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INTRODUCTION

Over the past years, the flexible beam structure is widely used in modern engineering because
of its advantages (e.g. light weight, low energy consumption, etc.), and its control problem

becomes one of the hot research topics. A large number of systems can be modeled as
mechanical flexible systems such as telephone wires, conveyor belts, crane cables, helicopter

blades, robotic arms, mooring lines, marine risers, and so on.
However, unwanted vibrations due to the flexibility property and the time-varying

disturbances restrict the utility of these flexible systems in different engineering applications.
If the flexible beam system cannot be well controlled, the vibration will not only affect the
accuracy and efficiency of the system, but also accelerate the equipment fatigue damage,
seriously shorten the service life of the materials, and bring production safety risk and

economic loss. Therefore, it is very important to effectively control flexible beam systems.
Flexible beam systems and their vibration suppression have received great attention in the

literatures. Boundary control has several merits for vibration suppression of the flexible beam
systems. In this work we study the decay rates for the solutions to the mixed problem for

Euler–Bernoulli beam equation with memory term.
ytt + yxxxx −

∫ t
0 g(t− s)yxxxx(x, s)ds = 0 in Ω× R+

y(0, t) = 0 , yxx(0, t) = yxx(1, t) = 0 ∀t > 0
yxxx(1, t)−

∫ t
0 g(t− s)yxxx(1, s)ds = 0

(1)


ρytt(x, t) + EIyxxxx(x, t)− Tyxx(x, t)− EI

∫ t
0 g(t− s)yxxxx(x, s)ds = 0 in Ω× R+,

yxx(0, t) = yxx(L, t) = y(0, t) = 0 ∀t > 0,
−EIyxxx(L, t) + Tyx(L, t) + EI

∫ t
0 g(t− s)yxxx(L, s)ds = U(t) ∀t > 0,

U(t) = 0.
(2)

Since the pioneer works of Dafermos in 1970, where the general decay was discussed, problems
related to viscoelasticity have attracted a great deal of attention and many results of

existence and long-time behavior have been established. Global existence and uniform decay
of solutions have been discussed for similar problems by different authors. It seems that all

started with kernels of the form h(t) = e−βt, β > 0, then kernels satisfying
−ξ1h(t) ≤ h′(t) ≤ −ξ2h(t),∀t ≥ 0 for some positive constants ξ1 and ξ2 together with some

conditions on the second derivative. Later these conditions have been relaxed to only
h′(t) ≤ −ξh(t), for all t ≥ 0 and some ξ > 0. Recently, the constant ξ has been replaced by a
function of time ξ(t). This has allowed the authors to derive decay results of other types than
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just exponential or polynomial type. In our work, we would like to prove that the energy
decays at a little bit slower rate than γ(t)−1. In this respect we recall that when γ(t) is a
polynomial this result is somehow in agreement with the finding of Fabrizio and Polidoro,

where the authors proved that the degree for the decay of the energy is smaller than or equal
to the degree of the decay of h(t). We mention here that a mere replacement of the

exponential function by an arbitrary function γ(t) does not prove the result without further
conditions on γ(t).

our work consists of two chapters:
Chapter 1:

this chapter presents the preliminary concepts(Inequalities of Cauchy schwartz, Young,
Holder’s and poincaré).

Chapter 2:present
On this chapter we study three problems: first one: Arbitrary decays in linear viscoelasticity,

the second one, Arbitrary decay for a Euler-Bernoulli Beam Equation with Memory ,
The third one, Stabilization of a viscoelastic Euler-Bernoulli beam .
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CHAPTER 1

PRELIMINARY CONCEPTS

1.1 Inequalities
The Cauchy-Schwartz inequality is an elementary inequality and at the same time a powerful
inequality, which can be stated as follows:
Cauchy-Schwarz inequality :

|x.y| 6 ‖x‖‖y‖, (x, y ∈ Rn)

Lemma 1 [5] Let ϕ(x, t) ∈ R be a function defined on x ∈ [0, L] and t ∈ [0,∞) that satisfies
the boundary condition

ϕ(0, t) = 0,∀t ∈ [0,∞) (1.1)

then the following inequality holds

ϕ2(x, t) ≤ L
∫ L

0
(ϕ′(x, t))2dx ∀x ∈ [0, L] (1.2)

If in addition to (1.1), the function ϕ(x, t) satisfies the boundary condition

ϕ′(0, t) = 0, ∀t ∈ [0,∞), (1.3)

then the following inequality also holds

(ϕ′(x, t))2 ≤ L
∫ L

0
(ϕ′′(x, t))2dx ∀x ∈ [0, L] (1.4)

Young inequality

Theorem 1.1.1

Let 1 < p, q <∞, 1
p

+ 1
q

= 1,
then

ab ≤ ap

p
+ bq

q
, a, b > 0.
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Holder’s inequality: For Ω an open subset of Rn. Assume 1 < p, q <∞, 1
p

+ 1
q

= 1. Then,
if u ∈ Lp(Ω), v ∈ Lq(Ω) ∫

Ω
| uv | dx 6 ‖u‖p‖v‖q

Poincaré inequality
Let I=(a,b) be an open interval, possibly unbounded, and let p ∈ R with 1 6 p 6∞
The sobolev espace W 1,p(I) is defined to be

W 1,p(I) = {u ∈ Lp(I);∃g ∈ Lp(I) such that
∫
I
uϕ′ = −

∫
I
gϕ ∀ϕ ∈ C1

c (I)}

We set
H1(I) = W 1,2(I)

For u ∈ W 1,p(I) we denote u′ = g.
Given 1 6 p <∞ denote W 1,p

0 (I) the closure of C1
c (I) in W 1,p(I).Set

H1
0 (I) = W 1,2

0 (I)

.
The space W 1,p

0 (I) is equipped with the norm of W 1,p(I), and the space H1
0 is equipped with

the scalar product of H1.

Theorem 1.1.2

Let p, so that 1 ≤ p < ∞ and Ω is a bounded, open subset of Rn . Then, there exists a
constant c, depending only on Ω and p, so that, for every function u of the sobolev space H1

0 (Ω)
of zero-trace functions,

‖u‖Lq(Ω) ≤ c‖Du‖Lp(Ω).

for each q ∈ [0, p′], such that q < p′ the constant c depending only on p, q, n and Ω.
such that D is the differential of u .

1.2 Lyapunov Exponential stability theorem
Suppose there is a function V and constant α > 0 such that

• V is positive definite.

• V̇(z) ≤ −αV(z) for all z

Then, there is an M > 0 such that every trajectory of ẋ = f(x) satisfies

‖x(t)‖ ≤Me−
αt
2 ‖x(0)‖.

This is called Global Exponential Stability.
V̇(z) ≤ −αV(z) gives guaranteed minimum dissipation rate, proportional to energy.
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1.3 Converse Lyapunov global exponential stability
theorem

Suppose there is β > 0 and M > 0 such that each trajectory of ẋ = f(x) satisfies

‖x(t)‖ ≤Me−βt‖x(0)‖ for all t ≥ 0.

Then, there is a Lyapunov function that proves the system is exponencially stable there is
function V : Rn → R and contant α > 0 such that

• V is positive definite.

• V̇(z) ≤ −αV(z) for all z.

6



CHAPTER 2

STABILITY SOLUTIONS FOR A
EULER-BERNOULLI BEAM EQUATION

2.1 Arbitrary decays in linear viscoelasticity
We shall consider the following wave equation with a viscoelastic damping term:


ytt −∆y +

∫ t
0 g(t− s)∆y(s)ds = 0, in Ω× R+

y = 0, on Γ× R+

y(x, 0) = y0(x), yt(x, 0) = y1(x), in Ω
(2.1)

where Ω is a bounded domain in Rn with smoth boundary Γ = ∂Ω, such that ∆y = ∑n
i=0

∂2yi
∂yi2

.

Theorem 2.1.1 Let (y0, y1) ∈ H2(Ω)⋂H1
0 (Ω)xH1

0 (Ω) and g(t) be a nonnegative summable
kernel.
Then ther exists a unique regular solution y to problem (2.1) such that

y ∈ L∞loc(0,∞;H2(Ω)
⋂
H1

0 (Ω)), yt ∈ L∞loc(0,∞;H1
0 (Ω)), ytt ∈ L∞loc(0,∞;L2(Ω))

If (y0, y1) ∈ H1
0 (Ω)xL2(Ω), then there exists a unique regular solution y satisfying

y ∈ C([0,∞);H1
0 (Ω))

⋂
C1([0,∞), L2(Ω)).

Multiplying (2.1) by yt and integrating ouver Ω , we get∫
Ω
ytyttdx−

∫
Ω
yt∆ydx+

∫
Ω
yt

∫ t

0
g(t− s)∆y(s)ds = 0

I1 =
∫

Ω
ytyttdx

= 1
2

∫
Ω

d

dt
(yt)2dx = 1

2
d

dt
‖yt‖2

2 (2.2)
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I2 = −
∫

Ω
yt∆ydx

=
∫

Ω
∇yt∇ydx = 1

2
d

dt
‖∇y‖2

2 (2.3)

I3 =
∫

Ω
yt

∫ t

0
g(t− s)∆y(s)ds

= −
∫

Ω
∇yt

∫ t

0
g(t− s)∇y(s)ds (2.4)

Combining (2.2),(2.3) and (2.4), the result will be

1
2
d

dt
{‖yt‖2

2 + ‖∇y‖2
2} =

∫
Ω
∇yt

∫ t

0
g(t− s)∇y(s)dsdx

We define the (classical) energy by

E(t) = 1
2{‖yt‖

2
2 + ‖∇y‖2

2} (2.5)

Then by equation (2.1) it is easy to see that

E ′(t) =
∫

Ω
∇yt

∫ t

0
g(t− s)∇y(s)dsdx

Observe that E ′(t) is of an unknown sign and that

2
∫

Ω
∇yt

∫ t

0
g(t− s)∇y(s)dsdx =

∫
Ω
g′�∇y(t)dx− g(t)‖∇y‖2

2

− d

dt
{
∫

Ω
g�∇y(t)dx− (

∫ t

0
g(s)ds)‖∇y‖2

2} (2.6)

where

g�v(t) :=
∫ t

0
g(t− s)|v(t)− v(s)|2ds

and ‖.‖ denotes the norm in L2(Ω).Therefore,if we modify E(t) to

ε(t) := 1
2{‖yt‖

2
2 + (1−

∫ t

0
g(s)ds)‖∇y‖2

2 +
∫

Ω
g�∇y(t)dx} (2.7)

we obtain

ε′(t) = 1
2(
∫

Ω
g′�∇y(t)dx− g(t)‖∇y‖2

2). (2.8)

We assume that the kernel is such that

1−
∫ +∞

0
g(s)ds = 1− k > 0.

