg)—
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F22(0, T, 'U]) =

1 1 1
—(kksirsin0) — ———(aqokksiw)r cos@ + ——(r sin
oo T SO) = g, (ko) cos Ot e s

0(aq11kkiksor sin 0al, — kkiksor cos 0(kks, + ki1ksor sin 0)aj,+

k1 (k3,12 sin® Ok} + as1 k*k2,r cos O0k3 + k(2k3 k317 sin Ok3 + a1,
azowky + ai1a20as50w))az, + kikso(azow(—(kr cos @ + (a0 — ago)
rsin 0)k? + ai1as0k + asok(k1r cos @ — ka1)) — 2as1kk3k2 7 sin 0)
a3, + azokiw(asokiksor sin Ok? + 2k ksoksik + aspow + 2k2k2,r
sin 0)a2, + azokiw(asikkso(asok® — 2k1kso) + az0(aso — aao)w)
ago + a3, (asok® 1+ kikso)w?))))),

3 kk k
a3 kk2ksor?(k sin? @ + k cos? 6)2 (wlaniagyasokks(aso + kso) + aso

k1 (azow(ago — a0) + asiasok®kso) + azoasok?w + a3 kikso(k3r
(060 bt CL40) sin0 —|— a50k(k1r COSB d k21)) + agokl(amw —I— a50k:2k:1

k3or sin 0)) (ﬁ(r cos 0(a3,k1(k(ai11a20a50w + ai1azok, w+
azokkiks,

2k3k2 k317 sin 0) + az1k*k3k2,r cos 6 + kik3,r? sin® ) + ad kikso
(azow(ai1as0k + k2(—(r(as0 — aeo) sin @ + kr cos 0)) + asok(kir
cos 0 — k21)) — 2as1kk3k2,r sin 0) + aq1a5,kkiksor sin 6 + a2 w?
(a50k2 + klkSO) + a2oa§0k1w(a40w + a50k2k1k30r sin @ + 2kk1k30
ks1 + 2k2k2,r sin 0) + azoasokiw(azow(aso — as0) + asikkso(asok?
1
—2k1kso)) — aj kkiksor cos 0(kksi + kiksorsin@))) + rsin 0(———
(a11a2,7 sin 6) + 1 in 0) + ko) —
a11a,,7T S1InN —(a11Aa307T SIN ———— Qg 31w) — —
%0 k a3, kik3, a3okikso

1 1
(az1kw) + E(agoklrz sin 6 cos 0) — E(agokzl’r sin 0) + k—(kk;ﬂr

30
1
Y)Y s X
sin 9)))) a3 erk2 (k sin® 0 + k cos? 0) (w(a11a3,(—asoasoks: + as:

kso(aso + k3o) + asi1asokso) + a12a3,as0kso(aso + kso) + kso(aso

(k:k:30 1 1

+—————(k(asoks1 + as1kso) (azow + a2 k3ksorsin0)) — —(aso
asok1ks3o k

(a30kk30(a50k322 + a51(k:21 — ky7 cos 9)) - a,41w)) - asoasokgl-F

k%k

aszasok’kso) + aaakky

agoki’kgor(a40 — CLG()) sin 0 —|— agokk1k30(2a50(k31 — k:k:l'r sin 0)+

as1k?))) — a3 as0kso(k* + k30)))))-

((k31(aeo — as0) — aa1kso + ae1kso)(azow + a3,k2ksor sin 0))

(as1(azoaszokiw(aso — aso) — 2az0asok?w+
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e Abstract:

The objective of this memory is to study the Zero-Hopf Bifurcation of two types of biolog-
ical models, where we focuse on finding the number of isolated periodic solutions for there
corresponding differential systems by using the averaging theory of first and second order.

e Keywords:
Equilibrium point, Malaria model, Tumor Growth Cancer model, Averaging theory.
e Résumé:

L’objectif de ce mémoire est d’étudier la Bifurcation Zéro-Hopf de deux types de modéles biolo-
giques, ou nous sommes intéressé sur la recherche du nombre de solutions périodiques isolées
pour les systemes différentiels correspondants en utilisant la méthode de moyennisation du
premier et du second degré.

e Mots clés :

Point d’équilibre, Modéle de Malaria, Modeéle du Cancer de la croissance tumorale, Théorie de
la moyennisation.
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