Hence,if g′ ≤ 0,it follows that ε(t) is nonincreasing and bounded above uniformly by
ε(0) = E(0).
Next, we define the standard functionals,

ψ1(t) :=
∫

Ω
ytydx,
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ψ2(t) := −
∫

Ω
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx,

and the new one

ψ3(t) :=
∫

Ω

∫ t

0
Gγ(t− s)|∇y(s)|2dsdx,

where

Gγ(t) := γ(t)−1
∫ ∞
t

g(s)γ(s)ds.

A similar functional to Gγ(t) has been used in the theory of population dynamics where the
problems are of Volterra type.The modified energy we will work with is

L(t) := ε(t) + Σ3
i=1λiψi(t) (2.9)

for some λi > 0, i = 1, 2, 3 to be determined.

2.1.1 Equivalence between L(t) and E(t) + ψ3(t)
The first result tells us that L(t) and ε(t) + ψ3(t) are equivalent.

Proposition 1 There exist ρi > 0, i = 1, 2 such that

ρ1[ε(t) + ψ3(t)] ≤ L(t) ≤ ρ2[ε(t) + ψ3(t)]
for all t ≥ 0 and small λi, i = 1, 2.

proof 1 By the inequalities
Applying Cauchy Schwartz, Young’s inequality and Poincare we get

ψ1(t) =
∫

Ω
ytydx

ψ1(t) ≤ (
∫

Ω
(yt)2dx)

1
2 (
∫

Ω
(y)2dx)

1
2

≤ ‖yt‖2‖y‖2

≤ 1
2‖yt‖

2
2 + cp

2 ‖∇y‖
2
2 (2.10)

and

ψ2(t) = −
∫

Ω
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

≤ ‖yt‖(
∫

Ω
(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx) 1

2∫
Ω

(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx ≤

∫
Ω

(
∫ t

0
g(t− s)ds)(

∫ t

0
g(t− s)(y(t)− y(s))2ds)dx

≤ cp

∫ t

0
g(s)ds(

∫
Ω

∫ t

0
g(t− s)(∇y(t)−∇y)2ds)dx

≤ cpk
∫

Ω
g�∇ydx

9



we get

ψ2(t) ≤ ‖yt‖(kcp
∫

Ω
g�∇ydx) 1

2

≤ 1
2‖yt‖

2
2 + cp

2 k
∫

Ω
(g�∇y)dx (2.11)

where cp is the poincare constant, we have

L(t) ≤ 1
2‖yt‖

2
2 + 1

2(1−
∫ t

0
g(s)ds)‖∇y‖2

2 + 1
2

∫
Ω
g�∇y(t)dx+ λ1(1

2‖yt‖
2
2

+cp2 ‖∇y‖
2
2) + λ2(1

2‖yt‖
2
2 + cp

2 k
∫

Ω
(g�∇y)dx) + λ3ψ3

simplicity, we have

L(t) ≤ 1
2(1 + λ1 + λ2)‖yt‖2

2 + 1
2(1−

∫ t

0
g(s)ds+ λ1cp)‖∇y‖2

2

+1
2(1 + λ2cpk)

∫
Ω

(g�∇y)dx+ λ3ψ3(t)

On the other hand,

2L(t) ≥ ‖yt‖2
2 + (1−

∫ t

0
g(s)ds)‖∇y‖2

2 +
∫

Ω
g�∇y(t)dx− λ1(‖yt‖2

2

+cp‖∇y‖2
2)− λ2(‖yt‖2

2 + cpk
∫

Ω
(g�∇y)dx) + 2λ3ψ3

simplicity, we have

2L(t) ≥ (1− λ1 − λ2)‖yt‖2
2 + (1− k − λ1cp)‖∇y‖2

2

+(1− λ2cpk)
∫

Ω
(g�∇y)dx+ 2λ3ψ3(t)

Therefore, ρ1[ε(t) + ψ3(t)] ≤ L(t) ≤ ρ2[ε(t) + ψ3(t)] for some constantn ρi > 0, i = 1, 2 and
small λi, i = 1, 2 such that1− λ1 − λ2 > 0

1− λ2cpk > 0
⇒

λ2 < 1− λ1

λ2 <
1
cpk

⇒ λ2 < min{ 1
cpk

, 1− λ1}

1− k − λ1cpk > 0
1− λ1 > 0

⇒
{
λ1 <

1−k
cp
λ1 < 1 ⇒ λ1 < min{1, (1− k)

cp
}

The following inequality will be used repeatedly in the sequal.

Lemma 2
ab ≤ δa2 + b2

4δ , a, b ∈ R, δ > 0.

Our next result is a simple identity which gives a better estimate for∫
Ω
∇y

∫ t

0
g(t− s)∇y(s)dsdx

.
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Lemma 3 We have, for t ≥ 0,

∫
Ω
∇y

∫ t

0
g(t− s)∇y(s)dsdx

= 1
2(
∫ t

0
g(s)ds)‖∇y‖2

2 + 1
2

∫ t

0
g(t− s)‖∇y(s)‖2

2ds−
1
2

∫
Ω

(g�∇y)dx. (2.12)

The proof is straightforward.
This identity is better in our case than the following ones:∫

Ω
∇y

∫ t

0
g(t− s)∇y(s)dsdx

≤ δ‖∇y‖2
2 + 1

4δ (
∫ t

0
g(s)ds)

∫ t

0
g(t− s)‖∇y(s)‖2

2ds, t ≥ 0, δ > 0

or ∫
Ω
5y

∫ t

0
g(t− s)5 y(s)dsdx

= −
∫

Ω
5y

∫ t

0
g(t− s)(5y(t)−5y(s))dsdx+

∫
Ω
5y

∫ t

0
g(t− s)(5y(t))dsdx

= −
∫

Ω
5y

∫ t

0
g(t− s)(5y(t)−5y(s))dsdx+ (

∫ t

0
g(s)ds)‖ 5 y‖2

≤ (δ + (
∫ t

0
g(s)ds))‖ 5 y‖2 + 1

4δ (
∫ t

0
g(s)ds))

∫
Ω

(g�5 y)dx , t ≥ 0, δ > 0

Which were used in almost all the previous works to estimate the term∫
Ω
5y

∫ t

0
g(t− s)5 y(s)dsdx

that appears in the proofs (see the first relation in the proof of Theorem 2.1 below).our rela-
tion (2.12) provides us with the negative term 1

2
∫

Ω(g�5 y)dx which will be of great help in
canceling a similar undesirable term

2.1.2 Asymptotic Behavior
In this section we state and prove our result.But first we introduce the following notation .

For every measurable set A ⊂ R+ ,we define the probability measure ĝ by

ĝ(A) := 1
k

∫
A
g(s)ds (2.13)

The flatness set and the flatness rate of g are defined by

Fg := s ∈ R+ : g(s) > 0 and g′(s) = 0 (2.14)

and
Rg := ĝ(Fg),

11



respetively.

Our assumptions on the kernel g(t) are the following:
(H1)g(t) ≤ 0 for all t ≤ 0 and 0 < k =

∫∞
0 g(s)ds < 1.

(H2)g′(t) ≤ 0 for almost all t > 0.
(H3)There exists a nondecreasing function γ(t) > 0 such that γ′(t)

γ(t) =: η(t) is a decreasing func-
tion and

∫∞
0 g(s)γ(s)ds < +∞

Let t∗ > 0 be a number such that
∫ t∗

0 g(s)ds = g∗ > 0.For simplicity,we consider kernels contin-
uous and differentiable a.e

Theorem 2.1.2 Assume that the hypotheses (H1)-(H3)and Rg <
1
4 hold.

If Gγ(0) < [(8− k)g∗− 3k]/4, g∗ > 3k
(8−k) , then, there exist positive constants C and v such that

E(t) ≤ Cγ(t)−v, t > 0

proof 2 The methode of proof consists in showing an inequality of the form
L′(t) ≤ −Cη(t)L(t), t ≥ 0 for some positive constant C . An integration of this inequality
gives us the decay for L(t) .
Then an application of Proposition 1 implie the sought relation for ε(t) and thereafter for E(t).
A differentiation of ψ1(t) with respect to t along trajectoires of (2.1) gives

ψ1(t) =
∫

Ω
ytydx

ψ′1(t) =
∫

Ω
yttydx+ ‖yt‖2

replacing ytt by other terms in problem we get

ψ′1(t) =
∫

Ω
M yydx−

∫
Ω
y
∫ t

0
g(t− s) M y(x, s)dsdx+ ‖yt‖2

ψ′1(t) := ‖yt‖2 + ‖ 5 y‖2 −
∫

Ω
5y

∫ t

0
g(t− s)5 y(s)dsdx

and by Lemma 3 (identify (2.12)) we obtain

ψ′1(t) ≤ ‖yt‖2 − (1− k

2)‖ 5 y‖2 + 1
2

∫ t

0
g(t− s)‖ 5 y(s)‖2ds− 1

2

∫
Ω

(g�5 y)dx (2.15)

For ψ2(t) we have

ψ′2(t) = −
∫

Ω
ytt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

−
∫

Ω
yt[
∫ t

0
g′(t− s)(y(t)− y(s))ds+ yt

∫ t

0
g(s)ds]dx

or

ψ′2(t) = −
∫

Ω
[(1−

∫ t

0
g(s)ds)4 y +

∫ t

0
g(t− s)(4y(t)−4y(s))ds]

12



×
∫ t

0
g(t− s)(y(t)− y(s))dsdx− (

∫ t

0
g(s)ds)‖yt‖2

−
∫

Ω
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx

Therefore,

ψ′2(t) = (1−
∫ t

0
g(s)ds)

∫
Ω
5y

∫ t

0
g(t− s)(5y(t)−5y(s))dsdx

+
∫

Ω
|
∫ t

0
g(t− s)(5y(t)−5y(s))ds |2 dx− (

∫ t

0
g(s)ds)‖yt‖2

−
∫

Ω
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx (2.16)

Now we proceed to estimate three terms in the right hand side of (2.16).For all measurable sets
A and F such that A = R+\F ,we have∫

Ω
5y

∫ t

0
g(t− s)(5y(t)−5y(s))dsdx

=
∫

Ω
5y

∫
A∩[0,t]

g(t− s)(5y(t)−5y(s))dsdx

+
∫

Ω
5y

∫
F∩[0,t]

g(t− s)(5y(t)−5y(s))dsdx (2.17)

≤
∫

Ω
5y

∫
A∩[0,t]

g(t− s)(5y(t)−5y(s))dsdx

+(
∫
F∩[0,t]

g(s)ds) ‖ 5y ‖2 −
∫

Ω
5y

∫
F∩[0,t]

g(t− s)5 y(s)dsdx

To simplify notation let us denote Bt := B ∩ [0, t] . Using the Lemma 2 ,it is easy to see
that for δ1 > 0

∫
Ω
5y

∫
At
g(t− s)(5y(t)−5y(s))dsdx

≤ δ1‖ 5 y‖2 + k

4δ1

∫
Ω

∫
At
g(t− s) | 5y(t)−5y(s) |2 dsdx

and ∫
Ω
5y

∫
Ft
g(t− s)5 y(s)dsdx

≤ 1
2(
∫
Ft
g(s)ds) ‖ 5y‖2 + 1

2

∫
Ft
g(t− s)‖ 5 y(s)‖2ds

Therefore,(2.17) becomes

13



∫
Ω
5y

∫ t

0
g(t− s)(5y(t)−5y(s))dsdx

≤ δ1‖ 5 y‖2 + k

4δ1

∫
Ω

∫
At
g(t− s) | 5y(t)−5y(s) |2 dsdx (2.18)

+3
2kĝ(F)‖ 5 y‖2 + 1

2

∫
Ft
g(t− s)‖ 5 y(s)‖2ds

Where ĝ is defined in (2.13 ).The second term in the right hand side of (2.16) satisfies the
relation

∫
Ω
|
∫ t

0
g(t− s)(5y(t)−5y(s))ds |2 dx

≤ (1 + 1
δ2

)k
∫

Ω

∫
At
g(t− s) | 5y(t)−5y(s) |2 dsdx (2.19)

+(1 + δ2)kĝ(F)
∫

Ω

∫
Ft
g(t− s) | 5y(t)−5y(s) |2 dsdx, δ2 > 0

The third term is istimated using Lemma 2 as follows:

I1 =
∫

Ω
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx

Applying Poincaré’s inequality , there exist cp > 0, such that

I1 ≤
∫

Ω
yt(cp

∫ t

0
g′(t− s)(5y(t)−5y(s))ds)dx (2.20)

Appliying Cauchy Schwartz and Young’s inequality, we get

I1 ≤ (
∫

Ω
(yt)2dx)

1
2 (cp

∫
Ω

(
∫ t

0
g′(t− s)(5y(t)−5y(s))ds)

2
dx)

1
2

= (
∫

Ω
(yt)2dx)

1
2 (cp

∫
Ω

(
∫ t

0
|g′|

1
2 |g′|

1
2 (5y(t)−5y(s))ds)

2
dx)

1
2

≤ (
∫

Ω
(yt)2dx)

1
2 (cp

∫
Ω

∫ t

0
|g′|ds

∫ t

0
|g′|(5y(t)−5y(s))2dsdx)

1
2

(2.21)

≤ (
∫

Ω
(yt)

2
dx) 1

2 (cpg(0)
∫

Ω
|g′|�5 ydx)

1
2

≤ δ3‖yt‖2 + cp
4δ3

(
∫ t

0
| g′(s) | ds)

∫
Ω

(| g′ | �5 y)dx

≤ δ3‖yt‖2 − cp
4δ3

g(0)
∫

Ω
(g′�5 y)dx (2.22)

for any δ3 > 0.Taking into account (2.17)-(2.22) in (2.16) we obtain
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ψ′2(t) ≤ (1− g∗)[δ1 + 3
2kĝ(F)]‖ 5 y‖2 + (δ3 − g∗)‖yt‖2

+ [(1− g∗)
k

4δ1
+ (1 + 1

δ2
)k]

∫
Ω

∫
At
g(t− s) | 5y(t)−5y(s) |2 dsdx

+ 1
2(1− g∗)

∫
Ft
g(t− s)‖ 5 y(s)‖2ds− Cp

4δ3
g(0)

∫
Ω

(g′�5 y)dx

+ (1 + δ2)kĝ(F)
∫

Ω

∫
Ft
g(t− s) | 5y(t)−5y(s) |2 dsdx (2.23)

Further,a differentiation of ψ3(t) yields

ψ3
′(t) = (

∫ 1

0

∫ t

0
Gγ(t− s)| 5 y(s)|2dsdx)′

=
∫ 1

0
Gγ(0)| 5 y(s)|2 +

∫ t

0
Gγ
′(t− s)| 5 y(s)|2dsdx

=
∫ 1

0
Gγ(0)| 5 y(s)|2 −

∫ 1

0

∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)| 5 y(s)|2dsdx

−
∫ 1

0

∫ t

0
g(t− s)| 5 y(s)|2dsdx

= Gγ(0)‖ 5 y‖2
2 −

∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)‖ 5 y(s)‖2

2ds

−
∫ t

0
g(t− s)‖ 5 y(s)‖2

2ds

≤ Gγ(0)‖ 5 y‖2
2 − η(t)

∫ t

0
Gγ(t− s)‖ 5 y(s)‖2

2ds−
∫ t

0
g(t− s)‖ 5 y(s)‖2

2ds(2.24)

Where we have used the fact that γ′(t)
γ(t) = η(t) is a nonincreasing function, and we define

G′γ(t− s) = −γ
′(t− s)
γ(t− s)Gγ(t− s)− g(t− s)

.

Taking into account the estimations E ′(t),2.15,(2.23) and (2.24) ,we see that

L′(t) ≤ (1
2 −

Cp
4δ3

g(0)λ2)
∫

Ω
(g′�5 y)dx+ [λ1 + (δ3 − g∗)λ2]‖yt‖2

+ {λ2(1− g∗)[δ1 + 3
2kĝ(F)] + λ3Hγ(0)− λ1(1− k

2)}‖ 5 y‖2

+ (λ1

2 − λ3)
∫ t

0
g(t− s)‖ 5 y(s)‖2

2ds−
λ1

2

∫
Ω

(g�5 y)dx

+ λ2k[1− g∗4δ1
+ 1 + 1

δ2
]
∫

Ω

∫
At
g(t− s) | 5y(t)−5y(s) |2 dsdx

+ (1 + δ2)kĥ(F)λ2

∫
Ω

∫
Ft
g(t− s) | 5y(t)−5y(s) |2 dsdx

+ λ2

2 (1− g∗)
∫
Ft
g(t− s)‖ 5 y(s)‖2ds− λ3η(t)ψ3(t) (2.25)

We select γ2 ≤ δ3
cpg(0) so that

1
2 −

cp
4δ3
g(0)γ2 ≥ 1

4
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and introduce the sets

An = {s ∈ R+ : ng′(s) + g(s) ≤ 0}, n ∈ N.

Observe that ⋃
n
An = R+\{Fh

⋃Nh},
Where Nh is the nullset where g′ is not defined and Fh is as in (2.34) .
Furthermore, if we denote Fn := R+\An, then limn→∞ ĝ(Fn) = ĝ(Fh) because Fn+1 ⊂ Fn
for all n and ⋂

n
= Fh

⋃Nh.In 2.25,we take A := An and F := Fn andλ1 = (g∗ − ε)λ2 for some
small ε > 0.It follows that

L′(t) ≤ λ2(δ3 − ε)‖yt‖2
2

+ [λ2(1− g∗)(δ1 + 3
2kĝ(Fn)) + λ3Hγ(0)− (g∗ − ε)λ2(1− k

2)]‖ 5 y‖2
2

+ [λ2(g∗ − ε2 )− λ3]
∫ t

0
g(t− s)‖ 5 y(s)‖2

2ds−
λ2(g∗ − ε)

2

∫
Ω
g�5 ydx

+ [λ2k(1− g∗
4δ1

+ 1 + 1
δ2

)− 1
4n ]

∫
Ω

∫
Ant

g(t− s)(5y(t)−5y(s))2dsdx

+ λ2(1 + δ2)kĝ(Fn)
∫ 1

0

∫
Fnt

g(t− s)(5y(t)−5y(s))2dsdx

+ λ2(1− g∗)
2

∫
Fnt

g(t− s)‖ 5 y(s)‖2
2ds− λ3η(t)

∫ t

0
Gγ(t− s)‖ 5 y‖2

2ds (2.26)

We have

(∗)



δ3 − ε < 0 (2.27)

λ2(1− g∗)(δ1 + 3
2kĝ(Fn)) + λ3Gγ(0)− (g∗ − ε)λ2(δ + (1− δ))(1− k

2) < 0 (2.28)

λ2(g∗ − ε2 )− λ3 + λ2(1− g∗)
2 < 0 (2.29)

λ2(1 + δ2)kĝ(Fn)− (g∗ − ε)
2 λ2 < 0 (2.30)

λ2k(1− g∗
4δ1

+ 1 + 1
δ2

)− 1
4n < 0 (2.31)

from the relatin (2.27) we choose δ3, ε small

δ3 − ε < 0 =⇒ δ3 < ε

and from (2.28) for a small ε and large values of n and t, we see that if ĝ(Fn) < 1
4 , we have

3
2(1− g∗)kĝ(Fn)− δ(g∗ − ε)(1−

k

2) < 0

3
2k(1− g∗)ĝ(Fn) < δ(g∗ − ε)(1−

k

2) < δg∗(1−
k

2)

δ > (1− g∗)
3kĝ(Fn)
g∗(2− k)

3k(1− g∗)
g∗(2− k)

1
4 = 3

4
k(1− g∗)
g∗(2− k)
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δ = 3
4
k(1− g∗)
g∗(2− k)

Note that δ < 1. For the remaining 1− δ we require that λ2 and λ3 satisfy

λ2k(1− g∗
4δ1

+ 1 + 1
δ2

) < 1
4n

and
λ2(g∗ − ε2 + 1− g∗

2 ) < λ3 < λ2
(1− δ)(g∗ − ε)(2− k)

2Gγ(0)
We have g∗ − δ < g∗ so

λ2(g∗2 + 1− g∗
2 ) < λ3 < λ2

(1− δ)g∗(2− k)
2Gγ(0)

(1− δ) = 1− 3
4
k(1− g∗)
g∗(2− k)

= 4g∗(2− k)− 3k(1− g∗)
4g∗(2− k)

So, we get
(g∗ + 1− g∗)

λ2

2 < λ3 <
(8− k)g∗ − 3k

8Gγ(0) λ2

This is possible if Gγ(0) < [g∗(8− k)− 3k]/4and g∗ > 3k/(8− k).
Finally, we choose δ1, ε small and δ3 < ε

These choices together with (2.26) lead to

L′(t) ≤ −C1ε(t)− λ3η(t)φ3(t), t ≥ t∗

for some positive constant C1.As η(t) is decreasing, we have η(t) ≤ C1 after some t̂ ≥ t∗. The
right hand side inequality in Proposition 1 implies that

L′(t) ≤ −C2η(t)L(t), t ≥ t̂ (2.32)

for some positive constant C2. An integration of (2.32) yields
∫ t

t̂

L′(s)
L(s) ds ≤

∫ t

t̂
−C2η(s)ds

lnL(t)− lnL(t̂) ≤
∫ t

t̂
−C2η(s)ds

L(t) ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

and the left hand side inequality in Proposition 1 gives

ρ1[ε(t) + φ3(t)] ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

Therefore by the definitions of E(t) and ε(t),the continuity of E(t) and boundedness of the
interval[0,t̂] we infer that E(t) ≤ C/γ(t)ϑ, t > 0
for some positive constants C and ϑ
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2.2 Arbitrary decay for a Euler-Bernoulli Beam Equa-
tion with Memory

The main purpose of this work is to study the asymptotic behavior of the solutions of vis-
coelastic Euler-Bernoulli Beam Equation with boundary condition of memory type. For this,
we consider the following initial boundary- value problem:

ytt + yxxxx −
∫ t

0 g(t− s)yxxxx(x, s)ds = 0 in [0, 1]× R+

y(0, t) = 0 , yxx(0, t) = yxx(1, t) = 0 ∀t > 0
yxxx(1, t)−

∫ t
0 g(t− s)yxxx(1, s)ds = 0

(2.33)

we note ‖.‖ the L2([0, 1]) norme .

Multiplying (2.33) by yt and integrating over [0, 1] yield∫ 1

0
ytyttdx+

∫ 1

0
ytyxxxxdx−

∫ 1

0
yt

∫ t

0
g(t− s)yxxxx(x, s)dsdx = 0

For the first integral we have ∫ 1

0
ytyttdx = 1

2

∫ 1

0

d

dt
(yt)2dx

= 1
2
d

dt
‖yt‖2. (2.34)

Integration by parts the second integral we obtain∫ 1

0
ytyxxxxdx = yt(1, t)yxxx(1, t)−

∫ 1

0
ytxyxxxdx

= yt(1, t)yxxx(1, t) + 1
2
d

dt
‖yxx‖2. (2.35)

For the last integral we have

−
∫ 1

0
yt

∫ t

0
g(t− s)yxxxx(x, s)dsdx = −yt(1, t)

∫ t

0
g(t− s)yxxx(1, s)ds

+
∫ 1

0
ytx

∫ t

0
g(t− s)yxxx(x, s)dsdx

= −yt(1, t)
∫ t

0
g(t− s)yxxx(1, s)ds

−
∫ 1

0
ytxx

∫ t

0
g(t− s)yxx(x, s)dsdx

= −yt(1, t)
∫ t

0
g(t− s)yxxx(1, s)ds

− 1
2

∫ 1

0
g′�yxx(x, t)dx+ 1

2g(t)‖yxx‖2

+ 1
2
d

dt
{
∫ 1

0
g�yxx(x, t)dx−

∫ t

0
g(s)ds‖yxx‖2} (2.36)

combining (2.34), (2.35) and (2.36), the result will be

1
2
d

dt
{‖yt‖2 + ‖yxx‖2 +

∫ 1

0
g�yxx(x, t)dx− (

∫ t

0
g(s)ds)‖yxx‖2}

+yt(1, t)[yxxx(1, t)−
∫ t

0
g(t− s)yxxx(1, s)ds]−

1
2

∫ 1

0
g′�yxx(x, t)dx+ 1

2g(t)‖yxx‖2 = 0
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Taking into account the boundary conditions, it results that

1
2
d

dt
{‖yt‖2 + (1−

∫ t

0
g(s)ds)‖yxx‖2 +

∫ 1

0
g�yxx(x, t)dx}

= 1
2

∫ 1

0
g′�yxx(x, t)dx−

1
2g(t)‖yxx‖2

We define the energy E(t) of problem (2.33) by

E(t) = 1
2[‖yt‖2 + (1−

∫ t

0
g(s)ds)‖yxx‖2 +

∫ 1

0
g�yxx(x, t)dx]

Then, the derivative of the energy is given by

E ′(t) = 1
2

∫ 1

0
g′�yxx(x, t)dx−

1
2g(t)‖yxx‖2 (2.37)

We then define the modified energy by
L(t) = E(t) + λ1φ1(t) + λ2φ2(t) + λ3φ3(t) (2.38)

where

φ1(t) =
∫ 1

0
ytydx

φ2(t) = −
∫ 1

0
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

φ3(t) =
∫ 1

0

∫ t

0
Gγ(t− s)|yxx(s)|2dsdx

with Gγ(t) = γ(t)−1 ∫+∞
t g(s)γ(s)ds

2.2.1 Equivalence between L(t) and E(t) + φ3(t) :
We have the following lemma:
Lemma 4 There exist ρi > 0, i = 1, 2 such that

ρ1[E(t) + φ3(t)] ≤ L(t) ≤ ρ2[E(t) + φ3(t)] (2.39)
for all t ≥ 0 and small λi, i = 1, 2.

proof 3 Applying Cauchy Schwartz, Young and Poincaré’s inequality we get

φ1(t) =
∫ 1

0
ytydx

≤
∫ 1

0
|yt||y|dx

≤ ≤ 1
2‖yt‖

2 + 1
2‖y‖

2

φ1(t) ≤ 1
2‖yt‖

2 + 1
2C

2
p‖yxx‖2. (2.40)
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φ2(t) = −
∫ 1

0
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

≤ ‖yt‖(
∫ 1

0
(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx) 1

2

(
∫ t

0
g(t− s)(y(t)− y(s))ds)2 ≤

∫ t

0
g(s)ds

∫ t

0
g(t− s)(y(t)− y(s))2ds∫ 1

0
(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx ≤ C2

p

∫ t

0
g(s)ds

∫ 1

0

∫ t

0
g(t− s)(yxx(t)− yxx)2dsdx

≤ C2
pk
∫ 1

0
g�yxxdx.

φ2(t) ≤ 1
2‖yt‖

2 +
kC2

p

2

∫ 1

0
g�yxxdx (2.41)

where Cp is the Poincaré constant.

Replacing (2.40), (2.41) in the modified energy (2.38) we get

L(t) ≤ 1
2(1+λ1 +λ2)‖yt‖2 + 1

2(1−
∫ t

0
g(s)ds+λ1C

2
p)‖yxx‖2 + 1

2(1+λ2C
2
pk)

∫ 1

0
g�yxxdx+λ3φ3(t)

On the other hand,

(1− λ1 − λ2)‖yt‖2 + (1− k − λ1C
2
p)‖yxx‖2 + (1− λ2C

2
pk)

∫ 1

0
g�yxxdx+ 2λ3φ3(t) ≤ 2L(t)1− λ1 − λ2 > 0

1− k − λ1C
2
p > 0

⇒

λ1 < 1− λ2

λ1 <
1−k
C2
p

we get λ1 < min{1− λ2,
1−k
C2
p
}1− λ2C

2
pk > 0

1− λ2 > 0
⇒

λ2 <
1

C2
pk

λ2 < 1
we get λ2 < min{1, 1

C2
pk
}

Therefore

ρ1(E(t) + φ3(t)) ≤ L(t) ≤ ρ2(E(t) + φ3(t))

for some constant ρ1 > 0, i = 1, 2

2.2.2 Asymptotyc Behavior
In this section we state and prove our result. To this end we need some notation. For every

measurable set A ⊂ R+, we define ĝ by

ĝ(A) = 1
k

∫
A
g(s)ds (2.42)

where At = A⋂[0, t]. The flatness set and the flatness rate of g are defined by

Fg = {s ∈ R+ : g(s) > 0 and g′(s) = 0} (2.43)

and
Rg = ĝ(Fg),
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respectively.
For relaxation function g, we assume the following:
(A1) g : [0,+∞) −→ R+ are nonincreasing C1 functions satisfying

g(0) > 0, 0 < k =
∫ +∞

0
g(s)ds < 1

.
(A2) g′(t) 6 0 for almost t > 0.

(A3) There exists a nondecreasing function γ(t) > 0 such that γ′(t)
γ(t) =: η(t) is a decreasing

function and
∫+∞

0 γ(s)g(s)ds < +∞.
Let t? > 0 be a number such that

∫+∞
0 g(s)ds = g?.

Theorem 2.2.1 Assume that the hypotheses (A1)–(A3) and Rg <
1
4 hold.

If Gγ(0) < 4g∗(2−k)−3k
2 , g∗ > 3k/4(2 − k) , then, there exist positive constants C and ν such

that
E(t) ≤ Cγ(t)−ν , t ≥ 0.

proof 4
φ1(t) =

∫ 1

0
ytydx

A differentiation of φ1(t) with respect to t gives

φ′1(t) =
∫ 1

0
yttydx+ ‖yt‖2

Using (2.33) we get

φ′1(t) = −
∫ 1

0
yxxxxydx+

∫ 1

0
y
∫ t

0
g(t− s)yxxxx(x, s)dsdx+ ‖yt‖2

= −yxxx(1, t)y(1, t) +
∫ 1

0
yxxxyxdx+ y(1, t)

∫ t

0
g(t− s)yxxx(1, s)ds

−
∫ 1

0
yx

∫ t

0
g(t− s)yxxx(x, s)dsdx+ ‖yt‖2

φ′1(t) ≤ (−1 + k

2)‖yxx‖2 + ‖yt‖2

+ 1
2

∫ t

0
g(t− s)‖yxx(s)‖2ds− 1

2

∫ 1

0
g�yxxdx (2.44)

φ2(t) = −
∫ 1

0
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

φ′2(t) = −
∫ 1

0
ytt

∫ t

0
g(t− s)(y(t)− y(s))dsdx−

∫ 1

0
yt
d

dt
(
∫ t

0
g(t− s)(y(t)− y(s))ds)dx

= −
∫ 1

0
ytt

∫ t

0
g(t− s)(y(t)− y(s))dsdx−

∫ 1

0
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx

−
∫ 1

0
y2
t

∫ t

0
g(t− s)dsdx (2.45)

Replacing ytt by other terms in problem (2.33) we get

I1 =
∫ 1

0
yxxxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx

−
∫ 1

0
(
∫ t

0
g(t− s)yxxxx(x, s)ds)

∫ t

0
g(t− s)(y(t)− y(s))dsdx (2.46)
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β1 =
∫ 1

0
yxxxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx

Integrating by parts and using the boundary condtions we get

β1 = yxxx(1, t)
∫ t

0
g(t− s)(y(1, t)− y(1, s))ds−

∫ 1

0
yxxx

∫ t

0
g(t− s)(yx(t)− yx(s))dsdx

= yxxx(1, t)
∫ t

0
g(t− s)(y(1, t)− y(1, s))ds+

∫ 1

0
yxx

∫ t

0
g(t− s)(yxx(t)− yxx(s))dsdx

≤ yxxx(1, t)
∫ t

0
g(t− s)(y(1, t)− y(1, s))ds+

(
δ2 + 3

2kĝ(F)
)
‖yxx‖2

+ k

4δ2

∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx+ 1

2

∫
Ft
g(t− s)‖yxx(s)‖2ds (2.47)

β2 = −
∫ 1

0
(
∫ t

0
g(t− s)yxxxx(x, s)ds)

∫ t

0
g(t− s)(y(t)− y(s))dsdx

β2 = −
∫ t

0
g(t− s)yxxx(1, s)ds

∫ t

0
g(t− s)(y(1, t)− y(1, s))ds

+
∫ 1

0
(
∫ t

0
g(t− s)yxxx(x, s)ds)

∫ t

0
g(t− s)(yx(t)− yx(s))dsdx

= −
∫ t

0
g(t− s)yxxx(1, s)ds

∫ t

0
g(t− s)(y(1, t)− y(1, s))ds

−
∫ 1

0
(
∫ t

0
g(t− s)yxx(x, s)ds)

∫ t

0
g(t− s)(yxx(t)− yxx(s))dsdx

= −
∫ t

0
g(t− s)yxxx(1, s)ds

∫ t

0
g(t− s)(y(1, t)− y(1, s))ds

+
∫ 1

0
[
∫ t

0
g(t− s)(yxx(x, t)− yxx(x, s))ds)

−
∫ t

0
g(t− s)yxx(x, t)ds][

∫ t

0
g(t− s)(yxx(t)− yxx(s))ds]dx

= −
∫ t

0
g(t− s)yxxx(1, s)ds

∫ t

0
g(t− s)(y(1, t)− y(1, s))ds

+
∫ 1

0
(
∫ t

0
g(t− s)(yxx(t)− yxx(s))ds)

2
dx

− (
∫ t

0
g(s)ds)2‖yxx‖2 + k

∫ 1

0
yxx(t)

∫ t

0
g(t− s)yxx(s)dsdx

β2 ≤ −
∫ t

0
g(t− s)yxxx(1, s)ds

∫ t

0
g(t− s)(y(1, t)− y(1, s))ds

+ (1 + 1
δ3

)k
∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

+ (1 + δ3)kĝ(F)
∫ 1

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx− g∗k‖yxx‖2

2 + kδ4‖yxx‖2
2

+ k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2

2ds (2.48)
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Using the boundary conditions, taking account (2.47) and (2.48), the result will be

I1 ≤ k
( 1

4δ2
+ 1 + 1

δ3

) ∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

+ (3
2kĝ(F) + kδ4 + δ2)‖yxx‖2 + 1

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ (1 + δ3)kĝ(F )
∫ 1

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx

+ k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2ds. (2.49)

We have

I2 = −
∫ 1

0
y2
t

∫ t

0
g(t− s)dsdx

= −
∫ t

0
g(s)ds

∫ 1

0
y2
t dx

= −g∗‖yt‖2 (2.50)

and

I3 = −
∫ 1

0
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx

Appliying Cauchy Schwartz, Poincaré and Young’s inequalities, we obtain

I3 ≤ (
∫ 1

0
(−yt)2dx)

1
2
(cp2

∫ 1

0
(
∫ t

0
g′(t− s)(yxx(t)− yxx(s))ds)

2
dx)

1
2

= (
∫ 1

0
(−yt)2dx)

1
2
(cp2

∫ 1

0
(
∫ t

0
|g′|

1
2 |g′|

1
2 (yxx(t)− yxx(s))ds)

2
dx)

1
2

≤ (
∫ 1

0
(−yt)2dx)

1
2
(cp2

∫ 1

0

∫ t

0
|g′|ds

∫ t

0
|g′|(yxx(t)− yxx(s))2dsdx)

1
2

≤ (
∫ 1

0
(−yt)2dx)

1
2
(cp2g(0)

∫ 1

0
|g′|�yxxdx)

1
2

≤ δ5‖yt‖2
2 −

cp
2

4δ5
g(0)

∫ 1

0
g′�yxxdx (2.51)

Taking account (2.49), (2.50) and (2.51)

φ2
′(t) ≤ (−g∗ + δ5)‖yt‖2 + (δ2 + 3

2kĝ(F) + kδ4))‖yxx‖2

+ ( k

4δ2
+ (1 + 1

δ3
)k)

∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx+ 1

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ (1 + δ3)kĝ(F)
∫ 1

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx+ k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2ds

− cp
2

4δ5
g(0)

∫ 1

0
g′�yxxdx. (2.52)
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Further, a differentiation of φ3(t) yields

φ3
′(t) =

∫ 1

0
Gγ(0)|yxx(t)|2dx+

∫ 1

0

∫ t

0
Gγ
′(t− s)|yxx(s)|2dsdx

=
∫ 1

0
Gγ(0)|yxx(t)|2dx−

∫ 1

0

∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)|yxx(s)|2dsdx

−
∫ 1

0

∫ t

0
g(t− s)|yxx(s)|2dsdx

= Gγ(0)‖yxx‖2 −
∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)‖yxx(s)‖2ds

−
∫ t

0
g(t− s)‖yxx(s)‖2ds

≤ Gγ(0)‖yxx‖2 − η(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds−

∫ t

0
g(t− s)‖yxx(s)‖2ds (2.53)

Where we have used the fact that γ′(t)
γ(t) = η(t) is a nonincreasing function.

Therefore, by gathering (2.37), (2.44), (2.52) and (2.53), we obtain

L′(t) ≤ E ′(t) + λ1φ
′
1(t) + λ2φ

′
2(t) + λ3φ

′
3(t)

≤ 1
2

∫ 1

0
g′�yxxdx−

1
2g(t)‖yxx‖2 − λ1(1− 1

2k)‖yxx‖2 + λ1

2

∫ t

0
g(t− s)‖yxx(s)‖2ds

− λ1

2

∫ 1

0
g�yxxdx+ λ1‖yt‖2 + λ2(−g∗ + δ5)‖yt‖2 + λ2(δ2 + 3

2kĝ(F) + kδ4)‖yxx‖2

+ λ2( k

4δ2
+ (1 + 1

δ3
)k)

∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx+ λ2

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ λ2(1 + δ3)kĝ(F)
∫ 1

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx+ λ2

k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2ds

− λ2
cp

2

4δ5
g(0)

∫ 1

0
g′�yxxdx+ λ3Gγ(0)‖yxx‖2 − λ3η(t)

∫ t

0
Gγ(t− s)‖yxx(s)‖2ds

− λ3

∫ t

0
g(t− s)‖yxx(s)‖2ds

(2.54)

After some simplification, we get

L′(t) ≤ [12 − λ2
cp

2

4δ5
g(0)]

∫ 1

0
g′�yxxdx+ [λ1 + λ2(−g∗ + δ5)]‖yt‖2

+ [−λ1 + λ1

2 k + λ2(δ2 + 3
2kĝ(F) + kδ4) + λ3Gγ(0)]‖yxx‖2

+ [λ1

2 + λ2
k2

4δ4
− λ3]

∫ t

0
g(t− s)‖yxx(s)‖2ds− λ1

2

∫ 1

0
g�yxxdx

+ λ2[( k

4δ2
+ (1 + 1

δ3
)k]

∫ 1

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx+ λ2

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ λ2(1 + δ3)kĝ(F)
∫ 1

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx

− λ3η(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds. (2.55)

We select λ2 ≤ δ5
cp2g(0) so that
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1
2 −

cp2

4δ5
g(0)λ2 ≥ 1

4

and introduce the sets

An = {s ∈ R+ : ng′(s) + g(s) ≤ 0}, n ∈ N.

Observe that ⋃
n
An = R+ \{Fg

⋃Ng},
Where Ng is the nullset where g′ is not defined and Fg is as in. Furthermore, if we denote
Fn := R+\An, then limn→∞ ĝ(Fn) = ĝ(Fg) because Fn+1 ⊂ Fn for all n and ⋂

n
= Fg

⋃Ng.
In (2.53), we take A := An and F := Fn and λ1 = (g∗ − ε)λ2 for some small ε > 0.
It follows that

L′(t) ≤ (δ5 − ε)λ2‖yt‖2

+ [λ2(δ2 + 3
2kĝ(Fn) + kδ4) + λ3Gγ(0)− (g∗ − ε)λ2(1− k

2)]‖yxx‖2

+ [λ2(g∗ − ε2 + k2

4δ4
)− λ3]

∫ t

0
g(t− s)‖yxx‖2ds− λ2(g∗ − ε)

2

∫ 1

0
g�yxxdx

+ [λ2k( 1
4δ2

+ 1 + 1
δ3

)− 1
4n ]

∫ 1

0

∫
Ant

g(t− s)(yxx(t)− yxx(s))2dsdx

+ λ2

2

∫
Fnt

g(t− s)‖yxx(s)‖2ds+ λ2(1 + δ3)kĝ(Fn)
∫ 1

0

∫
Fnt

g(t− s)(yxx(t)− yxx(s))2dsdx

− λ3η(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds (2.56)

We have

(∗)



δ5 − ε < 0 (2.57)
3
2kĝ(Fn) < δ(g∗ − ε)(1−

k

2) (2.58)

λ3Gγ(0)− λ2(−δ2 − kδ4 + (1− δ)(g∗ − ε)(1−
k

2)) < 0 (2.59)

λ2(g∗ − ε2 + k2

4δ4
)− λ3 + λ2

2 < 0 (2.60)

(1 + δ3)kĝ(Fn)− (g∗ − ε)
2 < 0 (2.61)

λ2k( 1
4δ2

+ 1 + 1
δ3

)− 1
4n < 0 (2.62)

from the relatin (2.57) we deduce

δ5 − ε < 0 =⇒ δ5 < ε

and from (2.58) for a small ε and large values of n and t, we see that if ĝ(Fn) < 1
4 , we have

3
2kĝ(Fn)− δ(g∗ − ε)(1−

k

2) < 0

3
2kĝ(Fn) < δ(g∗ − ε)(1−

k

2)

with
δ = 3

4
k

g∗(2− k) .
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Note that δ < 1. For the remaining 1− δ we require that λ2 and λ3 satisfy

λ2k( 1
4δ2

+ 1 + 1
δ3

) < 1
4n

and
λ2(g∗ − ε2 + k2

4δ4
+ 1

2) < λ3 < λ2
(1− δ)(g∗ − ε)(2− k)

2Gγ(0)

λ2(g∗2 + k2

4δ4
+ 1

2) < λ3 < λ2
(1− δ)g∗(2− k)

2Gγ(0)

(1− δ) = 1− 3
4

k

g∗(2− k)

= 4g∗(2− k)− 3k
4g∗(2− k)

So, we get
λ2

2 < (g∗ + k2

2δ4
+ 1)λ2

2 < λ3 <
4g∗(2− k)− 3k

4Gγ(0) λ2

This is possible if Gγ(0) < 4g∗(2−k)−3k
2 and g∗ > 3k/4(2− k).

These choices together with (2.55) lead to

L′(t) ≤ −C1ε(t)− λ3η(t)φ3(t), t ≥ t∗

for some positive constant C1. As η(t) is decreasing, we have η(t) ≤ C1 for all t̂ ≥ t∗. The
right hand side inequality in Lemma 4 implies that

L′(t) ≤ −C2η(t)L(t), t ≥ t̂ (2.63)

for some positive constant C2. An integration of (2.63) yields
∫ t

t̂

L′(s)
L(s) ds ≤

∫ t

t̂
−C2η(s)ds

lnL(t)− lnL(t̂) ≤
∫ t

t̂
−C2η(s)ds

L(t) ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

Then using the left hand side inequality in (1.7), we get

ρ1[ε(t) + φ3(t)] ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

By virtue of the continuity and boundedness of E(t) in the interval [0, t̂], we conclude that

E(t) ≤ Cγ(t)−ν(t), t ≥ 0

for some positive constants C and ν .
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2.3 Stabilization of a viscoelasic Euler-Bernoulli beam
The third problem that we have stadied in the following form
ρytt(x, t) + EIyxxxx(x, t)− Tyxx(x, t)− EI

∫ t
0 g(t− s)yxxxx(x, s)ds = 0 in Ω× R+,

yxx(0, t) = yxx(L, t) = y(0, t) = 0 ∀t > 0,
−EIyxxx(L, t) + Tyx(L, t) + EI

∫ t
0 g(t− s)yxxx(L, s)ds = U(t) ∀t > 0,

U(t) = 0.
(2.64)

Where Ω = [0, L], ‖.‖ is the norme of L2(Ω) and ρ, EI and T are positive constants .

Multiplying (2.64) by yt and integrating ouver Ω, we get

ρ
∫ L

0
ytyttdx︸ ︷︷ ︸
I1

+EI
∫ L

0
ytyxxxxdx︸ ︷︷ ︸
I2

−T
∫ L

0
ytyxxdx︸ ︷︷ ︸
I3

−EI
∫ L

0
yt

∫ t

0
g(t− s)yxxxx(x, s)dsdx︸ ︷︷ ︸

I4

= 0

I1 = ρ
∫ L

0
ytyttdx = ρ

∫ L

0

1
2
d

dt
(yt)2dx

= ρ

2
d

dt

∫ L

0
yt

2dx

= ρ

2
d

dt
‖yt‖2 (2.65)

I2 = EI
∫ L

0
ytyxxxxdx

= EIyt(L, t)yxxx(L, t)− EI
∫ L

0
ytxyxxxdx

= EIyt(L, t)yxxx(L, t) + EI
∫ L

0
ytxxyxxdx

= EIyt(L, t)yxxx(L, t) + EI

2
d

dt
‖yxx‖2 (2.66)

I3 = −T
∫ L

0
ytyxxdx

= −Tyt(L, t)yx(L, t) + T
∫ L

0
ytxyxdx

= −Tyt(L, t)yx(L, t) + T

2
d

dt
‖yx‖2 (2.67)

I4 = −EI
∫ L

0
yt

∫ t

0
g(t− s)yxxxx(x, s)dsdx

= −EIyt(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds+ EI

∫ L

0
ytx

∫ t

0
g(t− s)yxxx(x, s)dsdx

= −EIyt(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds− EI

∫ L

0
ytxx

∫ t

0
g(t− s)yxx(x, s)dsdx,

Using the equation (2.6) we get

I4 = −EIyt(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds−

EI

2

∫ L

0
g′�yxxdx+ EI

2 g(t)‖yxx‖2

+ EI

2
d

dt

∫ L

0
g�yxxdx−

EI

2
d

dt
(
∫ t

0
g(s)ds)‖yxx‖2 (2.68)
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Combining (2.65), (2.66), (2.67) and (2.68), we obtain

1
2
d

dt
{ρ‖yt‖2 + EI

(
1−

∫ t

0
g(s)ds

)
‖yxx‖2 + T‖yx‖2 + EI

∫ L

0
g�yxxdx}

−EI2 (
∫ L

0
g′�yxxdx− g(t)‖yxx‖2) + EIyt(L, t)yxxx(L, t)− Tyt(L, t)yx(L, t)

−EIyt(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds = 0.

Then

1
2
d

dt
{ρ‖yt‖2 + EI

(
1−

∫ t

0
g(s)ds

)
‖yxx‖2 + T‖yx‖2 + EI

∫ L

0
g�yxxdx}

= EI

2 (
∫ L

0
g′�yxxdx− g(t)‖yxx‖2) + yt(L, t)U(t)

We define the energy E(t) of problem (2.64) by

E(t) = 1
2

[
ρ‖yt‖2 + EI

(
1−

∫ t

0
g(s)ds

)
‖yxx‖2 + T‖yx‖2 + EI

∫ L

0
g�yxxdx

]

The derivation of the energy is given by

E ′(t) = EI

2 [
∫ L

0
g′�yxxdx− g(t)‖yxx‖2] + yt(L, t)U(t)

where

g�yxx =
∫ t

0
g(t− s)(yxx(t)− yxx(s))2ds

and

g′�yxx =
∫ t

0
g′(t− s)(yxx(t)− yxx(s))2ds.

We assume that the kernel is such that

1−
∫ +∞

0
g(s)ds = 1− k > 0.

Next, we define the standard functionals

ϕ1(t) = ρ
∫ L

0
ytydx,

ϕ2(t) = −ρ
∫ L

0
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx,

and the new one

ϕ3(t) =
∫ L

0

∫ t

0
Gγ(t− s)(EI|yxx(s)|2 + T |yx(s)|2)dsdx,
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where

Gγ(t) = γ(t)−1
∫ ∞
t

g(s)γ(s)ds.

The modified energy we will work with is

L(t) = E(t) +
3∑
i=1

λiϕi(t)

for some λi > 0,i = 1, 2, 3 to be determined.

2.3.1 Equivalence between L(t) and E(t) + ϕ3(t):
The first result tells us that L(t) and E(t) + ϕ3(t) are equivalent

Proposition 2 There exist ci > 0, i = 1, 2 such that

c1[E(t) + ϕ3(t] ≤ L(t) ≤ c2[E(t) + ϕ3(t]

for all t ≥ 0 and small λi, i = 1, 2.

proof 5
ϕ1(t) = ρ

∫ L

0
ytydx

ϕ1(t) ≤ ρ(
∫ L

0
yt

2dx)
1
2
(
∫ L

0
y2dx)

1
2

≤ ρ‖yt‖‖y‖

≤ ρ

2‖yt‖
2 + ρ

2‖y‖
2

Using poincare’s inequality, we get

ϕ1(t) ≤ ρ
2‖yt‖

2 + ρcp
2 ‖yx‖

2

≤ ρ
2‖yt‖

2 + ρcp
T

T
2 ‖yx‖

2

ϕ1(t) ≤ C1(ρ2‖yt‖
2 + T

2 ‖yx‖
2) (2.69)

with C1 = max(1, ρcp
T

) . For ϕ2(t)

ϕ2(t) = −ρ
∫ L

0
yt

∫ t

0
g(t− s)(y(t)− y(s))dsdx

≤ ρ‖yt‖
(∫ L

0
(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx

) 1
2

,∫ L

0
(
∫ t

0
g(t− s)(y(t)− y(s))ds)2dx ≤

∫ t

0
g(t− s)ds

∫ L

0
(
∫ t

0
g(t− s)(y(t)− y(s))2ds)dx

≤ c2
p

∫ t

0
g(s)ds(

∫ L

0

∫ t

0
g(t− s)(yxx(t)− yxx)2ds)dx

≤ c2
pk
∫ L

0
g�yxxdx
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Then

ϕ2(t) ≤ ρ‖yt‖(kc2
p

∫ L

0
g�yxxdx) 1

2

≤ ρ

2‖yt‖
2 + kc2

p

ρ

2

∫ L

0
g�yxxdx

ϕ2(t) ≤ ρ

2‖yt‖
2 +

ρkc2
p

EI

EI

2

∫ L

0
g�yxxdx

≤ C2(ρ2‖yt‖
2 + EI

2

∫ L

0
g�yxxdx) (2.70)

with C2 = max(1, ρcp
2

EI
k)

where cp is the poincaré constant, we have

L(t) ≤ ρ

2‖yt‖
2
2 + EI

2 (1−
∫ t

0
g(s)ds)‖yxx‖2 + T

2 ‖yx‖
2 + EI

2

∫ L

0
g�yxxdx+ λ1C1

ρ

2‖yt‖
2

+ λ1C1
T

2 ‖yx‖
2 + λ2C2

ρ

2‖yt‖
2 + λ2C2

EI

2

∫ L

0
g�yxxdx+ λ3ϕ3(t)

L(t) ≤ ρ

2(1 + λ1C1 + λ2C2)‖yt‖2 + T

2 (1 + λ1C1)‖yx‖2 + EI

2 (1−
∫ t

0
g(s)ds)‖yxx‖2

2

+ EI

2 (1 + λ2C2)
∫ L

0
g�yxxdx+ λ3ϕ3(t) (2.71)

On the other hand,

2L(t) ≥ ρ(1− λ1C1 − λ2C2)‖yt‖2 + T (1− λ1C1)‖yx‖2 + EI(1− k)‖yxx‖2

+ EI(1− λ2C2)
∫ L

0
g�yxxdx+ 2λ3ϕ3(t). (2.72)

Therefore, C1[E(t) + ϕ3(t)] ≤ L(t) ≤ C2[E(t) + ϕ3(t)] for some constant Ci > 0, i = 1, 2 and
small λi, i = 1, 2 such that

1− λ1C1 − λ2C2 > 0
1− λ1C1 > 0
1− λ2C2 > 0

⇒

λ1 <
1
C1

λ2 <
1
C2

and λ2 <
1−λ1C1
C2

⇒

λ1 <
1
C1

λ2 = min{ 1
C2
, 1−λ1C1

C2
}

2.3.2 Asymptotic Behavior
In this section we state and prove our result. But first we introduce the following notation.

For every measurable set A ⊂ R+, we define the probability measure ĝ by

ĝ(A) = 1
k

∫
A
g(s)ds.

The flatness set and the flatness rate of g are defined by

Fg = {s ∈ R+ : g(s) > 0 and g′(s) = 0}
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and

Rg = ĝ(Fg),

respectively.
Our assumptions on the kernel g(t) are the following:
(H1)g(t) ≥ 0 for all t ≥ 0 and 0 < k =

∫+∞
0 g(s)ds < 1.

(H2)g′(t) ≤ 0 for all t¿0.
(H3) There exists a nondecreasing function γ(t) > 0 such that γ′(t)

γ(t) = η(t) is a decreasing
function and

∫+∞
0 g(s)γ(s)ds < +∞.

Let t∗ > 0 be a number such that
∫ t∗

0 g(s)ds = g∗ > 0. For simplicity, we consider kernels
continuous everywhere and differentiable.

A differentiation of ϕ1(t) with respect to t. Applying Cauchy Schwartz, Young’s inequality,
Poincare and lemma 3 gives

ϕ′1(t) = (
∫ L

0
ρytydx)

′

ϕ′1(t) = ρ
∫ L

0
yttydx+ ρ

∫ L

0
yt

2dx

ϕ′1(t) = ρ
∫ L

0
yttydx+ ρ‖yt‖2

Replacing ytt by other terms in problem (2.64) we get

ϕ′1(t) = −EI
∫ L

0
yxxxxydx+ T

∫ L

0
yxxydx+ EI

∫ L

0
y
∫ t

0
g(t− s)yxxxx(x, s)dsdx+ ρ‖yt‖2

= −EIyxxx(L, t)y(L, t) + EI
∫ L

0
yxxxyxdx+ Tyx(L, t)y(L, t)− T

∫ L

0
yx

2dx

+ EIy(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds− EI

∫ L

0
yx

∫ t

0
g(t− s)yxxx(x, s)dsdx+ ρ‖yt‖2

= −EIyxxx(L, t)y(L, t)− EI‖yxx‖2 + Tyx(L, t)y(L, t)− T‖yx‖2

+ EIy(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds+ EI

∫ L

0
yxx

∫ t

0
g(t− s)yxx(x, s)dsdx+ ρ‖yt‖2

ϕ′1(t) = EI(k2 − 1)‖yxx‖2 − T‖yx‖2 + ρ‖yt‖2 − EI

2

∫ L

0
g�yxxdx+ EI

2

∫ t

0
g(t− s)‖yxx(s)‖2ds

− EIyxxx(L, t)y(L, t) + Tyx(L, t)y(L, t) + EIy(L, t)
∫ t

0
g(t− s)yxxx(L, s)ds (2.73)

ϕ′2(t) = (−ρ
∫ L

0
yt

∫ t

0
g(t− s)(y(t)− y(s)))′dsdx
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ϕ′2(t) = −ρ
∫ L

0
ytt

∫ t

0
g(t− s)(y(t)− y(s))dsdx− ρ

∫ L

0
yt(
∫ t

0
g(t− s)(y(t)− y(s))ds)′dx

= −ρ
∫ L

0
ytt

∫ t

0
g(t− s)(y(t)− y(s))dsdx− ρ

∫ L

0
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx

− ρ
∫ L

0
y2
t

∫ t

0
g(t− s)dsdx (2.74)

replacing ytt by other terms in problem (2.64) we get

ϕ′2(t) = EI
∫ L

0
yxxxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx︸ ︷︷ ︸

J1

−T
∫ L

0
yxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx︸ ︷︷ ︸

J2

−EI
∫ L

0
(
∫ t

0
g(t− s)yxxxx(x, s)ds)

∫ t

0
g(t− s)(y(t)− y(s))dsdx︸ ︷︷ ︸

J3

J1 = EI
∫ L

0
yxxxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx

J1 = EIyxxx(L, t)
∫ t

0
g(t− s)(y(L, t)− y(L, s))ds− EI

∫ L

0
yxxx

∫ t

0
g(t− s)(yx(t)− yx(s))dsdx

= EIyxxx(L, t)
∫ t

0
g(t− s)(y(L, t)− y(L, s))ds+ EI

∫ L

0
yxx

∫ t

0
g(t− s)(yxx(t)− yxx(s))dsdx

J1 ≤ EIyxxx(L, t)
∫ t

0
g(t− s)(y(L, t)− y(L, s))ds+ EIδ1‖yxx‖2

+ EI
k

4δ1

∫ L

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx+ EI

3
2kĝ(F)‖yxx(s)‖2

+ EI

2

∫
Ft
g(t− s)‖yxx(s)‖2ds (2.75)

J2 = −T
∫ L

0
yxx

∫ t

0
g(t− s)(y(t)− y(s))dsdx

= −Tyx(L, t)
∫ t

0
g(t− s)(y(L, t)− y(L, s))ds+ T

∫ t

0
g(s)ds‖yx‖2

− T
∫ L

0
yx

∫ t

0
g(t− s)yx(s)dsdx

J2 ≤ −Tyx(L, t)
∫ t

0
g(t− s)(y(L, t)− y(L, s))ds+ T (

∫ t

0
g(s)ds+ δ2)‖yx‖2

+ T
k

4δ2

∫ t

0
g(t− s)‖yx(s)‖2ds (2.76)
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J3 = −EI
∫ L

0
(
∫ t

0
g(t− s)yxxxx(x, s)ds)

∫ t

0
g(t− s)(y(t)− y(s))dsdx

J3 = −EI
∫ t

0
g(t− s)yxxx(L, s)ds

∫ t

0
g(t− s)(y(L, t)− y(L, s))ds

+ EI
∫ L

0
(
∫ t

0
g(t− s)yxxx(x, s)ds)

∫ t

0
g(t− s)(yx(t)− yx(s))dsdx

J3 = −EI
∫ t

0
g(t− s)yxxx(L, s)ds

∫ t

0
g(t− s)(y(L, t)− y(L, s))ds

− EI
∫ L

0
(
∫ t

0
g(t− s)yxx(x, s)ds)

∫ t

0
g(t− s)(yxx(t)− yxx(s))dsdx

= −EI
∫ t

0
g(t− s)yxxx(L, s)ds

∫ t

0
g(t− s)(y(L, t)− y(L, s))ds

+ EI
∫ L

0
[
∫ t

0
g(t− s)(yxx(x, t)− yxx(x, s))ds)

− EI
∫ t

0
g(t− s)yxx(x, t)ds][

∫ t

0
g(t− s)(yxx(t)− yxx(s))ds]dx

≤ −EI
∫ t

0
g(t− s)yxxx(L, s)ds

∫ t

0
g(t− s)(y(L, t)− y(L, s))ds

+ EI
∫ L

0
(
∫ t

0
g(t− s)(yxx(t)− yxx(s))ds)

2
dx− EI(

∫ t

0
g(s)ds)2‖yxx‖2

+ EIk
∫ L

0
yxx(t)

∫ t

0
g(t− s)yxx(s)dsdx

J3 ≤ −EI
∫ t

0
g(t− s)yxxx(L, s)ds

∫ t

0
g(t− s)(y(L, t)− y(L, s))ds

+ EI(1 + 1
δ3

)k
∫ L

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

+ EI(1 + δ3)kĝ(F)
∫ L

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx+ EIkδ4‖yxx‖2

+ EI
k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2ds (2.77)

J4 = −ρ
∫ L

0
yt

∫ t

0
g′(t− s)(y(t)− y(s))dsdx,

Appliying Cauchy Schwartz inequality, we get

J4 ≤ ρ(
∫ L

0
(yt)2dx)

1
2 ∫ L

0
(
∫ t

0
g′(t− s)(y(t)− y(s))ds)

2
dx)

1
2

by Poincaré’s inequality, there exist cp > 0 such that

J4 ≤ ρ(
∫ L

0
(−yt)2dx)

1
2
(cp2

∫ L

0
(
∫ t

0
g′(t− s)(yxx(t)− yxx(s))ds)

2
dx)

1
2

≤ ρ(
∫ L

0
(−yt)2dx)

1
2
(cp2

∫ L

0
(
∫ t

0
|g′|

1
2 |g′|

1
2 (yxx(t)− yxx(s))ds)

2
dx)

1
2

≤ ρ(
∫ L

0
(−yt)2dx)

1
2
(cp2

∫ L

0

∫ t

0
|g′|ds

∫ t

0
|g′|(yxx(t)− yxx(s))2dsdx)

1
2

≤ ρ(
∫ L

0
(−yt)2dx)

1
2
(cp2g(0)

∫ L

0
|g′|�yxx)

1
2

≤ ρδ5‖yt‖2 − ρ cp
2

4δ5
g(0)

∫ L

0
g′�yxxdx. (2.78)
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Then

J5 = −ρ
∫ L

0
y2
t

∫ t

0
g(t− s)dsdx

= −ρ
∫ t

0
g(s)ds

∫ L

0
y2
t dx

= −ρ
∫ t

0
g(s)ds‖yt‖2 (2.79)

Combining (2.75), (2.76), (2.77), (2.78), and (2.79), we obtain

ϕ2
′(t) ≤ ρ(−

∫ t

0
g(s)ds+ δ5)‖yt‖2 + EI(δ1 + 3

2kĝ(F) + kδ4)‖yxx‖2 + T (
∫ t

0
g(s)ds+ δ2)‖yx‖2

+ EI( k

4δ1
+ (1 + 1

δ3
)k)

∫ L

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

+ EI(1 + δ3)kĝ(F)
∫ L

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx

+ T
k

4δ2

∫ t

0
g(t− s)‖yx(s)‖2ds− ρ cp

2

4δ5
g(0)

∫ L

0
g′�yxxdx+ EI

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ EI
k2

4δ4

∫ t

0
g(t− s)‖yxx(s)‖2ds− U(t)

∫ t

0
g(t− s)[y(L, t)− y(L, s)]ds (2.80)

Further, a differentiation of ϕ3(t) yields

ϕ3
′(t) =

∫ L

0
Gγ(0)[EI|yxx(s)|2 + T |yx(s)|2] +

∫ t

0
Gγ
′(t− s)[EI|yxx(s)|2 + T |yx(s)|2]dsdx

=
∫ L

0
Gγ(0)[EI|yxx(s)|2 + T |yx(s)|2]−

∫ L

0

∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)[EI|yxx(s)|2

+ T |yx(s)|2]dsdx−
∫ L

0

∫ t

0
Gγ(t− s)[EI|yxx(s)|2 + T |yx(s)|2]dsdx

= Gγ(0)[EI‖yxx‖2 + T‖yx‖2]−
∫ t

0

γ′(t− s)
γ(t− s)Gγ(t− s)[EI‖yxx(s)‖2 + T‖yx(s)‖2]ds

−
∫ t

0
g(t− s)[EI‖yxx(s)‖2 + T‖yx(s)‖2]ds

ϕ3
′(t) ≤ EIGγ(0)‖yxx‖2 + TGγ(0)‖yx‖2 − EIη(t)

∫ t

0
Gγ(t− s)‖yxx(s)‖2ds

− Tη(t)
∫ t

0
Gγ(t− s)‖yx(s)‖2ds− EI

∫ t

0
g(t− s)‖yxx(s)‖2ds

− T
∫ t

0
g(t− s)‖yx(s)‖2ds (2.81)

Where we have used the fact that γ′(t)
γ(t) = η(t) is a nonincreasing function, and we define

G′γ(t− s) = −γ′(t−s)
γ(t−s) Gγ(t− s)− g(t− s)
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Taking into account the estimations E ′(t), (2.73), (2.80) and (2.81), we see that

L′(t) ≤ E ′(t) + λ1ϕ
′
1(t) + λ2ϕ

′
2(t) + λ3ϕ

′
3(t)

≤ [yt(L, t) + λ1y(L, t)− λ2

∫ t

0
g(t− s)[y(L, t)− y(L, s)]ds]U(t)

+ EI[λ1[k2 − 1]− 1
2g(t) + λ2[δ1 + 3

2kĝ(F) + δ4k] + λ3Gγ(0)]‖yxx‖2

+ T [−λ1 + λ2(k + δ2) + λ3Gγ(0)]‖yx‖2

+ ρ[λ1 + λ2(δ5 − g∗)]‖yt‖2 + EI(λ1

2 + λ2k
2

4δ4
− λ3)

∫ t

0
g(t− s)‖yxx(s)‖2ds

+ T (λ2
k

4δ2
− λ3)

∫ t

0
g(t− s)‖yx(s)‖2ds− λ1

EI

2

∫ L

0
g�yxxdx

+ (EI2 − λ2ρ
C2
p

4δ5
g(0))

∫ L

0
g′�yxxdx+ λ2

EI

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ λ2EI(1 + δ3)kĝ(F)
∫ L

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx

+ λ2EI( k

4δ1
+ (1 + 1

δ3
)k)

∫ L

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

− λ3EIη(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds− Tλ3η(t)

∫ t

0
Gγ(t− s)‖yx(s)‖2ds (2.82)

After some simplification, we get

L′(t) ≤ (EI2 − λ2ρ
C2
p

4δ5
g(0))

∫ L

0
g′�yxxdx− λ1

EI

2

∫ L

0
g�yxxdx

+ EI[λ1[k2 − 1] + λ2[δ1 + 3
2kĝ(F) + δ4k] + λ3Gγ(0)]‖yxx‖2

+ T [−λ1 + λ2(k + δ2) + λ3Gγ(0)]‖yx‖2 + ρ[λ1 + λ2(δ5 − g∗)]‖yt‖2

+ EI[λ2k
2

4δ4
− λ3 + λ1

2 ]
∫ t

0
g(t− s)‖yxx(s)‖2ds+ EI

λ2

2

∫
Ft
g(t− s)‖yxx(s)‖2ds

+ T (λ2
k

4δ2
− λ3)

∫ t

0
g(t− s)‖yx(s)‖2ds

+ λ2EI(1 + δ3)kĝ(F)
∫ L

0

∫
Ft
g(t− s)(yxx(t)− yxx(s))2dsdx

+ λ2EI( k

4δ1
+ (1 + 1

δ3
)k)

∫ L

0

∫
At
g(t− s)(yxx(t)− yxx(s))2dsdx

− λ3EIη(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds− Tλ3η(t)

∫ t

0
Gγ(t− s)‖yx(s)‖2ds (2.83)

We select λ2 ≤ δ5
cp2g(0) so that

EI
2 −

cp2

4δ5
g(0)ρλ2 ≥ −ρ+2EI

4

and introduce the sets

An = {s ∈ R+ : ng′(s) + g(s) ≤ 0}, n ∈ N.

Observe that ⋃
n
An = R+\{Fg

⋃Ng},
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Where Ng is the nullset where g′ is not defined and Fg is as in. Furthermore, if we denote
Fn := R+nAn, then limn→∞ ĝ(Fn) = ĝ(Fg) because Fn+1 ⊂ Fn for all n and ⋂

n
= Fg

⋃Ng.
In (2.53), we take A := An and F := Fn and λ1 = (g∗ − ε)λ2 for some small ε > 0. It follows
that

L′(t) ≤ ρ(δ5 − ε)λ2‖yt‖2

+ EI[λ2[δ1 + 3
2kĝ(Fnt) + δ4k] + λ3Gγ(0) + λ2(g∗ − ε)[

k

2 − 1]]‖yxx‖2

+ T [−(g∗ − ε)λ2 + λ2(k + δ2) + λ3Gγ(0)]‖yx‖2

+ EI[λ2k
2

4δ4
− λ3 + λ2

(g∗ − ε)
2 ]

∫ t

0
g(t− s)‖yxx(s)‖2ds+ EI

λ2

2

∫
Fnt

g(t− s)‖yxx(s)‖2ds

− EIλ2
(g∗ − ε)

2

∫ L

0
g�yxxdx+ T (λ2

k

4δ2
− λ3)

∫ t

0
g(t− s)‖yx(s)‖2ds

+ [λ2kEI( 1
4δ1

+ 1 + 1
δ3

)− 1
4n ]

∫ L

0

∫
Ant

g(t− s)(yxx(t)− yxx(s))2dsdx

+ λ2EI(1 + δ3)kĝ(Fn)
∫ L

0

∫
Fnt

g(t− s)(yxx(t)− yxx(s))2dsdx

− λ3EIη(t)
∫ t

0
Gγ(t− s)‖yxx(s)‖2ds− Tλ3η(t)

∫ t

0
Gγ(t− s)‖yx(s)‖2ds (2.84)

We have

(∗)



δ5 − ε < 0 (2.85)
3
2kĝ(Fn) + δ(g∗ − ε)(−1 + k

2) < 0 (2.86)

λ2kEI( 1
4δ1

+ 1 + 1
δ3

)− 1
4n < 0 (2.87)

λ3Gγ(0)− λ2[−δ1 − kδ4 − (1− δ)(g∗ − ε)(
k

2 − 1)] < 0 (2.88)

λ2(1
2 + k2

4δ4
+ (g∗ − ε)

2 )− λ3 < 0 (2.89)

−(g∗ − ε)λ2 + λ2(k + δ2) + λ3Gγ(0) < 0 (2.90)

T (λ2
k

4δ2
− λ3) < 0 (2.91)

λ2EI[(1 + δ3)kĝ(Fn)− (g∗ − ε)
2 ] < 0 (2.92)

from the relatin (2.85) we deduce

δ5 − ε < 0 =⇒ δ5 < ε

and from (2.86) for a small ε and large values of n and t, we see that if ĝ(Fn) < 1
4 , we have

3
2kĝ(Fn) < δ(g∗ − ε)(1−

k

2)

with
δ = 3

4
k

g∗(2− k) .

Note that δ < 1. For the remaining 1− δ we require that λ2 and λ3 satisfy

λ1kEI( 1
4δ1

+ 1 + 1
δ3

) < 1
4n
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and from (2.88) and (2.90)

λ2( k
2

4δ5
+ (g∗ − ε)

2 + 1
2) < λ3 < λ2

(1− δ)(g∗ − ε)(1− k
2 )

Gγ(0)

(1− δ) = 1− 3
4

k

g∗(2− k)

= 4g∗(2− k)− 3k
4g∗(2− k)

so, we get
λ2

2 < λ2( k
2

4δ5
+ 1

2 + g∗ − ε
2 ) < λ3 <

4g∗(2− k)− 3k
8Gγ(0) λ2

This is possible if
Gγ(0) < [4g∗(2− k)− 3k]

4
and g∗ > 3k/4(2− k). These choices together with (2.83) lead to

L′(t) ≤ −C1E(t)− λ3η(t)φ3(t), t ≥ t∗

for some positive constant C1. As η(t) is decreasing, we have η(t) ≤ C1 for all t̂ ≥ t∗. The right
hand side inequality in Lemma 4 implies that

L′(t) ≤ −C2η(t)L(t), t ≥ t̂ (2.93)

for some positive constant C2. An integration of (2.93) yields
∫ t

t̂

L′(s)
L(s) ds ≤

∫ t

t̂
−C2η(s)ds

lnL(t)− lnL(t̂) ≤
∫ t

t̂
−C2η(s)ds

L(t) ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

Then using the left hand side inequality in (1.7), we get

ρ1[E(t) + φ3(t)] ≤ e−C2
∫ t
t̂
η(s)dsL(t̂), t ≥ t̂.

By virtue of the continuity and boundedness of E(t) in the interval [0, t̂], we conclude that

E(t) ≤ Cγ(t)−ν(t), t ≥ 0

for some positive constants C and ν .
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